THE 


PHYSICAL REVIEW 


CA journal of experimental and theoretical physics established by E. L. Nichols in 1893 





Seconp Sgrigs, Vor. 97, No. 4 


FEBRUARY 15, 1955 





Statistical Treatment of Weakly Interacting Particles 
in a Newtonian Potential* 


Rosert W. Hart AND WILLIAM H. GUIER 
Applied Physics Laboratory, The Johns Hopkins University, Silver Spring, Maryland 
(Received May 4, 1954) 


A distribution function has been obtained for a two-dimensional system of weakly interacting particles 
which execute bound periodic motion in a Newtonian potential. The failure of the familiar formulas of sta- 
tistical mechanics to yield bound distributions for such potentials has been avoided by first restricting the 
available phase space to that corresponding to periodic motion of independent particles, and then determin- 
ing the most probable distrihution of bound orbits. The effect of weak interaction is considered, then, with 
the aid of the principle of least action. As an illustration, the distribution of mass has been computed for a 
many-particle system having the same energy and momentum per unit mass as the nine planets, and com- 


pared with the actual distribution of planetary mass. 





I, INTRODUCTION 


T is well known that systems of masses interacting 

through potentials inversely proportional to their 
separation distance can exist in configurations which 
are at least quasi-stationary. Striking examples of such 
configurations are to be found in our own solar system, 
such as the rings of Saturn and the distribution of 
planets.'* Their existence suggests that a statistical 
description of bound systems with 7 potentials should 
be possible. This paper develops such a statistical 
treatment of a system of mass points in a relatively 
strong Newtonian potential in which ordered dy- 
namical motion is rarely, if ever, disturbed by short- 
range collisions. 

The application of the usual statistical mechanics 
formulas to systems of particles with Newtonian po- 
tentials leads to unbound systems. The physical reason 
stems from the fact that the conventional energy con- 
straint allows particles to escape from the system and 
permits an infinite volume of accessible phase space. 
It then follows from the statement that equal phase 
volumes correspond to equal a priori probabilities that 
the particle density for a finite number of particles dis- 


* This work was supported by the Bureau of Ordnance, Depart- 


ment of the Navy. 
1See, for example, F. R. Moulton, ome Mechanics (The 


Macmillan Company, New York, 1928), p. 
2 The yg doce of J. C. Maxwell {Dover Publications, 


New Bg ie ff. 
Colebvough: Trans. Roy. Soc. (London) A244, 1 (1951). 


tributed in an infinite phase volume is everywhere zero. 
A finite limiting value of the potential energy at large 
distances introduces no difficulties in most applications 
of statistical mechanics because systems are usually 
confined in a box of finite volume, which limits the 
accessible “configuration part” of phase space. This 
approach is satisfactory for systems requiring a pres- 
sure exerted against the walls of a container in order to 
maintain finite volume. The systems which are con- 
sidered here, however, appear bound even in the ab- 
sence of such a retaining ‘‘pressure-wall.”’ Consequently, 
it is evident that the conventional formulations of 
statistical mechanics should be altered in order to be 
applicable to these systems. 

Most approaches to systems of this kind have been 
from the mechanical, rather than the statistical point 
of view. In particular, the quasi-stationarity of systems 
of rotating particles similar to the rings of Saturn has 
been demonstrated by Maxwell and subsequent in- 
vestigators.?* Laplace had earlier established the quasi- 
stationarity of the system of planets.’ Several investi- 
gators, however, have considered the modification of 
techniques of statistical mechanics in order to adapt 
them to these systems. Although Gibbs was apparently 
the first to consider conservation of momentum in a 
statistical treatment,‘ Jeans explicitly discussed the 
behavior of an ideal gas of mass-points in a central 


4The Collected Works of J. Willard Gibbs V. II. (Yale Uni- 
versity Press, New Haven, 1928), pp. 38 ff. 
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gravitational field and showed that such a system is 
“statistically unbound” when both energy and angular 
momentum are specified. This result is to be expected 
because particles with zero angular momentum can 
escape from the system. Other approaches from a 
statistical point of view have been made,® but the 
authors are not aware of any such approach which 
yields a bound system of this kind. 

The difficulty inherent in a statistical treatment of a 
system in which ordered dynamical motion is not often 
disturbed by short-range collisions arises because 
ordered motion is not statistically probable, a priori. 
For this reason, it appears necessary to formulate the 
statistical approach in such a way that the accessible 
phase space corresponds only to ordered motion. The 
basis for accomplishing this lies in the explicit intro- 
duction of Newton’s laws of motion into the statistical 
treatment. Once the accessible phase space has been 
limited in this way to ordered states (for example, 
orbits), then the basis for obtaining a statistical treat- 
ment of bound systems lies in avoiding those initial 
configurations which lead to escaping particles. It is 
not possible, of course, to give an exact treatment of a 
system of interacting particles in this way. It is possible, 
however, to handle a system of particles so dilute that 
the interactions between particles need not be ex- 
plicitly introduced—in the same sense that interactions 
are ignored in the treatment of the ideal gas. It will be 
shown that the explicit introduction of Newton’s laws 
of motion into the statistical treatment can lead to a 
new mass-density distribution law furnishing a useful 
statistical description of such a dilute system. For 
example, when the analysis is applied to particles in 
an 7 potential having the total energy, mass, and 
angular momentum of the planets of the solar system, 
the analysis predicts a mass-density distribution which 
appears to be a reasonable continuous analog of the 
discrete density distribution of planetary mass. 

Before developing a general procedure for incor- 
porating the laws of motion, an elementary example is 
considered. This example is given in Sec. II and is re- 
stricted to circular orbits in a plane. This problem, 
which is similar to that which Maxwell first approached 
from a mechanical point of view, is particularly inter- 
esting because it affords a relatively simple framework 
in which to introduce the statistical approach. The 
statistical mechanics of identical particles in an 7 
potential, confined to a plane, is developed in Sec. III 
without the restriction to circular motion. The sta- 
tistical behavior of such systems is found to be deter- 
mined by the ratios of total energy and angular mo- 
mentum to total mass. The results of the theory are 
briefly summarized and discussed in Sec. IV. 


5J. H. Jeans, Astronomy and commmenny 6 (Cambridge Univer- 
sity hoe Cambridge, England, 1928), p. 
Chandrasekhar, Revs. Modern Jy s, 68 (1943). 
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II. THE RESTRICTED PROBLEM OF CIRCULAR 
MOTION IN TWO DIMENSIONS 


Consider a system of a large number WN of particles 
of equal mass constrained to a plane and in a potential 
given by —7/r. Let the total energy E; and the total 
angular momentum P; be fixed. According to the con- 
ventional Maxwell-Boltzmann procedure,’ the dis- 
tribution of energy and momentum of the Ath particle 
would be calculated by maximizing the “number of 
ways” in which the individual particles can be assigned 
an energy E;, and angular momentum P,, subject to 
the restrictions on the total number of particles, the 
total energy and the total angular momentum of the 
system. If no other constraints were imposed upon the 
partitioning of the energy and angular momentum 
among the particles, the result for the distribution 
function NV (E;,P;) would be the one given by Jeans': 


N (Ex, Px) = Ae~oEk-BPk 


wii exp{ -a(“-™") -@(|mexnl)} 


m+ TE 


where ~; is the momentum of the fth particle, 7; its 
radius, and m its mass, and where the moduli A, a, and 
8 are intended to be evaluated by satisfying above 
requirements on total energy, angular momentum and 
number of particles. To obtain the radial mass dis- 
tribution, a is taken positive to permit integration over 
momentum space, and the distribution is then given by 


2am * B’m aym 
N(r,)drp=A (=) 1k exp| ni dr, 
a 


2a 1k 


which is clearly nonintegrable. If the particles were 
considered to execute circular motion in the same direc- 
tion, this would be taken into account by merely 
setting |pXr|=|p|-|7| in N(E;,P,). It is clear that 
the mass-density distribution remains nonintegrable. 
Yet, from physical considerations such a system is 
obviously bound since a particle would require infinite 
angular momentum to escape. The preceding analysis 
has not considered the fact that the restriction to cir- 
cular motion should introduce a relationship between 
r, and px for each particle such that the energy assigned 
to a particle uniquely determines its angular momentum. 

It might at first appear that the explicit introduction 
of N new constraints would be required. The circular 
motion restriction can be introduced, however, by 
merely altering the counting procedure to maximize 
the number of ways (still in the Maxwell-Boltzmann 
sense) in which the individual particles can be assigned 
a circular orbit having a radius 7;, subject to the same 
restrictions on the total number of particles, the total 
energy and the total angular momentum. These con- 


7 The Maxwell-Boltzmann approach is adopted in this section 
only because of its simplicity. Alternate procedures would lead to 
essentially the same results. 
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straints now take the form® 


N=DiNi, (—E.)=3my UilNi/rs), 


P,=my' DNisit. (1a) 

The a priori weight associated with the kth orbit is, 
of course, taken to be proportional to the phase volume 
of the orbit, i.e., to 


f prda=2eP 
k 


where the integral is taken around the kth orbit, p and 
q are canonical momentum and position coordinates, 
and P;, is the angular momentum of the Ath orbit. The 
differential (a priori) weight in the Maxwell-Boltzmann 
probability formulation is proportional, therefore, to 
dP; [or, as is clear from Eq. (1a), to d(r;4) ]. The re- 
quired distribution function is now easily obtained by 
the previous methods, 


N(r)d(r) =a1 exp{—[a2/r-+ay*}}d(r}), (2a) 


where the subscript has been suppressed. This dis- 
tribution function can be rewritten in a more convenient 
form through a change in scale of r to allow the mini- 
mum value of the exponent to be at r=7o. Then, if we 
eliminate a, by normalizing the distribution, we have 


(1b) 


ware fate) /f “fd, (2b) 


po-en|—4(") ] 


and the moduli \ and 7» are now to be determined by 
satisfying the remaining two constraints: 


(—E,) vf" ‘ 
—~=" J -s(ojate) / f f(nd(r), (3a) 


Say J “Ade } f “sod, (3b) 


where M=mN is the total mass of the system. 

It is evident that the distribution function given by 
Eq. (2b) is integrable and describes a bound system 
only if \ and ro are positive. It will now be shown that 
if the specified total energy and angular momentum of 
the system are actually consistent with the statement 
that the particles are in circular orbits, then \ and ro 
are indeed positive and can be uniquely chosen to 
satisfy the constraints. In order to evaluate d and 1, 
it is convenient to write the integrals appearing in 


where 


(2c) 


8 The constraints on the energy and angular momentum now 
appear only in terms of the radius, and do not contain the p 
explicitly. 
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Fic. 1. Plot of \ versus (P:/M)*(—2E,/M7*), as 
obtained from Eq. (6). 


Eqs. (3) in the form 


(Jaf (m(-r0. 


where the coefficient has been chosen so that limgo(A) 
A> & 


=1. Then the equations expressing the constraints 
have the form: 


(—E,) | ¥ g-2(A) 
M _2ro qo(d) 
P; qi(A) 


Ta ee 
M go(A) 





(Sa) 


(Sb) 


Consequently, elimination of ro from these equations 
yields the equation: 


Se Be 
M\ y°M go®(A) 


A plot of \ as a function of the right hand side of Eq. 
(6) is given in Fig. 1. From the figure it is clear that a 
unique positive value for \ exists so long as Q(A)>1. 
Furthermore, it can be easily shown that any value of 
Q(A) less than unity is actually not consistent with the 
requirement of circular orbits.? Having determined ) 
from Eq. (6), or Fig. 1, the unique positive value for ro 
can be found by using either of Eqs. (5). For the pur- 
poses of numerical evaluation of ro, the function g_2(A)/ 
go(A), occurring in Eq. (5a), is plotted in Fig. 2. It can 
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9 It is sufficient to note that for particles of equal mass executing 
circular motion, 
nae Nor? 
NB 5 ge tee 


(—2E,)P? 
M3 
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where 7; is the radius of the jth particle, and that the right hand 
side of this equation is always greater than or equal to unity. 
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Fic. 2. Plot of (—2E,/My)ro versus i, as 
obtained from Eq. (5a). 


now be seen that for systems of this kind, unique and 
positive values of \ and 1p exist. 

In order to illustrate the application of the distribu- 
tion function characterizing circular orbits in a plane, 
consider the distribution of planetary mass in the solar 
system. For this system,!° 


—E,.P? 
= 1.16, 
M*y?/2 


—Eae 
=0.167, 
My/2 


where a@ is the semi-major axis of the earth’s orbit. 
The value of \ is found from Fig. 1 to be A\=3.2. The 
value of ro is then determined from Fig. 2 and is 19 
=5.69a@. These values can now be substituted into Eq. 
(2b) and this distribution function used to predict the 
amount of planetary mass included between 7 and 
r+dr from the sun. This mass distribution is given by 


m/(r) 


mr ar= sae) / i ‘fou, — () 


where f(r) is given in Eq. (2c), A=3.2, and ro==5.69a@, 
and is plotted in Fig. 3 along with the observed dis- 
tribution. The agreement appears rather good con- 
sidering the discrete nature of the planetary mass 
distribution. Although the distribution function may 
apply to other Newtonian systems, such as the rings of 
Saturn, the authors are not aware of other applications 
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for which the total energy and angular momentum are 
known. 

The generalization of this procedure to systems of 
weakly interacting particles executing arbitrary periodic 
motion might now appear obvious. However, the 
possibility again arises of escape from the system via 
hyperbolic orbits which have finite angular momentum 
and finite energy. In Sec. III this more general problem 
is considered, and a method is developed for excluding 
configurations which lead to unbound systems. 


III. PERIODIC MOTION IN TWO DIMENSIONS 
Introduction 


Consider a system of identical particles which execute 
periodic motion in a Newtonian potential. It is assumed 
that the magnitude of this potential is sufficiently large 
that the interaction between the particles need not be 
introduced explicitly just as-it need not be introduced 
explicitly in the statistical treatment of an ideal gas. 
It is implied, therefore, that an insignificant number of 
short-range collisions actually occur, and that the 
system can reach an ordered: quasi-stationary state 
through the relatively weak, long-range interaction 
between the particles. A statistical description of such 
systems, which includes the restricted problem of Sec. 
II, is developed in this section. 

The first step in the development of the statistical 
mechanics of such systems is the construction of an 
ensemble which can then be used in the conventional 
way to obtain a distribution function describing its 
constituent systems. The ensemble differs essentially 
from the conventional canonical ensembles in that it 
must contain only bound systems having particles exe- 
cuting only periodic motion—rather than also including 
systems having particles which can execute random 
motion. It is necessary, therefore, to limit the accessible 
phase space to that corresponding to such motion by 
introducing constraints in addition to the conventional 
energy constraint. In order to do this, use is made of 
the fact that the orbits characteristic of noninteracting 
particles can be used to provide a description of a 
sufficiently dilute system." The ensemble is first limited 
to systems whose particles are constrained to move in 
such bound, periodic orbits, which are then described 
in terms of the two canonical action variables (De- 
launay elements)": 


Jam § pedqe=2eP, 
I g et Reid eee). 
= $ peda, gr u=( ) 
1 6 (—E) 


11 The description of the motion of the planets is one example. 

2 The formulation in terms of the action and angle variables is 
particularly convenient because the angle variables, which merely 
specify the position in the orbit, never need appear explicitly. 
The motion considered here is confined to two dimensions, so that 
only two of the usual three action variables appear. 

3G. Joos, Theoretical Physics (Hafner Publishing Company, 
Inc., New York, 1934), p. 238. 
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Fic. 3. The theoretical radial mass distribution for a many particled system having the same energy and angular momentum 
per unit mass as the nine planets. The actual discrete planetary mass distribution is also indicated. 


The ensemble is then further limited to systems having 
specified average values of E, Jo, and J;, the last con- 
straint making the accessible phase space finite. 

When the ensemble has been formulated with these 
constraints, the form of the distribution function fol- 
lows directly. This distribution function (when nor- 
malized) contains three moduli which are to be evalu- 
ated by satisfying the three constraints. The energy E 
and angular momentum P are constants of the motion, 
and are presumed to be known. The remaining con- 
straint J; does not, in general, retain its “initial value” 
because of interaction. The final step of the develop- 
ment consists of determining that value of this con- 
straint which results in the “best” description of 
systems of interacting particles in terms of the orbits 
of noninteracting particles. 


Development 


The ensemble is constructed by first formulating the 
constraints explicitly in terms of the canonical action 
variables specifying the orbits of independent particles. 
Since the phase space accessible to any one particle of 
the system is limited by the specified values of the two 
action variables, it is natural to limit the phase space 
accessible to the N-particle system not only by con- 
straining the total energy and angular momentum 


N 2n*m'*+? 


- PAC (8a) 


(-B)=N(-B)=¥ (-E)= 


N 


DL J2=N(J2)=24N (P), (8b) 
k=l 


but also by constraining the total action, 


e M=N), (8c) 


where J;“) and J,“ are the canonical action variables 
for the kth particle. By using systems characterized by 
these constraints, the ensemble is formed in such a way 
that it contains only bound systems having particles 
executing only periodic motion. In accordance with the 
usual assumption of equal a priori weight for equal 
phase volume, the ensemble consists of a large number 
of such systems which fill the accessible phase space 
with uniform density. Since the conjugate angle vari- 
ables merely specify the position of the phase point in 
the available phase space, it follows that the distribu- 
tion function is independent of these variables. 

The distribution function characterizing systems of 
an ensemble specified by three constraints having the 
form of Eqs. (8) is given by*4-15 


N(J1,J2)dJidJ 2 


=az3 exp[ —aoE(J1) —a;J1—a2J 2 |dJ idJ2 (9a) 
where the superscript & identifying the particle has 
been suppressed. It should be recalled that J;> |J2| >0. 

A more convenient choice of moduli is suggested by 
the form of Eq. (2b) when the explicit form of the 


4H. Grad, Communs. Pure Appl. Math. V, 455 (1952). 

15 Since the variables are canonical, the Jacobian of the trans- 
formation from the usual element of phase space I].dpidqi. to 
II,@Jdo is unity. Integration over the angle variables 9‘ 
may be considered performed, although this is not essential. 
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energy is introduced from Eq. (8a), and a; is eliminated. 


N(J1,J2) 


VJ INS 2 


ool fot fe poan 


. sis Jv Ji Ji J 
f dJi,} dJe exp| -{ 42" -4-——| 
0 Ii ir Jo Jo 


(9b) 





Ji>|J2| 20, 


where the Jo, A, and 8 are to be evaluated by satisfying 
the constraining Eqs. (8). 

In the presence of interactions between particles, 
(E) and (J2) are constants of the motion, but (J1) is 
not. Since its value, in general, is not known, it is 
necessary to consider what should be done regarding the 
constraint on (J;). This constraint, which insures that 
the systems in the ensemble are bound, cannot be 
removed by averaging over all possible values of (J1) 
(consistent with fixed energy) because this would allow 
unbound systems in the ensemble and again lead to a 
nonintegrable distribution. Furthermore, it is not 
satisfactory merely to introduce an arbitrary “cut-off” 
in an integral over J; because the distribution is then 
strongly cut-off dependent and becomes nonintegrable 
as the value of the cut-off parameter becomes infinite. 
Evidently it is necessary to take account of the inter- 
particle interactions with care. 

Since the motion in a sufficiently dilute system can 
be rather accurately described in terms of orbits char- 
acterizing independent particles, the distribution [ Eqs. 
(9)] should be capable of providing a reasonable de- 
scription even when weak interactions are present. 
Since (E) and (J2) must remain integrals of the motion, 
interactions can only modify this distribution function 
by altering the value of (J:). Consequently, it appears 
reasonable to consider a criterion for choosing the 
“best value” of (J1) for describing a system with inter- 
actions. 

The principle of least action affords a variational 
criterion for adopting a best value for (Ji). This prin- 
ciple states that the total action associated with the 
system must be an extremum, i.e., 


ai=af dt de piGi=0 (10) 


t 


where, in the notation of Goldstein,!® the A-variation 
includes only variations consistent with the constraints 
on the system, and includes a variation of the limits of 
the integral. The ; and q; are canonical coordinates of 
the -particle system. Therefore, the criterion adopted 


16H. Goldstein, Classical Mechanics (Addison and Wesley, 
Cambridge, 1950), p. 228, 
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is that the moduli of the distribution function describing 
the system of independent particles be chosen to make 
(J;) and extremum, i.e., 


A(J:)=0, (11a) 
where (Ji) is defined from the distribution function 
Eq. (9b) as 


(11b) 


C) Ji 
NU,)= f dit, dIN(Ji,J3). 
0 -—J1 


The moduli of the distribution function may now be 
evaluated in terms of the two integrals of the motion 
{(E) and (J2) by using this auxiliary variational 
condition. 

It turns out to be possible to determine values of 
\, 8, and Jo which yield the specified values of (E) and 
(J2) and which extremize (Ji), by selecting Jo and 
either \ or 6 to satisfy the constraints and using the 
remaining modulus to extremize (J;). First, 6 will be 
regarded as the independent variable in order to 
demonstrate easily that the limit of infinite 6 corre- 
sponds to an extremum, when Q=(P,/M)(—2E,/ 
M7’)'>1. Second, » will be regarded as the inde- 
pendent variable in order to demonstrate easily that 
the limit of infinite X corresponds to an extremum 
when Q<1. 

Case I. Regard 6 as the independent variable whose 
value is to be chosen such that 


as) _ Ji) To, AJ) dd Ji) 
d8 aJo dB ar dB ap 





=0, (12a) 


where Jo and X are functions of 8 because of the 
constraints: 


d(—E) “2 a(—E) dJo Psi E) da Ph E) 


dp OJ dg On dg og 





(12b) 


and 
a(t 2) _9g 2) dJ ~ 2) dd od 2) 


dg dJo dg Or dg 0p 





(12c) 


Solving these two equations for dJo/d8 and dd/dB," 
17 The solutions exist provided that the denominator in the 
following equations is not zero: 
dJy__[(J2) (—-E) _ a(—E) “2 f 
dB On 
Ee o(—E) 


FN 8(J2) XE) (Js) —E) 
dp +[ ; a8 aJo a 1/ 
Re 0(—E) 


d(J2) (— aoe), 


200) XE) 


ato oJ o CDN 


It will be shown that the limit of infinite 8 corresponds to an ex- 


tremum, and for this case the nonvanishing of the denominator is 


readily established numerically by writing it in terms of gi/go — 
and g_2/go and their derivatives, and then using Fig. 1 and Fig, 2. 
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and substituting into Eq. (12a), it becomes clear that 
A(J:)=0 if the following conditions hold: 


0(—E)/dp= d(J2)/dB= d(J1)/0B=0. 


These three conditions can be written in terms of the 
distribution function as: 


a(J1) 1 
Ske aiklamha SO, 
0p Jo 





sr oa ( - u-s9) 


0g Jo 
ion) 


d(J2) 1 
= ——[(J2(Ji—J2))— J2)(Ji— J2) J=0. 
0g Jo 





Clearly, these four equations are satisfied when J;=J2, 
corresponding to circular orbits. By inspection of Eq. 
(9b), this solution evidently corresponds to the limit 
of infinite 6, and leads to the distribution function 


N(Ji,J2) 
N 


ef 
5(Ji—J2) exp| -a(=+2-") us, 


1 Jo 


* yn je Ih 4 
f di ( d78(J,—J2) exp| —(—+2-") 
0 J? 


—J2 0 





(13) 
Ji= | Je| =0, 


where the moduli are to be determined by solving Eqs. 
(8). Noting that for Ji=Jo, Ji=2aP=2rm(yr)!, this 
distribution function takes the same form as that 
developed and discussed in Sec. II [see Eq. (2b) ], and 
will not be discussed further except to recall that a 
specified energy and angular momentum can be ob- 
tained from this distribution only if they correspond to 
Q(A) > 1. 

Case II. A solution corresponding to (P,/M)(—2E,/ 
my)*<1 is now readily obtained by regarding \ as the 
independent variable, and following the argument for 
\ that was previously used for 8. It is found that the 
value of X which satisfies the above conditions corre- 
sponds to Ji=Jo, which by inspection of Eq. (9b), 
evidently corresponds to the limit of infinite \, and 


yields a distribution function having the form 


N(Ji,J2) 
eatin 


JidJ 2 


N 
wrctoee|-4(2)-(2)]} 


cay 5) 


od Ji tA ,? 
f dJ, f dI25(J:—J) exp| -a(———) 
rere Jo Jo 


(14) 





Ji>|Jo| >0. 


Since Ji:=Jo, the particles all have equal energy so 
that, in general, they have elliptical orbits with major 
axes of equal length. 

For this case it is relatively easy to determine the 
values of 6 and Jy corresponding to a specified (—£) 
and (Je). Setting J:=Jo in Eq. (8a) 


Jo ( Qn? 

M \(-E/M)/’ 
which determines Jo. From evaluating Eqs. (8a) and 
(8b) by using Eq. (14), 


Pif—-2E.\' d a 
_ ) =~ nf f eis] 


M\ y°M dg lv, 


(15a) 


-[ootne—]=009 <1, (15b) 


where the substitution +=J2/Jyo is made. (P,/M) 
(—2E,/M~")!, which has been denoted by Q(A) when 
greater than unity, by Q(@) when less than unity, will 
subsequently be denoted by Q. Equation (15b) has a 
solution whenever 


(P,/M)(—2E,/My’)* <1, 


and the value of 8 is then unique. 

The distribution function Eq. (14) is readily inter- 
preted in terms of elliptical orbits, since the eccentricity 
(e) is given by &=1—(J2?/J17). It is evident that for 
values of Q such that B>0, orbits having small eccen- 
tricities are predominant. From Eq. (15), 8 is a mono- 
tone increasing function of Q becoming infinite at Q=1 
where the distribution function allows only circular 
orbits. For Q=0, 8=0, and any eccentricity is equally 
probable. 

The radial mass-density function is not so directly 
obtainable from the distribution Eq. (14) as it was 
from the distribution Eq. (13) which allowed only 
circular orbits. For this reason, the solution has been 
discussed in terms of the orbit parameters, rather than 
in terms of the radial mass-density function. This 
function is still obtainable, however, by utilizing the 
fact that the probability of finding a particle between 
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r and r+dr when it is in an elliptical orbit is given 
by 2dr/Ti (where T is the period of the orbit), which 
can be expressed in terms of Jz and r. The mass dis- 
tribution can then be obtained by integrating over the 
distribution of J2 given by Eq. (14). The resulting radial 
distribution is obviously bound, and, in fact, is bounded 
by the maximum dispacement of a particle in a line 
orbit having the energy (—E,/N), i.e., by 


PN. 
(—E,/M) 


Tmaz 


IV. DISCUSSION 


The distribution function has been obtained for a 
two-dimensional system of weakly interacting particles 
which execute bound (quasi-) periodic motion in a 
Newtonian potential. The failure of the familiar for- 
mulas of statistical mechanics to yield bound distribu- 
tion functions for such a potential] has been avoided by 
first determining in effect the most probable distribution 
of bound orbits in the absence of interaction, and then 
by considering the effect of weak interactions with the 
aid of the principle of least action. Since the develop- 
ment relies on the description of a system in terms of the 
orbits of noninteracting particles, it can be valid only 
when the interaction between the particles is weak 
relative to the Newtonian potential which is responsible 
for these orbits. The distribution of particles among the 
orbits is determined by (—£), and by the average 
values of the action variables J;;and Je which specify 
these orbits. The ‘‘best”’ distribution, when interactions 
are taken into account, is that one for which (J,) has 
a stationary value. Whether or not (J;) is actually 
stationary for any given system may be regarded as 
an empirical criterion for the applicability of the theory. 

As is to be expected from any statistical approach 
in which the form of the interparticle interaction does 
not enter, the statistical distribution does not corre- 
spond to motion of the system which can be exactly 
stationary from a purely mechanical point of view. In 
particular, since the density distribution is continuous, 
masses having commensurate periods occur, and it is 
well known that very weak interparticle interaction 
can then lead to large perturbations if maintained for a 
sufficient number of periods. Such perturbations which 
may also arise from external causes have been ignored— 
the divisions in the rings of Saturn and Kirkwood’s 
gaps in the asteroid belt are examples of their effect. 
However, the statistical distribution should still pro- 
vide a useful description with the exception of effects of 
this kind. 

Collisions have not entered explicitly into the sta- 
tistical treatment. The neglect of elastic collisions can 
be justified on the basis that a single binary collision 
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between masses in orbits allowed by the distribution 
function could not result in escape of either particle. 
The neglect of such collisions appears reasonable in a 
system sufficiently dilute that a particle, having col- 
lided, returns again to a statistically allowed orbit 
before undergoing another collision. Inelastic colli- 
sions, however, alter the constraints imposed on the 
system by decreasing the average energy per unit mass. 
The statistical description of the system should re- 
main applicable, however, if this decrease takes place 
so slowly that it can be regarded as adiabatic. 

A continued (adiabatic) decrease in Q, in fact, can 
be shown to lead to the loss of particles from a physical 
system. According to the statistical description, the 
form of the distribution function depends on the value of 


Q= (P/M) (—2E./M7’)}. 


If Q>1, the distribution allows only circular orbits 
and becomes a delta-like function as Q decreases to 
to unity with all particles then having equal radii. If 
Q continues to decrease below unity, particles in 
elliptic orbits having the same energy appear. A 
central mass (giving rise to the Newtonian potential) 
can then intercept those particles moving in sufficiently 
elliptic orbits. However, since the angular momentum 
per unit mass is smaller for such orbits than for any 
others, Q is increased by the loss of these particles, and 
the system tends to maintain itself.!® 

The case Q>1 is applicable to the planetary system 
whose radial mass-density distribution has been illu- 
strated together with that computed for a system having 
a large number of identical particles but with the energy 
per unit mass and angular momentum per unit mass 
equal to that of the nine planets (Fig. 3). The sharp 
cut-off at small radii and the relatively long tail is 
characteristic of the theory when Q>1, and occurs for 
the actual planetary mass distribution. The rings of 
Saturn also appear to have these characteristics. 

No attempt has been made here to discuss more 
general implications of this statistical theory than 
seemed appropriate in introducing the method. The 
theory is evidently applicable to a number of astro- 
physical problems—for example, to the distribution of 
mass in the pre-planetary cloud. Generalizations of the 
method to three dimensions and to analogous (quantum 
mechanical) problems concerning electron clouds in 
the neighborhood of a nucleus appear straightforward. 


18 Maxwell discussed the disruption of such a system from the 
point of view of mechanics (rather than statistical mechanics), 
and based his discussion on the analysis of a single ring. From 
this basis, he visualized the Saturnian system as consisting either 
of a series of many concentric rings, or of a “‘confused multitude”’ 
of revolving particles, not arranged in rings and colliding with 
each other. Maxwell concluded that in the first case, the disrup- 
tion of the system will be very slow, and in the second case, rela- 
tively rapid. 
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A consideration of the complete equations of interaction (without the linear approximation) of two moving 
electron beams of given densities (with sufficient numbers of ions to make the charges macroscopically 
neutral) shows that propagation of steady-state space-charge waves is possible in such a medium. The period 
of the space-charge wave is a function of its amplitude and phase velocity. For small amplitudes the oscilla- 
tion is simple harmonic, and the characteristic dispersion equation of the first order theory is obtained. For a 
given phase velocity of the wave, the oscillation becomes increasingly anharmonic with increase of amplitude. 
Beyond a particular value of the amplitude (which is a function of the phase velocity of the wave), the wave 


form of the oscillation becomes discontinuous. 


The above theory is applied to estimate the relative intensity of the second harmonic component in solar 
radio outbursts recently discovered by Australian workers. 

A theoretical analysis based on the antenna theory of electromagnetic radiation from oscillating plasma 
gives a radio flux of the order of magnitude of that observed. 





1, INTRODUCTION 


PACE-CHARGE wave amplification in moving 
interacting charged beams has been used in electron 
wave tubes! and to explain the abnormal intensity of 
solar radio outbursts.? The theory so far has been con- 
fined to small, sinusoidal oscillations. The large amplifi- 
cations obtained, however, clearly indicate the need for 
a nonlinear theory. Such a theory has received added 
interest from the recent interesting discovery by Aus- 
tralian workers? of the second harmonic component in 
solar radio-noise outbursts, which exhibits the charac- 
teristic frequency drift of the fundamental and is 
comparable with it in intensity. 

We have considered in this paper the complete equa- 
tions of interaction of moving electron beams (with 
sufficient numbers of ions to make the charges macro- 
scopically neutral), and find that propagation of steady- 
state space-charge waves is possible in such a medium. 
The theory indicates the nature of the asymptotic non- 
linear steady-state oscillation. Work is needed to trace 
the buildup of the amplitude under conditions in which 
the linear (i.e., small-signal) theory predicts wave 
growth. 

We find that the period of the space-charge wave, on 
the nonlinear theory, is a function of its amplitude and 
phase velocity. The oscillation becomes increasingly 
anharmonic with increase of amplitude, and discon- 
tinuous beyond a limiting amplitude. An estimate is 
obtained, from the theory, of the relative intensity of 
the second harmonic component in solar radio outbursts, 
and compared with observation.? It is also shown that a 
rapid current buildup will enable the plasma to radiate 
the observed radio flux. 


1J. R. Pierce, J rs Phys. 19, 231 (1948); Proc. Inst. Radio 
CS. 37, 980 1949); A Vv. Haeff, Proc. Inst. Radio Engrs. 37, 4 
2 A. V. Haeff, Phys. Rev. Le 1546 (1949); J. Feinstein and H. K. 
Sen, Phys. Rev. , 405 (195 
3 Wild, Murray, and Ain Nature 172, 533 (1953). 


2. THE NONLINEAR DISPERSION RELATION 


We shall derive the nonlinear dispersion relation for 
space-charge waves in moving electron beams (with 
sufficient numbers of ions to make the charges macro- 
scopically neutral) injected into a common space. For 
simplicity of treatment, we shall confine our analysis to 
one dimension and to two electron beams.‘ We shall use 
the following notation: “=number of charged particles 
per unit volume; v=velocity of charged particle; 
e=charge of electron or ion (minus for electron) ; 
m=mass of electron; ¢=potential of space charge; 
€o= dielectric constant of free space; V=phase velocity 
of space-charge wave. 

The suffixes 1 and 2 will refer to the two electron 
beams. The suffix + will refer to the ions and 0 to the 
origin of the wave system of coordinates. (See later on.) 

We shall neglect the oscillatory motion of the ions on 
account of their heavier mass relative to the electrons. 
We also neglect collision effects, which produce a small 
damping of oscillations in most plasmas (see Bohm and 
Gross, reference 4). The equation of motion for either 
electron beam is 


Ov; Ov, e€ Od 


ey eo ary (1) 
ot Ox =mox 


where s=1 or 2. The equation of continuity for either 
beam is 


On, 
ot 


1) =0, (2) 


4 The analysis can be extended to m beams and to continuous 
velocity distributions. A. I. Ahiezer and G. Y. Lubarskiy, Compt. 
rend. 80, (2), 193 (1951) have considered the nonlinear theory of 
oscillations of electronic plasma. D. Bohm and E. P. Gross, Phys. 
Rev. 75, 1853 (1949) have derived the nonlinear dispersion relation 
for a continuous velocity distribution. The author has given in 

Appendix I a derivation of the nonlinear dispersion relation by the 
Boltzmann equation. 
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where s=1 or 2. The Poisson’s equation is 


oe) 
€o— = 4re(m1+ne— Ny). (3) 
Ox? 


As we are interested in the steady-state space-charge 
wave propagation in the medium, we shall suppose all 
oscillating variables to be functions of the variable® 


a’ =x—Vi. (4) 


Equation (4) represents a transformation to the 
coordinate system stationary with respect to the wave. 
We choose the origin of this coordinate system (i.e., 
x’=0) at the point where ¢=0. We shall denote the 
physical parameters (particle velocity and concentra- 
tion) at this point by the suffix zero. 

With the substitution of (4), Eqs. (1), (2), and (3) 
reduce to 


(S) 


€g-——— = Are(ny+n2— n). 
dx’? 


Equations (5) and (6) yield, on integration: 


2 
(V—»,)*=—$+ (V—va)?, (8) 
m 


and 
n,(V—v.)=Ne0(V —2.0). (9) 


Equations (7), (8), and (9), on elimination of , and 
v., give the nonlinear dispersion relation: 


a | V—10| 
“de? ig 5 om m)o+ (V—»10)* }! 
| V—ve0| 
[(2e/m)o+ (V —220)? }* 


3. THE LINEAR DISPERSION RELATION 








+n 


ns (10) 


On the linear (small-signal) theory we suppose that 
all oscillating quantities vary as exp i(['x—wt), where 
w/T'=V, w denoting the angular frequency and I the 
wave number. If we expand the right-hand side of Eq. 
(10) to the first power of ¢, we shall obtain the usual 


5 V in (4) is a constant and a free parameter of the solution. V is, 
in fact, the velocity of propagation of the progressive space-charge 
wave. We assume that such a wave is the limiting form of the 
growing initial perturbation. A proof of this assumption would be 
desirable. 
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linear dispersion relation®: 


wy 


4 = 
(o— Tv10)? (w— T'v29)? 


we? 





1, (11) 


where w,* is the plasma frequency: 
w= 4arn,e?/meo. (12) 


4. STEADY-STATE NONLINEAR OSCILLATION 


Integrating (10), we find that the electric field 
E=—d9/dx' is given by 


do \? 2e , 
«(=) $n no V— 0] (—6+-(v-s0)) 
dx’ m 


2e 3 
+n29| V—ve0| (<s+ (V—- r=) 
m 


eh 
—m +c, (13) 


m 


where C is a constant. 

E reaches a maximum (or a minimum) at ¢=0, where 
dE/dx’ given by (10) vanishes. Denoting the maximum 
(or minimum) of E by E*, we can fix the constant C in 
(13). Further, changing to the following dimensionless 
variables and parameters: 


V20=MN20/N4, Ui0=20/V, u20=V20/V, 
V=(2e/mV?)o, §=(2w0/V)x’, (14) 


we obtain from (13) the following nonlinear equation 
for the oscillation of the electric potential : 


(dp /dé)?=2v19| 1—u10| [P+ (1-210) }! 
+2v29| 1—120| [Y+ (1— 20)? }? 
—w—2v39(1—10)?— 2v20(1— 20)” 
6 E* 


4nmV? ny. 


Vi0= N10/ N+, 


(15) 


wo in (14) is given by 


wor = (4re?/meo) ns. (16) 


5. NATURE OF THE OSCILLATION CURVES 


A graphical analysis of Eq. (15) is given in Appendix 
II. We shall merely quote here the results. The oscilla- 
tions of the electric potential, ¥(#), begin with E*=0 at 
F, in Fig. 2. Near Fi, E* is small, and the oscillations are 
simple harmonic. With increase of E*, the oscillations 
become increasingly anharmonic. Beyond Fp in Fig. 2, 
there is a discontinuity in the tangent to ¥(é), and 
hence in the electric field. This is similar to the phe- 
nomenon of jump well known in nonlinear oscillation 


® Note that m,=m10+-m20, on account of the assumption of 
macroscopic neutrality of charge. 
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theory. We shall call Fo the critical point of the oscil- 
lation. 

We shall suppose that at the critical point, the maxi- 
mum amplitude is reached of the steady state nonlinear 
oscillation.? This maximum amplitude is a function of 
the phase velocity V of the space-charge wave, and is 
given by the following relation: 


*2 


— =2n9(1 —09)"+ (2v20— 1) (1— 20)? 
4rmV? N+. 


€0 


= 2v10| i— t619| [ (u10— 20) 
x (uo +U20— 2) }}. (17) 
Equation (17) holds provided that (1—%29)? 
~ (1 = U0)”. 


6. ILLUSTRATIVE CASES 


We shall illustrate the qualitative description in Sec. 5 
by numerical integration of Eq. (15), both at and 
beyond the critical point of the oscillation curves, for the 
following set of values of the parameters: 2:0=9X 10® 
cm, meo= 108 cm-, v19=4X10" cm/sec, v299=0, V=5 
X 107 cm/sec. 

Figure 1, Curve A, gives the oscillation of the electric 
field at the critical point (f= fo= —0.236, see Appendix 
II). From (14), the angular frequency w is given by 


w= 4mw/é), 


where £,=2.76 is the wavelength of the oscillation in 
Fig. 14. 

The nonlinear frequency v is ~1292 Mc/sec. On the 
small signal theory [Eq. (11) ], v is 1349 Mc/sec. We 
find a decrease in frequency with increase of amplitude. 

The Curve A in Fig. 1 is anharmonic with a steep rise 
and a slower decline. Its analysis into a Fourier series 
gives for the ratios of the successive sine coefficients (the 
cosine coefficients are small): 


1:0.39:0.21:0.14:0.09. 


(18) 


Figure 1, Curve B, shows the oscillation curve for 
f=-—0.1, which is beyond the critical point (i.e., in the 
region of discontinuity or jump). 

&=3.36, and the nonlinear frequency v is ~1061 
Mc/sec. We find a further decrease in frequency with 
increase of amplitude. 

Harmonic analysis of Fig. 1B gives the following 
ratios of the successive (sine) coefficients: 


1:0.46:0.29:0.22:0.17. 


The anharmonicity has increased with increase of 
amplitude. 


7 This assumption is founded on our interest in regular oscilla- 
tions and not in “jumps.” 

8 We should in fact give the ratio of the total amplitudes, i.e., 
</ (sin?+-cos?). Since, however, we are interested only in orders of 
magnitude, we have omitted the cosine terms which are very small. 
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Fic. 1. The steady-state oscillation curves of the electric field. 
The lower scale of the abscissa refers to Curves A and B, the upper 
refers to Curve C. 


7. APPLICATION TO SOLAR RADIO NOISE 


We shall apply the above theory to solar material 
moving through the ionized plasma of the static corona, 
which is supposed to account for the abnormal radio 
noise received from the sun.” The following parameters 
that give space-charge wave amplification in small- 
signal theory are taken from a paper by the author®: 
m1o= 1.68X 108 cm-*, n29=0.89X 108 cm-3, v49=5X 107 
cm/sec, v09=0, V=5X 10° cm/sec. 

Figure 1, Curve C, gives the anharmonic oscillation of 
the electric field at the critical point (,=20.8). The 
corresponding nonlinear oscillation frequency is x87 
Mc/sec. The successive Fourier (sine) coefficients are in 
the following ratio: 


1:0.45:0.23:0.15:0.12. 


8. ABSORPTION OF THE FUNDAMENTAL AND THE 
SECOND HARMONIC AT THE PLASMA 
FREQUENCY LEVEL 


Australian workers’ have recently detected the second 
harmonic component in solar radio outbursts, and 
invoked the selective absorption of the fundamental at 
the plasma frequency to explain the fact that the 
intensity of the second harmonic was found to be 
comparable with, or greater than, that of the funda- 
mental. We shall examine this hypothesis quantitatively 
on the nonlinear theory. 

The absorption per unit path length of intensity of 
radiation of angular frequency w in an ionized gas (as 
the solar corona) is given by” 


4irne*y 
k= , (19) 
morcp 


® Hari K. Sen, Australian J. Phys. 6, 67 (1953). 
10S. K. Mitra, The Upper Atmosphere (The Royal Asiatic 
Society of Bengal, Calcutta, 1952), p. 184. 
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dune} 
1-(1-—— ; (20) 


mor 


n is the electron concentration, v is the collisional fre- 
quency, and c is the velocity of light. The formula (19) 
holds when rv<w. 

We suppose that the radiation originates at the level 
of plasma frequency" where the electron concentration 
is mo and the collisional frequency vo. As we are interested 
in an estimate only, we shall also suppose that the 
electron concentration, , and the collisional frequency, 
v, follow the exponential laws: 


n=mnoe~8", y= yoeF, (21) 


where 1/6 is the scale height of the corona (~10" cm).” 
Then, for the absorption of the fundamental (which is 
equal to the plasma frequency), the optical depth 7; is 


given by 
° ¢ *hdh 
c i (1—e-F")3 


= (4/3) (v0/cB) = 1.78, 


if one takes vp~4 sec! at the level (~~10" cm above 
photosphere) of plasma frequency (-~87 Mc/sec), from 
Smerd’s® data. For the absorption of the second har- 
monic, the optical depth 7, is given by 


(22) 


C) Ee 2Bh 


h 
0 (4—e-Fh)t 


=" (2-38) = 0.18. 
cB 


If we assume a constant conversion factor for space 
charge into electromagnetic wave energy for the funda- 
mental and the second harmonic, we have, from Sec. 7, 
the relative intensity at the origin (plasma frequency 
level) given by 


(23) 


T10/I20= 1/ (0.45)? (24) 
From Eqs. (22)-(24), we have the relative received 
intensity given by 


T,/To= Tye 1-7 /Tog™1. (25) 


If we take Hagen’s" value of vo~6 sec™, I; will be even 
less than I>. 

We thus see that the nonlinear theory as outlined 
above confirms the observational fact of the fundamental 


. C. Jaeger and K. C. Westfold, Australian J. Sci. Research 
A3, 376 (1950). 
2 7 ‘a de Hulst, A Course in Radio Astronomy (Leiden, 
1951), p 
BS, F. a Proc. Inst. Elec. Engrs. 97, 448 (1950). 
14 John P. Hagen, Astrophys. J. 113, 557 (1951). 


radio frequency being comparable with the second 
harmonic in intensity.’ 


9. ESTIMATE OF THE RADIO INTENSITY 


From the observed radio flux we can form an estimate 
of the efficiency factor, a, for the conversion of space 


charge into electromagnetic wave energy. 
Poynting flux=a(c/8r)E*, (26) 


where E* is given by (17). With our solar parameters 
(Sec. 7), 
Poynting flux=3aX10' ergs cm~ sec“. —_ (27) 
Assuming that the active area is one hundred mil- 
lionths (10~) of the solar surface, and that the effective 
bandwidth of radiation is 50 Mc/sec, we get: 


Radiation flux at the earth 


sun’s radius 


a 
5 \earth-sun distance 





2 
) x10 


Xergs cm™* sec (cps)! 
~10-%a 
Observed? flux ~10-" to 10-* watt m~ (cps). 


(28) 
(29) 


watt m~ (cps)—. 


Hence the efficiency factor is 


a™10~ to 10-*. (30) 

The efficiency factor a given by (30) is of the same 
order as that obtained® on the assumption that the 
source of the available energy is the initial difference of 
energy between the interacting streams. 

The extremely low value of a obtained in (30) indi- 
cates that the physical mechanism of conversion of 
space-charge wave into electromagnetic radiation energy 
need not be efficient at all. Even a very weak coupling 
between longitudinal and transverse waves, such as is 
provided by a transverse magnetic field or mass velocity” 
or nonlinear effects, may suffice for such conversion. In 
the following section, we shall consider one such 
mechanism. 


10. ANTENNA THEORY OF ELECTROMAGNETIC 
RADIATION FROM OSCILLATING PLASMA 


J. Feinstein and the author’ had previously sug- 
gested that the very rapid growth of space-charge waves 
found on the small signal theory was responsible for 
conversion of the longitudinal plasma wave energy into 
transverse electromagnetic radiation. This suggestion 
was followed up by Feinstein in a letter!” in which, 

15 The results of this section should indicate orders of magnitude 
only, as we have employed the linear damping theory for the 
damping of the nonlinear oscillation. We note also that the 
nonlinear theory gives an appreciable third harmonic, which 
should be observable. 

p. 411, Sec. 6. 


16 See Feinstein and Sen, reference 2, 
17 J. Feinstein, Phys. Rev. 85, 145 (1952). 
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extending the conventional analysis of the oscillating 
current in a radiating antenna, he showed that the 
rapid spatial changes in the current distribution of the 
plasma effected the coupling of energy from the 
oscillating plasma into an electromagnetic radiation 
field in free space. This section contains a further de- 
velopment of the same idea, which leads to an estimate 
of the efficiency factor, a, of Sec. 9. 

We shall suppose that the oscillating current (x) in 
the plasma (of length L) quickly builds up to saturation 
in a length /(~wavelength A= 27/T)” and then slowly 
decays: 


T(x) =Ige'P2, OS ad; 


31) 
lgx<L. ( 


= Toeet b) 1+( iT —a) z 


In (31) bT, a<T (decay is small in one wavelength), 
and aL>1. Also '/k=c/V=~c/v, where v, the stream 
speed, is of the order of V, the phase velocity of space- 
charge wave, for effective interchange of energy between 
wave and stream.!® For the solar corpuscular streams, 
vc. Hence we may take T>k. 

At distances far (compared to the plasma dimensions) 
from the oscillating current in the plasma, the electro- 
magnetic field is transverse to the direction of propaga- 
tion. At a point (R, 6, @ in polar coordinates), the 
electric field, Eo, and magnetic field, Hy, are given by”: 


Ho\? dup sind 
€0 4r R 


eo 


x f ev iks nt] (x)dex, (32) 
0 


where €p is the dielectric constant, uo the permeability, 
and k the wave number of propagation, in free space, 
and I(x) is given by (31). 

The rate of energy radiated is obtained by integrating 
over the sphere of radius R the real part of the complex 
Poynting vector, 


S*=}EoH 4*, (33) 


where Hy* is the complex conjugate of Hy. We thus 
obtain, with the indicated approximations, that the 
oscillating current I(x) in (31) radiates electromagnetic 
energy at a distant point at the following rate: 


(cuuo/24m)Io2e?**(k2/T?). (34) 


For electromagnetic wave growth, I in (34) must be 
replaced by k, and the corresponding rate of energy 
radiated will be 


(cuo/ 24r)I oe” . (35) 


18D), Bohm and E. P. Gross, Phys. Rev. 75, 1851, 1864 (1949). 

19 J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), p. 440. Following Stratton, we 
have employed the rationalized mks system of units in Sec. 10. 
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From (34) and (35), we see that the efficiency factor, a, 
is given by” 


a= (k/T)~(v/0)2. (36) 


The time delay in the arrival of magnetic storms# 
indicates the speed of the solar corpuscles to be of the 
order of 1500 km/sec. Hence we obtain from (36) the 
following estimate for the efficiency factor: 


a=2.5X10-5, 


which is of the same order as that in (30). 

The author is indebted to Mr. James W. Lowry for 
the graphical analysis in Appendix II and the compu- 
tational work. 


(37) 


APPENDIX I. DERIVATION OF THE NONLINEAR 
DISPERSION RELATION BY THE BOLTZMANN 
EQUATION 


As the direction of wave propagation provides a con- 
venient axis of reference, it will be sufficient to restrict 
our consideration to one dimension.” Let f(v,x,t) be the 
normalized velocity-distribution function for the elec- 
trons satisfying the Boltzmann equation™ 


Of of e dof 
ti 0, (1) 
Oot Ox m Ox dv 


where ¢ is the electric potential due to the space charge. 
We neglect the oscillatory motion of the ions, on account 
of their larger mass. We suppose that the ions are 
present in sufficient numbers to cancel the static nega- 
tive charge of the electrons. We also consider the plasma 
to be rarefied enough to justify the neglect of collisions. 
In most plasmas, collisions produce a small damping of 
oscillations, which can usually be neglected.!® 

We assume a traveling wave solution of Eq. (1), so 
that all oscillating quantities are functions of «’, where 


x'=x—Vt, (2) 


V being the phase velocity of the wave. With the 
substitution (2), Eq. (1) transforms into 


(3) 


We note that our case is not strictly the standard antenna one 
in that a linear current flows in a plasma, and not in a vacuum. 
The presence of the plasma is responsible for the ratio of the two 
different propagation constants, I’ and , of space-charge and free 
space waves respectively, which appears in formula (36). The 
author is indebted to the referee of this paper for drawing his 
attention to the fact that a rigorous discussion should take into 
account the gradually varying properties of the plasma. Such a 
discussion would indeed be valuable. As the plasma density de- 
creases outward, however, we do not believe that a more refined 
treatment would give a greatly diminished radiation yield. 

21 See reference 7, p. 452. 

2 The analysis can be generalized to three dimensions. 

%S. Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, Cambridge, 
England, 1952), p. 46. 
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Fic. 2. Graphical analysis of Eq. (15). 


The equations of the characteristics of (3) are 


dx’ dv df 


°—V (e/m)(de/dx') 0 
Independent integrals of (4) are 
(e/m)o—3(0—V)?=a1, 
f = C2 


where ¢i, C2 are arbitrary constants. Hence f((e/m)@ 
—43(v—V)?) is the solution of (3), where f is an arbitrary 
function. 

The Poisson equation is 


(5) 


op 
€9> —= —4ren,+4ren_ f f(v,x’)do, (6) 
dx’ 

where n,=mn_ is the ion or electron concentration. 
Substituting for f in (6), we obtain the following integro- 
differential equation for ¢: 


&h e (v—V)? 
€>—= —tren,+4ren__f (= o- : )av (7) 
m 


dx’? 


We assume a steady-state solution, oscillatory in the 
laboratory system and static in the wave system of 
coordinates, so that the number of particles of any given 
velocity has become constant at each point in space. To 
specify the arbitrary function f in (7), we shall suppose™ 
that the final (steady-state) distribution of velocities at 
a given point, say, at ¢=0, is fo(v), i.e., 


f(—20—-V)")= fol). (8) 


To express the arbitrary function f in (7), in terms of 
fo, we make the following substitution: 


(e/m)o—3(v—V)?=—3(v'—V)?. (9) 
% See reference 14, p. 1853. 


The integro-differential Eq. (7) then transforms into: 
fo(v)dv 
2ep (x ? 
(oy 
m(v—V)? 





ap 
€9— = —4mren,.+4ren_ f 
dx? : 


where we have dropped the primes in (10). 

Equation (10) is the nonlinear dispersion relation for 
electrons with a continuous velocity distribution (see 
Bohm and Gross).‘ To derive the dispersion relation for 
s discrete beams, we shall suppose that the normalized 
velocity distribution function f,0(v) for the sth beam (of 
concentration 2,0) is given by the delta-function: 


fe0(v) =5(v—2,0). (11) 


Substitution of (11) in (10) gives the following nonlinear 
dispersion relation for s discrete beams: 


ap s 
€>—= tad 
dx LY [(2e/m)o-+(V—t0o)*} 


Equation (12) is the generalization of the relation (10) 
in Sec. 2. 


No| V—,0| 





ms} (12) 


APPENDIX II. GRAPHICAL ANALYSIS OF 
EQ. (15), SEC. 4 


Equation (15) in Sec. 4 may be written in the 
abbreviated form: 


(dy/dt)’=a(y+b)'+cy+d)'—y—f, (1) 


where a, b, c, d, and f are constants. The quantities 
a, b, c, and d are positive, and we may suppose without 
loss of generality that b<d. 

The maxima and the minima of ¥(£) are at the zeros 
of (1), which are obtained from the intersection of the 
curve (ACB in Fig. 2) 


s=a(y+b)'+cy+d)}, (2) 


with the straight line 
2=yt+f. (3) 























Fic. 3. Oscillation curve of the electric potential beyond the 
critical point. 





NONLINEAR THEORY OF SPACE-CHARGE WAVE 


In order that y may have both a maximum and a 
minimum, the intercept, f, of the straight line (3) on the 
z-axis must lie between fo=OFo and fi=OF:. The 
tangent TCF, and the line AFB in Fig. 2 mark the 
extreme positions of (3). From the condition of tangency 
of line (3) to curve (2), it may be shown that for the 
position TCF; of (3), the amplitude E* of the electric 
field in Eq. (15), Sec. 4, vanishes. 

When the line (3) lies between TCF, and AFB, the 
maxima and minima of ¥(é) occur at different values of 
y. So long as (3) lies near TCF; (small £*), the differ- 
ence between Wmax and Wmin is small, and the oscillation 
may be considered simple harmonic. With increasing 
E*, however, the maxima and minima get progressively 
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further apart, and the oscillation becomes increasingly 
anharmonic. 

The point Fp is obtained from the intersection of (3) 
with (2) at Y= —b. This gives 

fo=0Fo=b+c(d—5)!. (4) 

When the line (3) intercepts the z-axis below OF», 
has a maximum but does not reach the minimum given 
by the vanishing of (1), as dy/dt in (1) becomes 
imaginary when y< —6. The oscillation curve of y has 
the form shown in Fig. 3. There is a discontinuity in 
dy/dé and hence in the electric field at the minima of 
(A in Fig. 3). 
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Transmission of Slow Neutrons by Liquid Helium* 
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We have determined the total scattering cross section of liquid helium for neutrons of wavelengths between 
3 and 16 angstroms and at six helium temperatures between 1.25 and 4.6°K. The neutrons were obtained 
from the thermal beam of a reactor and were monochromatized by a low resolution velocity selector. The total 
scattering cross section decreases with temperature at all wavelengths studied. At the shortest wavelengths 
the cross section approximates the free atom value; it exhibits a rapid drop with increasing wavelength. For 
the 4.6° liquid it passes through a' shallow minimum at about 10 A. At lower helium temperatures, the fall 
from the free atom cross section is steeper; the existence of a minimum has not been established. The results 
are discussed qualitatively on the basis of several models of liquid helium. The only one predicting the overall 
features of the change of cross section with wavelength and temperature is the solid model. 


1, INTRODUCTION 


N general, experimental investigations of the proper- 
ties of liquid helium! use methods whereby gross or 
average properties are studied. Even in the investiga- 
tions of the saturated and unsaturated helium film,’ 
and in studies of first and second sound,’ the thickness 
of the film or the wavelength of the periodic motions 
has been many atomic distances. Hence, these experi- 
ments involve sufficiently large numbers of atoms to 
permit a first treatment by thermodynamics. 

An exception to this generalization is the studies of 
scattering of x-rays and slow neutrons by liquid helium. 
When the wavelength of the incident radiation is com- 
parable with the atomic spacing, the observed phe- 
nomena are governed by the local or atomic rather than 


*This paper has been reported on at the Washington, D. C. 
meeting of the American Physical Society, April 30-May 1, 1953 
[Phys. Rev. 91, 490 (1953) ]. 

t Present address: RCA Research Laboratories, Princeton, 
New Jersey. 

1W. H. Keesom, Helium (Elsevier, Amsterdam, 1942). 

2 See the review of E. A. Long and L. Meyer, Phil. Mag. Supple- 
ment 2, 1 (1953). 

3 For a recent survey see K. R. Atkins, Phil. Mag. Supplement 1, 
169 (1952). 


the bulk properties. Such studies help to reveal the 
atomic properties of the liquid, the spatial arrangement 
of the atoms, the mean forces between them, their 
mean velocity, and kinetic energy. They might even 
yield the laws of their velocity distribution. 

Neutron scattering studies are of interest, not pri- 
marily as an independent check or improvement on 
x-ray results, but to complement them. Aside from elec- 
tronic excitation, the vanishing rest mass of the photons 
inhibits the exchange of energy with the liquid. In 
addition, the velocities of photon and molecule are so 
different that the internal motion of the scatterer is 
unimportant. Because of these facts, the x-ray diffrac- 
tion pattern is, essentially, the momentum space Fourier 
transform of the static radial distribution of the atoms 
around one chosen arbitrarily, as first shown by Zernike 
and Prins.‘ Many workers have used this transformation 
to derive the pair distribution from the scattering dia- 
grams.® In the case of the scattering of slow neutrons, 
however, the masses and velocities of incident particle 
and scatterer may be comparable. As discussed later 


4 F. Zernike and J. A. Prins, Z. Physik. 41, 184 (1927). 


( $ oN the review of N. S. Gingrich, Revs. Modern Phys. 15, 90 
1943). 
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the neutron scattering cross section then depends on the 
forces between the atoms and the energy states of the 
liquid as well as on the spatial distribution of the atoms. 
A suitable analysis of x-ray and slow neutron scattering 
experiments may yield information about a number of 
fundamental molecular properties of liquids.®.’ 

The first studies of x-ray diffraction by liquid helium 
were made by Keesom and Taconis and by Reekie.® 
Neither investigation found any influence of the lambda 
transition on the diffraction patterns. The atomic pair 
distribution function in liquid helium has been derived 
by Reekie and his collaborators’ from their new x-ray 
investigations. Again the lambda transition was un- 
detectable. 

The slow neutron scattering by liquid helium has only 
recently been studied. In a survey of the total scattering 
cross section of liquid helium using graphite filtered 
slow neutrons, the cross section decreased rapidly 
with increasing neutron wavelength, making the helium 
sample transparent. In addition to this, no appreciable 
change in scattering occurred in the vicinity of the 
lambda point. 

Henshaw and Hurst" have given a preliminary re- 
port of the angular scattering of slow neutrons by liquid 
helium at 1.2°K, using 1.08 A neutrons. When com- 
pleted, their work should yield the pair distribution 
function, but as yet insufficient data is available. 
London and Egelstaff,” using beryllium filtered neu- 
trons of about 4.6 A mean wavelength, have studied the 
small angle forward and backward scattering at a num- 
ber of temperatures from 1.6 to 5.2°K. They found that 
the liquid acts like a collection of free atoms (backward 
scattering), or of bound atoms (forward scattering) with 
which chiefly momentum is exchanged. This was to be 
expected on theoretical grounds.® In neither of these 
experiments can much information be derived about the 
forces or energies of the liquid atoms. 

The present work is a refinement of our preliminary 
measurements” of the total scattering cross section. By 
a great increase of the path length in liquid helium and 
the use of a neutron velocity selector, we have obtained 
quantitative answers about the effects of the lambda 
transition and the helium temperature on the scattering 
and about the interaction of the helium atoms with 
neutrons of comparable velocities. Part I of this paper 
presents these measurements as well as a qualitative 


6 L. Goldstein, Phys. Rev. 83, 289 and 84, 466 (1951). 

7G. Placzek, Phys. Rev. 86, 377 (1952). 

8W. H. Keesom and K. W. Taconis, she gene 5, 270 (1938); J. 
Reekie, Proc. ee Phil. Soc. 36, 236 (19: 40). 

®J. Reekie and T. S. Hutchison, Phys. Rev. 92, 827 (1953); 
Hutchison, Beaumont, ‘and Reekie, Proc. Phys. Soc. (London) 
A66, 409 (1953). 

10 ‘Goldstein, Sommers, King, and Hoffman, in Proceedings of the 
International Conference of Low Temperature Physics, edited by 
R. Bowers (Oxford, 1951), pp. 88-89. 

1D. G. Henshaw and D. G. Hurst, Phys. Rev. 91, 1222 (1953). 

2H. London and P. A. Egelstaff, Communication at the Third 
International Conference of Low Temperature Physics and 
Chemistry, Houston, December 1953 (unpublished). 


DASH, 


AND GOLDSTEIN 


comparison between the results and the predictions of 
several models of liquid helium. Part IT’* will be devoted 
to an analysis of the cross sections according to a more 
general theoretical approach, valid, within limitations, 
in all monatomic liquids. There, the mean kinetic energy, 
zero point energy included, and the mean square force 
on a liquid atom are derived. 


2. EXPERIMENTAL ARRANGEMENT 
A. Apparatus 


The experimental arrangement is shown schematic- 
ally in Fig. 1. The neutrons emanating from the active 
sphere at the center of the Supo reactor" are moderated 
to an approximately Maxwellian velocity distribution 
by seven inches of heavy water. The thermalized beam 
is collimated by a 13-inch diameter hole through the 
thermal column. In order to minimize absorption in 
atmospheric nitrogen, a thin walled aluminum tube 
filled with helium gas was inserted in this hole. The 
emerging beam passes successively through a velocity 
selector, additional collimators, the liquid helium 
target, and a neutron counter. 

The external beam collimation is achieved by a 13- 
inch diameter hole in a lucite block seven inches long, 
faced with 34-inch cadmium sheets with 1}-inch holes. 
A pair of these blocks encloses the cryostat. The over- 
all collimator geometry yields an effective beam diver- 
gence of half-angle about 0.004 radians as seen by the 
counter. 

The neutron detector is a brass end-view counter 1} 
inches in diameter by 1 inch active length, filled to a 
pressure of 35 cm Hg with BF; gas enriched to 95 
percent B™, The very short active length slightly de- 
creased the counting rates but gave a large reduction in 
background of epi-cadmium neutrons. Further re- 
duction in the background was achieved by embedding 
the counter in a cubic foot of paraffin lined inside and 
out with cadmium. Tests showed that most of the re- 
maining background emerged from the face of the velo- 
city selector and passed through the collimation system. 


LIQUID 


aiid hd d COLLIMATOR 


SELECTOR 


fe —_ 


CRYOSTAT 


Fic. 1. Experimental arrangement; schematic diagram. 


18, Goldstein and H. S. Sommers, Jr. (to be published). 
Pa " D. P. King, Los Alamos Report LA-1301 (1952) (unpub- 
lished). 
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B. Neutron Velocity Selector 


We used a helical velocity selector of the type de- 
scribed previously by two of us.!® The reader is referred 
to that paper for a complete description of the instru- 
ment and an analysis of the spectral distribution of its 
transmitted beam. 

The present rotor, 11} inches o.d. by 17 inches long, 
was composed of alternating disks of } inch lucite and 
2; inch cadmium. Seventy-two helical slots } inch wide 
and 1} inches deep were milled into the cylindrical sur- 
face of the rotor. These slots had a pitch of 170 inches 
per radian. 

The fractional transmission of the rotor is 60 percent. 
The single slot transmission function g(A) gives the 
spectral distribution of the beam transmitted by the 
selector if the distribution of the incident neutrons is 
independent of wavelength. g(A) is approximately the 
triangle shown in Fig. 2. The Maxwellian distribution of 
the neutrons from the reactor improves the resolution 
of the beam leaving the velocity selector although the 
spread of wavelengths still extends from (Ao/2) to 
(3\0/2). For this rotor, Xo is given in terms of its angular 
speed w by the relation 


Aow = 8.76X 10? A—rpm. (1) 


The spectral distribution of the beam striking the 
liquid helium can easily be deduced from g(A) if one 
knows the velocity distribution of the neutrons leaving 
the pile. A rough check on this showed that the intensity 
varied approximately as \—5, corresponding to the low 
energy tail of a Maxwellian distribution. For this condi- 
tion, the neutrons leaving the selector have the wave- 
length distribution: 


FA) =r-*g (A). (2) 
This line shape, shown in Fig. 2, may be used to derive 
the resolution p, the reciprocal of the resolving power of 
the instrument, according to 

p= ((A?)w)3/X 

= (A?) wD?) 4A. 
All averages are evaluated over the distribution f(A), 
by the general formula 


of oe 900) f0)2 f/f ea. — 


0/2 0/2 


(3) 


We thus find, 
\=0.780; p=0.23. (5) 


It is seen that the Maxwellian character of the pile 
neutron distribution halves the effective line width. 
The transmission of the stationary rotor as measured 
by our counter was about 2X10~-® and gave a back- 
ground of epi-cadmium neutrons of 13/min at a reactor 


16 J. G. Dash and H. S. Sommers, Jr., Rev. Sci. Instr. 24, 91 
(1953). 





12 




















™~ 

















100 L25 


Mo 


Fic. 2. Characteristics of neutron velocity selector. g(A/Ao), 
transmission function; {(A/Ao), spectral distribution of transmitted 
beam. 


power of 30 kw. The cadmium ratio of the external 
beam, measured with our geometry and counter but with 
the velocity selector removed from the beam, was 150. 

As described previously,’ the rotor speed was moni- 
tored with a General Radio Strobotac. Unfortunately, 
the frequency stability of the Strobotac was not 
sufficient to prevent significant variations of the in- 
tensity of the transmitted neutrons. By alternately 
measuring the intensities of the direct beam and the 
beam passing through the target, errors due tothese 
small changes in rotor speed were reduced below those 
associated with counting statistics. 


C. Helium Cryostat 


Sections through the liquid helium cryostat are shown 
in Fig. 3. The helium container B is in the form of an 
inverted T of stainless steel. The horizontal section, 
through which the neutrons pass, is a cylinder of 2- 
inch o.d. by 273'-inch length, lined internally with 
0.030 inch of cadmium to absorb scattered neutrons. 
Each end window was turned from stainless steel to a 
thickness of 0.013 inch. The tube is enclosed witha 
radiation shield C in thermal contact with the liquid 
air A. This shield is of copper tubing capped with 
aluminum end plates 0.090 inch thick. Thermal con- 
tact between the vertical stem of the helium container 
and the liquid air was achieved by the metal plugs £. 

In parallel with the horizontal tube containing the 
liquid helium and fastened to the outside of the radia- 
tion shield is the blank tube D, an evacuated replica of 
the horizontal] part of the helium container. By rolling 
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SECTION AA 


Fic. 3. Helium cryostat; schematic diagram. 


the cryostat bench laterally, either the helium or the 
blank could be interposed in the neutron beam. 


3. MEASUREMENTS 
A. Wavelength Calibration 


Although the velocity selector is an absolute instru- 
ment, the difficulties of mechanical alignment, coupled 
with its low resolution and the uncertainty of the velo- 
city distribution of the incident beam, induced us to 
calibrate by BF; absorption measurements. At suitable 
rotational speeds, we measured the ratio of the inten- 
sities transmitted by our standard BF;-filled cells to 
those transmitted by a similar evacuated cell. Figure 4 
is a plot of Ag, the average wavelength measured by 
boron absorption, against the reciprocal of the rotor 
speed. The three curves are for the different alignments 
of the velocity selector that were made during the entire 
course of the experiment. The relation 


Apw= 6.7 108 A—rpm, (6) 


shown by the broken line, results from averaging the 
theoretical transmission of the BF; standards, in the 
following way. We define \g as the wavelength calcu- 
lated from the mean boron transmission, 


op(Az)=—(1/nl) Intm(As), AB=Az(cz), 


where m is the numerical density of the BF; molecules, 
1 is the absorption length of gas, and og(Az) is the cross 
section of BF; at the monochromatic wavelength 2 z."® 
The mean boron wavelength was therefore computed 
from the average, 


30/2 39/2 
ems» fcn)dn / f 
ro /2 ro /2 


yielding Ag=0.760. This relation, combined with 
Eq. (1), yields Eq. (6). 

The curvature of the calibration lines is due to an 
excess depletion of very slow neutrons, perhaps caused 


16 Hamermesh, Ringo, and Wexler, Phys. Rev. 90, 603 (1953); 
Carter, Palevsky, Myers, and Hughes, Phys. Rev. 92, 716 (1953). 


tu (Az) = fA, (7) 
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by absorption in the active sphere of the reactor or by 
free fall of the external beam. It is not due to absorption 
in air, since most of the neutron path is through helium 
gas. 

Because of some uncertainty in the boron cross sec- 
tion, the transmission of each cell was measured over a 
wide range of velocities with a time-of-flight slow 
neutron spectrometer.!” This calibration differed from 
our computed absorption by an amount yielding a 
maximum error of 5 percent in Ag. The difference was 
ignored and Fig. 4 taken as our calibrations. 


B. Dewar Transmission 


To a first approximation, the ratio of the intensities 
transmitted through the two tubes is the transmission 
of the liquid helium. A second-order correction of 
(3.10.5) percent was applied as a result of the 
measurements of the relative intensities passed by the 
cold evacuated tubes. Because the evacuated helium 
tube could not be held at liquid helium temperature, the 
second-order correction was obtained from measure- 
ments with both tubes at 80°K. The effect of reducing 
the helium tube temperature from 80°K to 4°K should 
be negligible, as the following argument indicates. For 
short wavelengths the principal attenuation by our 
stainless steel windows is due to coherent scattering; its 
temperature dependence is given by the Debye-Waller 
factor and it is unimportant. At long wavelengths, 
attenuation is mainly given by nuclear absorption, 


2 














1000/a RPM! 

















2 3 


Fic. 4. Neutron velocity selector. Calibration with BF; for 
. the three alignments. 


17 We wish to thank Dr. H. Palevsky and his group at Brook- 
haven National Laboratory for calibrating the cells. 
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TABLE I. Measured transmission of liquid helium. 








3.01°K 
dB(A) 


3.97°K 
dB(A) 





3.12 
3.80 


SiR ee Oye eB aly 
oooh Saket 


WAmwwnSSesresesaysss: 
— ek pe 


BABE SS 000 © 90 0 90 90 II AD 


kk ek ek ek et 


3.12 


we | & 
Be 


ad a 
WUWe eS 600 








which is temperature independent. This reasoning is 
confirmed by our observing the same transmission for 
the blank tube at 300°K and at 80°K. 


C. Transmission of Liquid Helium 


The following illustrates a measurement of the trans- 
mission of liquid helium. At a particular rotor speed, the 
neutron flux passing through the liquid was measured 
over a period of two minutes or for 20000 counts, 
whichever took the longer time. Then the cryostat was 
rolled back to bring the blank tube into the beam; its 
flux was similarly recorded. These operations, repeated 
three times, yielded a single transmission ; however, if 
the scatter of either set of readings was outside the 
computed statistical error, the point was rejected. 

The background was taken as the rate at which 
neutrons reached the counter when the rotor of the 
velocity selector was stationary. At 30-kw reactor 
power, the background through the blank tube was 
20/min and through the helium 6/min. This reduction of 
background by scattering in liquid helium indicates that 
the background was principally due to epithermal neu- 
trons travelling in the beam direction. A small part was 
also due to slow neutrons emerging from the aluminum 
face of the velocity selector, for a cadmium sheet in 
front of the cryostat gave a slight reduction of the back- 
ground. Since the rate, with the rotor stationary but no 
cadmium interposed, gives the flux of neutrons with 
velocities outside of the proper spectrum, we took this 
rate as the background rate. In even the least favorable 
case, the signal-to-background ratio was very good; 
at 17 A it was 720/min to 23/min or a ratio of 31:1. 

At short wavelengths, where the neutron flux is high, 
we reduced the reactor power to keep the counting rates 
lower than 35 000/min. Checks of counters, including 
the scale of 100 and the mechanical recorder, indicated 
that a negligible number of counts was lost at this rate. 


Temperatures of the liquid helium were determined 
by measuring the vapor pressure of the liquid, by 
Wallace and Tiernan mechanical gauges at vapor 
pressures above 40 mm of Hg and by a butyl sebacate 
manometer at vapor pressures below 40 mm of Hg. 
These vapor pressures were converted into tempera- 
tures of the liquid by means of the 1949 temperature 
scale.!8 

We demonstrated that bubbling of the liquid was 
unimportant by measuring transmissions of fast (4 A) 
neutrons just above and just below the lambda point. 
Also insignificant was multiple scattering of neutrons in 
the helium. 

To check the effect of the lambda transition itself, we 
made a detailed study in the region of the lambda point, 
using very slow neutrons (13.8 A). Due to the high 
transmission of the liquid at this wavelength the accur- 
acy was low, but any change of cross section associated 
with crossing the lambda point is less than 10 percent. 

Transmissions were measured over the wavelength 
interval 3-16 A for helium temperatures of 1.25, 2.10, 
3.01, 3.97, 4.25, and 4.60°K. These are given in Table I. 
Since each transmission is the ratio of two average 
counting rates, the probable error in it is the square 
root of the sum of the squares of the errors in each of the 
two rates. To this error we added 1 percent for the 
uncertainty in the transmission of the empty Dewar; the 
resulting error in the value of the liqiud helium cross 
section per atom was 0.01 barns, practically independent 
of the actual value of the cross section. 

From the known densities of liquid helium! and a 
helium path length of 69.1 cm, we deduced the total 
scattering cross sections per liquid atom corresponding 
to the measured transmissions. These are shown in Fig. 
5. The principal features of this graph are a suggested 


18 H, van Dijk and D. Shoenberg, Nature 164, 151 (1949). 
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Fic. 5. Measured cross section of liquid helium. 


slow drop in cross sections with increasing neutron 
wavelength from the asymptotic limit, o,, of the isolated 
stationary free atom total scattering cross section, a 
rapid drop between about 2 and 7 A, a gradual flatten- 
ing, and finally a rising cross section, at least for the 
highest liquid temperatures. The decrease in scattering 
with temperature is clearly demonstrated, with the 
effect becoming very prominent at long wavelengths. 
The values of the long wavelength cross sections at 
low helium temperatures are somewhat uncertain, not 
only because of the low statistical accuracy, but also 
because of the indeterminate amount of absorption by 
the He’ in the liquid. Although it is impossible to cal- 
culate precisely the concentration of He’ in the path of 
the neutron beam, it seems feasible to place an upper 
limit on this quantity. We accept the value 1.4 10-7 as 
the He’ concentration in Texas well gas,” the gas supply 


19 J. G. Daunt, Advances in Phys. 1, 209 (1952). 


for our liquefiers. This concentration may be assumed 
constant through the processes of liquefaction and 
transfer to the experimental Dewar. At temperatures 
below the A-point, the “heat flush’” creates a flow of 
He® toward the colder portions of the liquid. In the 
present arrangement, the evaporation at the liquid-gas 
interface maintained the meniscus as the coldest region 
of the liquid. The heat flush is consequently directed 
toward this section, and since liquid was always main- 
tained above the lower end of the standpipe during 
measurements, the He* tended to congregate outside of 
the neutron beam. This effect, together with the likeli- 
hood that the continual pumping reduced the average 
He’ concentration, supports the view that the well gas 
concentration may be:taken as an upper limit for these 
experiments. From the gas concentration, and the 


® Soller, Fairbank, and Crowell, Phys. Rev. 91, 1058 (1953). 
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TABLE II. Smoothed transmission and cross section of liquid helium. ty, oy, measured transimssion and cross section; 
Tc; Te, Monochromatic transmission and cross section. 
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0.615 
0.537 
0.366 
0.217 
0.154 
0.129 
0.120 
0.116 
0.120 
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0.130 


Ce 
(barns) Te 


0.667 0.407 
0.615 0.437 
0.478 0.485 
0.315 
0.185 
0.106 
0.072 
0.058 
0.054 
0.053 
0.051 
0.049 
0.047 


Ce 
(barns) Te 


0.375 
0.405 
0.495 
0.629 
0.762 
0.856 
0.900 
0.918 
0.924 
0.925 
0.928 
0.930 
0.933 





4 


00 00 ¢ 
RAR 
— Oe 


SSEEAe 
WO fh Co 
oosssssses 


0.134 
0.138 


ososssss 
oo 

3 

SRSrx 








published He’ cross section,”! we obtain 0.006 barn as 
the upper limit of the He* contribution to the total 
observed cross section at 14 angstroms. Since this upper 
limit is well within the estimated probable error of 0.01 
barns, we shall neglect the influence of He’ absorption. 
The measured transmission 7» is an average value 
over a considerable wavelength spread. To give a better 
value of the transmission for monochromatic neutrons, 
we made a correction for the finite resolution of the 
velocity selector. The desired monochromatic trans- 
mission is 7-(A). The transmission 7 (Ag) measured at 
the boron-determined wavelength Az is the average of 
the monochromatic transmission, as indicated in Eq. (7). 
A first-order correction for the finite line shape may be 
made on the following basis. We write 
Te=T—br, br=7—Te, 
defining the first order correction 67. Approximating 
5r&(67) w=(7—72)m, We obtain 


1~i- J oo) (A)da / i - (A)dr, 


Te(Ap)~2TM (Az) 


a fo oar Ora)are / ia wn fOrs)dde. (8) 


0/2 


or 


Equation (8) was solved for the approximate corrected 
transmissions in the range 3-10 angstroms, where the 
transmissions varied rapidly with the wavelength. 
These calculated values of 7, were then used to compute 
the average transmissions, which were’ compared with 
the measured values. The largest disagreement between 
these calculated average transmissions and the corres- 


211, D. P. King and L. Goldstein, Phys. Rev. 75, 1366 (1949). 


ponding measured tm was 1.6 percent. The trans- 
missions +, between 3 and 10 angstroms were therefore 
accepted as the monochromatic functions, and joined’ 
smoothly to our measurements at longer wavelengths. 

Table II gives these monochromatic transmissions 
te(A) for even integral wavelengths, together with inter- 
polated values of the measured transmissions 7m and 
corrected cross sections ¢-. While the corrected cross 
section curves exhibit a slightly steeper drop and more 
pronounced minimum, Fig. 5 is still a good qualitative 
representation of the monochromatic cross section. 

We remeasured o;, using neutrons transmitted by 
cadmium, and found 


of=0.74+0.04 barns. 


This agrees with the faster neutron value” of 0.80.2 
barns and the bound atom cross section™ of 1.10.15 
barns, corresponding to 0.70+0.10 barns for oy. It is 
also in agreement with our previous measurement ob- 
tained with the unmodified thermal beam.” 


4. QUALITATIVE DISCUSSION OF RESULTS 
A. Comparison with Neutron Scattering by Solids”! 


The general shape of the total scattering cross section 
as a function of the neutron wavelength, Fig. 5, is 
strikingly similar to the scattering cross section curves 
observed with solids. This suggests that the rapid drop 
of cross section with increasing neutron wavelength is 
due to the rapid change of interference scattering on 
crossing the “Bragg edge.” In liquids the “Bragg edge” 
is not due to a sharply defined lattice spacing of the 
solid type but to a distance resulting from the averaging 
over spacings between first, second, etc., --- neighbors. 


* Bashkin, Petree, Mooring, and Peterson, Phys. Rev. 77, 748 


(1950). 
%3 A. W. McReynolds, Phys. Rev. 84, 969 (1951). 


by liquid helium 
1950). 


% For a discussion of the solid model scatterin 
see L. Goldstein and D. Sweeney, Phys. Rev. 80, 141 





862 


It is the destructive interference of the scattering from 
the different atoms which causes the fall in cross section 
at the “Bragg edge.” The higher the liquid temperature, 
the larger the density fluctuations; since these reduce 
the destructive interference effects, the scattering should 
increase with liquid temperature. The large drop in cross 
section should disappear in the critical region as the 
critical neutron opalescence effect sets in.® 

In the limit of very slow neutrons, to within presum- 
ably small terms depending on the binding of the liquid 
atoms, one obtains" 


lim o(v,T) 
v<va(T) 


~e{ +=) (Ga(T)/2)+En(T)kTxr—1}}, (9) 


where v is the neutron velocity, 54(T) is the mean atomic 
velocity in the liquid at temperature 7, m and M are the 
neutron and atomic masses, ” is the mean atomic con- 
centration in the liquid, & is Boltzmann’s constant, and 
xr is the isothermal compressibility. The first term on 
the right-hand side is a relative motion or Doppler 
effect term, and the last one is the very long wavelength 
limit of the interference term.* Even though our wave- 
lengths are probably not long enough for this limit to 
have been reached, the increasing cross section with 
wavelength for the 4.6°K helium may be due to the 
increasing size of the first Doppler term. This limiting 
1/v dependence of the cross section is of great generality, 
for it is valid in all thermodynamic phases. 


B. Comparison with Scattering by Gases 


The qualitative behavior of our cross sections bears 
no resemblance to the scattering by an ideal Boltzmann 
gas, which is wavelength independent except for the 
Doppler correction. Nor is there a resemblance to the 
scattering by an ideal Bose-Einstein fluid,” in which the 
cross section rises above oy. The latter conclusion was 
deduced in the preliminary work.” While the ideal 
Bose-Einstein fluid model is useless here, this does not 
mean that the statistics are unimportant for the theo- 
retical description of other properties of liquid helium. 
It merely indicates that as far as scattering processes 
are concerned, the binding of the atoms plays a domin- 
ant role. 


5 Goldstein, Sweeney, and Goldstein, Phys. Rev. 77, 319 (1950). 
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C. Remarks on Some Results Based on the Landau 
Hydrodynamic Model of Liquid Helium 


We wish finally to mention the predictions of Akhieser 
and Pomeranchuk”* based on the Landau hydrodynamic 
model of liquid helium, even though our results do not 
permit a comparison with them. These authors calcu- 
late scattering cross sections associated with the pro- 
duction of a phonon and scattering by rotons for neu- 
trons of velocity considerably smaller than the sound 
velocity s in liquid helium (~240 m/s) or with wave- 
lengths much larger than 17 A. The calculated phonon 
production cross section, though depending inversely 
on the neutron velocity », is extremely small, of the 
order of (10~-*s/v)o; at 1.0°K, and may be disregarded. 
The scattering by rotons is dealt with as an elastic 
collision leading to a cross section independent of 
neutron energy and depending linearly on the number 
of rotons present in the liquid. At 1 and 2°K the roton 
cross sections are given as 7X10-°o; and 3X10-%*a,, 
respectively. The energy independence of the roton 
cross sections at these very long neutron wavelengths 
results from considering the normal fraction of the 
liquid to be a collection of stationary free rotons. The 
theoretical roton cross section at 2°K is about 10 per- 
cent of the one we observe at 14 A; it drops extremely 
rapidly with temperature. 

At very long neutron wavelengths where the above 
calculations should be valid, the Doppler effect on the 
scattering by the Maxwellian roton gas cannot be 
neglected. One expects an increase of the roton scatter- 
ing cross section with decreasing neutron velocity, 
tending toward the “1/v” behavior. In this wavelength 
range, entirely beyond the one used in this work, one 
can verify the presence of roton scattering below the 
lambda point. 
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The attenuation of 7 Mc/sec ultrasonic pulses in zinc single 
crystals before, during, and following plastic deformation has 
been measured using the ultrasonic pulse technique. Simultaneous 
measurements of the time-dependent plastic strain at constant 
stress were made in order to study the correlation between this 
strain and the attenuation. The crystals were oriented in such a 
way that the applied stress was a direct shear on the slip plane, 
thus causing the deformation to proceed only by slip over this 
plane. At the same time the high-frequency sound pulses were 
sent through the crystal perpendicular to the slip plane. 

It was found that the attenuation of transverse waves, whose 
stress vectors lay in the slip plane, was very sensitive to the defor- 
mation. Longitudinal waves, with stress vectors perpendicular to 
the slip plane, were substantially unaffected by the deformation. 
This indicates that the attenuation was caused by dislocations 


introduced with the deformation and moving only in the slip 
plane. The time-dependent changes in the attenuation and the 
strain enabled the motion of these dislocations to be studied. 

For small plastic strains, the attenuation of the transverse 
waves rose during the loading process, but decreased again after 
the load was completed even as the crystal continued to deform 
with time. For larger strains, the attenuation continued to rise 
after the load was completed and was nearly proportional to the 
strain. Upon unloading, the attenuation recovered very rapidly 
toward its value before deformation. If the unloading was carried 
out in steps, the attenuation decreased while the crystal rested 
under some intermediate load. When this load was decreased 
still further, the attenuation rose very rapidly until the unloading 
was stopped, after which time the crystal again rested under 
constant stress and the attenuation again decreased. 





INTRODUCTION 


LTHOUGH the exact relationship between in- 
ternal friction and plastic deformation of solids 
is not very well understood, it is well known that the 
internal friction of a single metal crystal is very sensitive 
to any form of cold work. One type of experiment 
shows! that the internal friction is very large immedi- 
ately after plastic deformation and falls rapidly in 
time as the specimen rests in the internal friction meas- 
uring apparatus. The magnitudes attained by the 
internal friction during the deformation and before the 
specimen reaches the measuring apparatus can only be 
imagined. Another type of experiment involves the 
composite oscillator technique of measuring internal 
friction wherein the stress amplitude of the vibrations 
set up in the specimen can be varied up to and beyond 
the static elastic limit. At these higher stress amplitudes 
the internal friction begins to increase,? indicating that 
the stress has introduced some nonelastic phenomenon. 
Since the former type of experiment indicates that 
during and directly following the deformation there 
are very marked changes in the internal friction, and 
the latter type of experiment effectively unloads the 
specimen before the plastic flow can develop, it was 
felt that an experiment which measured the internal 
friction continuously before, during, and after the defor- 
mation would be of some value. 
In view of the present interest in the part dislocations 
play in both phenomena, such an experiment could be 
useful, ‘since the deformation probably proceeds by 


* This is based on a thesis submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in the 
| Department of Physics of the Graduate College of the State 
University of Iowa. 

t Now at the Research Laboratories of the Westinghouse 
Electric Corporation, East Pittsburgh, Pennsylvania. 

1 W. Koster and K. Rosenthal, Z. Metallkunde 30, 345 (1938). 

2C. A. Wert, J. Appl. Phys. 20, 29 (1949). 


some process involving the manufacture of dislocations 
or the regeneration of dislocations already present 
(Frank-Read mechanism). The internal friction should 
be related to the number and state of motion of these 
dislocations in the lattice. Thus one might hope to infer 
from a continuous plastic strain measurement the 
number of dislocations being introduced as the defor- 
mation proceeds, while the measurement of the internal 
friction should certainly be related to the existing state 
of the dislocation pattern. 

In addition to these considerations, one might simply 
consider the internal friction as a highly structure-sensi- 
tive physical property of a material and use it to indicate 
the changes in the structure brought about by plastic 
deformation. For several years this laboratory has been 
studying the phenomenon: of plastic deformation in 
single crystals of high purity zinc by measuring the 
strain as a function of time at constant stress. It has 
been rather well established* that the strain, ¢, as a 
function of time at constant stress follows the law 


e=bi™, 


where m, at room temperature, is approximately 0.5 and 
b is a constant which depends very strongly on the 
stress. This form of the deformation law does not 
immediately lead one to any picture of the atomic 
mechanism of the creep process. However, by measuring 
a highly structure-sensitive physical property like the 
internal friction of the crystal during the creep process, 
one might hope to get further information about the 
creep mechanism. 
METHOD 


There are basically three different techniques for 
measuring internal friction in metal crystals. At low 


3E. P. T. Tyndall, Symposium on Plastic Deformation of Crystal- 
line Solids, Pittsburgh, May, 1950 (U. S. Office of Naval Research, 
Washington, D. C., 1950), p. 49. E. H. Weinberg, J. Appl. Phys. 
24, 734 (1953). 


863 





864 GEORGE 
frequencies (approximately 1 cps), a torsion pendulum 
is used in which the specimen forms the suspension and 
one measures the damping of the torsional oscillations. 
In order to plastically deform the specimen and measure 
the strain continuously while it is vibrating in torsion, 
one requires a longitudinal strain gauge which is not 
influenced by the torsional strain. Such a decoupling 
of the motions would not be easy to achieve for small 
longitudinal strains. This method has been used recently 
for plastic flow at large strains in polycrystalline wires.‘ 

The second method involves frequencies in the kilo- 
cycle range but requires that the specimen vibrate in 
one of its natural modes of oscillation. It seems difficult 
if not impossible to apply simultaneously a static stress 
sufficient to cause plastic flow in such a way that the 
specimen could still be able to vibrate freely. 

The third method is an even higher frequency method 
(of the order of 10 Mc/sec) and has not been used until 
very recently for making quantitative measurements of 
internal friction.® This is the ultrasonic pulse technique 
which involves using a thin wafer of quartz to introduce 
a short burst of high-frequency ultrasonic waves at one 
face of the specimen. This burst travels through the 
specimen and is reflected back and forth between the 
surfaces. A comparison of the successive heights of 
these echoes determines the losses in the medium. 
Since this method does not involve vibrating the entire 
body of the material being studied, it is readily ap- 
plicable to the simultaneous measurement of internal 
friction and plastic strain. Care must be taken, however, 
in choosing the location of the quartz wafer on the 
specimen, since the plastic deformation resulting from 
the applied stress must not deform either the surface 
onto which the quartz crystal is fastened or the opposite 
reflecting surface. This was accomplished in the present 
experiment by deforming the crystal under direct shear 
and using a part of the surface over which the shearing 
stress was applied for fastening the quartz wafer. 
Figure 1 shows the arrangement used to obtain a 
shearing stress which would not tend to bend the zinc 
crystal. The steel plates B were held fixed and plate A 
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Fic. 1. Arrangement of the single crystals and optical lever 
system in the shearing apparatus. 


4R. E. Maringer, J. Appl. Phys. 24, 1525 (1953). 
5 R. L, Roderick and R. Truell, J. Appl. Phys. 23, 267 (1952). 





was pulled parallel to the plates B by means of the lever 
arm and water bucket. The pair of zinc crystals were 
two halves of the same large crystal which was grown 
from 99.99 percent pure zinc using the Bridgman tech- 
nique. Their crystallographic orientation was deter- 
mined by seeding such that the slip plane was parallel 
to the steel plates A and B and such that the slip direc- 
tion was along the direction of the applied stress. Each 
crystal block was 1} in.X? in.X3 in. with the stress 
applied over the 3 in.X1} in. surface. 

Figure 2 shows the location of the quartz transducer 
relative to the steel plates and the zinc crystals. Holes 
were cut in plate B to allow the quartz crystal to be 
fastened directly to the zinc. The hole in plate A is 
necessary in order to have a zinc to air interface for 
reflecting the sound waves. Note that this arrangement 
results in propagating the sound waves down the 
hexagonal axis of the zinc crystal with the stress vector 
of longitudinal waves perpendicular to the slip plane 
and the stress vector of transverse waves lying in the 
slip plane. Consequently dislocations which are free to 
move only in the slip plane will respond dynamically 
only to transverse waves. 

The strain in the crystals was measured with a 
sensitive optical lever system attached to the crystals as 
shown in Fig. 1. Using this arrangement it was possible 
to detect shear strains of the order of 0.5 microradian. 
This enables one to observe elastic stress-strain curves 
and to detect creep at its inception. Since the mirrors 
were attached to the steel plate, the measured creep 
could include creep in the Wood’s metal used to solder 
the zinc to the steel plates. By substituting steel blocks 
for the zinc crystals, it was found that the creep in the 
Wood’s metal was negligible. 

Although pains were taken to grow the crystals with 
surfaces so smooth and parallel that no machining would 
be necessary, some machining had to be done before 
good echoes were obtained. This machining involved 
either smoothing the entire surface with emery paper 
or smoothing only the small area onto which the quartz 
crystal was to be fastened. This latter was done by 
means of an end mill in a milling machine. For cutting 
the large crystal into two blocks, an electrolytic saw was 
used which did not introduce any strains into the 
crystal. After any machining, the crystal was etched in 
dilute HCl. 

An absolute determination of the internal friction by 
measurements of ultrasonic attenuation is difficult be- 
cause of the variety of mechanisms, in addition to the 
internal friction, which extract energy from the ultra- 
sonic beam. Relative measurements of changes in 
attenuation can be made quite easily by simply noting 
the change in height of the echoes displayed on an 
oscilloscope. These heights, 4, decrease exponentially 
with echo number, m, so that 


h=hoe-™ 
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where a@ is in units of nepers per echo. If the internal 
friction changes during time dependent creep of the 
specimen, the echo heights after a time, /, are given by, 


h= hoe basta] * 


where a(t) is the attenuation introduced by the plastic 
deformation alone. It is possible to obtain a value of 
a(t) from the changes in each individual echo. The 
flags on the measured values of a(¢) given in Fig. 3(a) 
represent the spread in values of a(#) obtained from 
analyzing all the echoes. 

For the present experiment, a movie camera was used 
to record the echo pattern on the oscilloscope once 
every second. The minimum observable a(#) was of the 
order of 1X10-* neper per echo. In order to express 
this in terms of the logarithmic decrement of the decay 
of the stress amplitude of the sound wave as it travels 
through the medium, it can be shown that 


Log dec=—a, 
T 


where 7 is the time between echoes and f is the fre- 
quency of the ultrasonic burst (here 7.8 Mc/sec). For 
the results presented here, 1/7f is 8.1X10-* for the 
transverse waves. Thus a change of the logarithmic 
decrement of the order of 1X 10~* could be detected. 


RESULTS 


The results were obtained by using the following 
procedure. To begin a run, the movie camera was 
started and water was allowed to run into the bucket 
which applied the load to the crystal. After about 
twenty seconds the water was shut off (thus ending 
the loading process) and the ‘=0 reading for the strain 
measurement recorded from the optical lever system. 
The camera was allowed to continue running for about 
one minute during which time readings were taken of 
the strain as a function of the time after the completion 
of the load. From this time on individual pictures of the 
echo pattern were taken and strain measurements 
recorded as a function of time over a period of thirty 
minutes. This whole procedure was repeated several 
times, each time increasing the load by another in- 
crement until a series of creep runs, each at a higher 
stress level was obtained. The unloading procedure 
consisted of starting a pump to remove the water from 
the load bucket at the same time turning on the movie 
camera to record the changes in the echo pattern during 
and after the unloading. 

The results presented are taken from data obtained 
in several runs on three crystals. The form of the time 
variation of the deformation-introduced attenuation 
was always the same but the amount of change intro- 
| duced by a given amount of stress or strain differed 
widely from crystal to crystal and slightly from run to 
run on the same crystal. This indicates that the attenu- 
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Fic. 2. Exploded view of the zinc crystal holder showing the 
arrangement of the quartz crystal relative to the zinc crystal and 
the shearing apparatus. 


ating mechanism reacts to the stress or strain in a well 
defined way but the degree of reaction is dependent on 
the previous history of the individual crystal. Such a 
result could be anticipated, since the magnitude of the 
attenuation depends in part upon the dislocation 
density. 

The most striking feature of the results is that for a 
crystal oriented with the slip plane exactly perpendicu- 
lar to the propagation direction of the sound pulses, 
there was no effect of the deformation on the attenua- 
tion of longitudinal waves. On the other hand, the 
deformation increased the attenuation of the transverse 
waves to the extent that after some deformation and 
before unloading only the first echo remained detectable 
above the noise level of the amplifiers. For one of the 
crystals, the slip plane was tilted about five degrees 
away from the propagation direction and this crystal 
showed a small effect of the deformation on the attenua- 
tion of longitudinal waves accompanying the usual 
large effect on the transverse waves. 

This result is exactly what dislocation theory would 
predict, since the dislocations move only in the slip 
plane and thus react only to the stresses which have 
components in that plane. Dislocations can give rise 
to an attenuation of the ultrasonic pulses only if they 
are in the beam of ultrasonic energy and if they are 
free to move under the influence of the alternating 
stress field of the sound wave. If they remain immobile 
in the beam, they would probably scatter the energy of 
both longitudinal and the transverse waves about 
equally. By moving, they can attenuate only the trans- 
verse waves by one or both of the following mecha- 
nisms. They can (1) cause a region of reduced shear 
modulus which would cause scattering at its boundaries 
due to the variation of the modulus with position in 
the medium, and (2) absorb energy from the sound 
beam to overcome “frictional” forces which tend to 
retard the motion of the dislocation. These two mecha- 
nisms probably both contribute but since they may 
well have a different frequency dependence their effects 
should be separable by studying the frequency de- 
pendence of the phenomenon. 

The changes observed in the internal friction during 
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loading and the subsequent time dependent creep are 
as follows. For,loads too small to cause any nonelastic 
strain the attenuation of the echoes is not changed. 
However, as soon as the load is increased to a point 
where time-dependent creep begins there is a very 
marked increase in the attenuation. Figure 3(a) shows 
a typical set of curves of the quantity a(#) as a function 
of time for a series of creep curves whose log strain-log 
time plots are shown in Fig. 3(b). In these curves a(#) is 
taken as zero at the time the loading is started for each 
case. Hence all the curves pass through the origin. The 
vertical lines on each curve near the origin of the time 
axis indicate the time at which the loading was com- 
pleted. The changes in a(/) after that time are due to 
the continuing plastic deformation under constant 
stress. The strain time curves obey the law 


e= di", 


with m values as indicated on the curves and with 
t and ¢ taken as zero at the completion of the load. 

A value of m from the strain-time curves which is 
nearly 0.3 is anomalously low when compared with the 
value of 0.5 usually obtained by similar experiments in 
this laboratory.* The reason for this is not completely 
understood. It is not because the present method in- 
volves two crystals being sheared side by side because 
a creep run made with only one crystal showed low m 
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Fic. 3. (a) Attenuation versus time for crystal V-3 on Run I. 
(b) Shear strain versus time for Run I on crystal V-3. Shear stress: 
(1) 19.4; (2) 24.3; (3) 29.5; (4) 32.6; (5) 37.3 g/mm*. 


GEORGE A. ALERS 


values at low stresses and m values of 0.5 at the higher 
stresses. The only other reason could be that all the 
crystals used in this experiment, probably because of 
their large size, were very slightly optically mosaic.* The 
effect of this mosaic structure on the form of the creep 
curves is not well known. Whether or not the decreas- 
ing of a(¢) with time associated with strain-time curves 
with m=0.3 is anomalous cannot be completely settled 
with the present results. 

Usually the a(é) versus time curves which show a(t) 
increasing in time do not show the little maximum of 
a(t) at the completion of the load which is shown in 
Fig. 3(a). They are, however, smoothly increasing over 
the entire time range. It was found that the curves 
which showed this maximum were associated with 
strain-time curves which followed an abnormally large 
amount of strain during the loading process. We can 
interpret it as a superimposed effect which is caused by 
the release of a large number of dislocations which do 
not multiply but which move out of the crystal soon 
after the loading is completed. 

The results imply the following features of dislocation 
motion and generation under a constant stress. For 
very small stresses (less than 10 g/mm?), the strain is 
proportional to the stress and no Frank-Read sources 
of dislocations are activated. Hence no change is ob- 
served in the attenuation. As the stress is increased 
some sources become active and give rise to the non- 
elastic strain and the increased attenuation. At constant 
stress, the strain continues to increase indicating that 
dislocations are still being manufactured and moving 
toward the surface. Since the crystals used in these 
experiments had a mosaic structure, we may expect 
that the dislocation motion would be impaired particu- 
larly at low stresses. This would explain the m values of 
0.3, instead of 0.5 as observed at low stresses. Appar- 
ently associated with these m=0.3 creep curves, the 
attenuation decreases with time after loading. The form 
of this decrease is best fitted by a relationship of the 
form 

a(t)=—klogi+b (¢>0.1 min), 


where & and 8 are constants. This is the same relation- 
ship which is observed to fit the decrease of attenuation 
with time after completely unloading the crystal. It 
will be shown later that this recovery mechanism prob- 
ably involves the loss of mobility of the dislocations 
rather than their disappearance. Thus dislocations are 
stopped by mosaic boundaries at small stresses and they 
subsequently lose their ability to move in the ultra- 
sonic beam. 

For higher stresses the Frank-Read sources appear 
able to overcome the retarding influence of the mosaic 
structure and continue to manufacture dislocations. 
Thus we observe strain-time curves with the usual 
value of 0.5 for the m parameter and the lattice becomes 
filled with dislocations making the attenuation increase. 


6H. K. Shilling, Physics 5, 1 (1934). 
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For these curves, the time dependence of the attenua- 
tion is of the same form as the time dependence of the 
strain. That is, for a(¢) and ¢ taken as zero at the com- 
pletion of the load, we find that 


a(t)=Al?, 


with A and # being constants. It must be pointed out, 
however, that the ~ values do not correspond to the m 
values characterizing the associated strain-time curves. 
Typical values of p range from 0.37 to 0.66 while the 
corresponding m values are 0.48 and 0.53. Thus the 
attenuation is not exactly proportional to the strain. 
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Fic. 4. (a) Recovery of the attenuation after a series of creep 
runs. The load is being reduced between the points ‘=0 and 4, 
between B and C, and between D and E. (b) Changes in the 
— during the unloading process on an expanded time 
scale. 





During the last of a series of creep runs, the crystal is 
creeping under a constant stress and the attenuation is 
high and is increasing with time. If now the crystal is 
unloaded, there is a small amount of recovery of the 
strain and a very striking reduction in the attenuation. 
Figure 4(a) shows the recovery of the attenuation 
during and after unloading the crystal from a series of 
creep runs. The initial value of a(t) is the total attenua- 
tion accumulated during this set of runs. If or when 
this a(¢) returns to zero, the crystal can be said to have 
returned to the value of the internal friction which it 
had at the start of the series of creep runs. For the case 
shown the load was removed in three steps, approxi- 
mately one-third of the tota] each time, At the time 
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Fic. 5. Recovery of the strain when removing 
the load in two steps. 


indicated by A on the curve, the first third of the load 
had been removed. The section from A to B is the 
change of a(t) under a constant load of two-thirds of the 
total. During the intervals of time between the zero 
of time and A, between B and C, and between D and E 
the load is being reduced. Between points C and D, 
a(t) is changing under a constant load of one-third of 
the total and to the right of E the changes of a(t) are 
under the condition of minimum load. Figure 4(b) 
shows the regions of rapidly changing a(¢) around the 
points A, C, and E on a much expanded time scale. 

The recovery of the strain during unloading is also 
affected by performing the unloading in more than one 
step. Figure 5 shows the strain-time curve during an 
unloading cycle in which the load was removed in two 
steps. At /=0 the unloading was begun. At point A the 
first half of the load had been removed and the curve 
from A to B shows the strain recovery under half the 
total load. At B the unloading was again begun and was 
complete by point C. To the right of C is the strain 
recovery curve for an unloaded crystal. The total 
amount recovered in 15 minutes is 120 microradians or 
about 2 percent of the total strain accumulated during 
the entire run. Meanwhile, the attenuation had re- 
covered 80 percent of the amount introduced by the 
creep runs. 

After a crystal has been deformed and unloaded, the 
phenomenon of static hysteresis can be observed in 
the stress-strain curve for very small stresses. With the 
stress kept well below the elastic limit observed before 
the deformation was introduced, the stress-strain curve 
labeled II in Fig. 6 was obtained. The curve labeled I 
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Fic. 6. Stress-strain curves before (Curve I) and after 
(Curve IT) plastic deformation. 


in the same figure is the stress-strain curve obtained 
before the deformation. Before the deformation there 
were no changes in the attenuation for loads small 
enough to give only elastic strains. After the creep runs 
and accompanying the elastic hysteresis, a very marked 
effect in the attenuation is observed when the crystal is 
loaded and unloaded. In Fig. 7 between points A and B 
is shown a(t) as a function of time during the addition 
of 3 g/mm?. The variation of a() under this constant 
load is shown between points B and C. The unloading 
of the 3 g/mm? is shown between points C and D and is 
followed by the variation of a(#) under no load. No 
creep greater than 0.1 microradian/min was observed 
during this operation. 

An interpretation of these unloading effects in terms 
of dislocations is that after the crystal has been run 
through a series of creep runs, the dislocations which 
have been manufactured but which did not get com- 
pletely to the surface are still in the lattice and make 
the attenuation high. If the static stress is removed, 
these dislocations collapse back toward their sources 
where they can disappear if they do not get held up 
against some lattice imperfection. Upon the first partial 
unloading not all of the dislocations are released but 
some are held in place by the remaining load. The 
attenuation stays nearly constant during the unloading 
because as many dislocations move out of the beam as 
move into it. At the completion of this first part of the 
unloading, no more dislocations are released and the 
attenuation decreases with time. This decrease is due 
to either the disappearance of the dislocations or their 
becoming tied down so that they can no longer vibrate 
in the ultrasonic stress field. If the load is now further 
reduced, new dislocations are released as well as the 
ones which were tied down in the static stress field 
existing before this second unloading. This puts an in- 
creased number of dislocations moving in the lattice 
which causes great decreases in the strain and great 
increases in the attenuation. As soon as a static load is 
again reached there is no more releasing of dislocations 
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Fic. 7. Changes in the attenuation accompanying 
elastic hysteresis. 


and the attenuation decreases. This decrease is prob- 
ably due to the dislocations becoming tied down rather 
than their complete disappearance because the phe- 
nomenon of static hysteresis still exists in the crystal 
and forces us to say that there are still movable dis- 
locations in the lattice even though the attenuation may 
be very nearly back to the value’it had before there was 
any deformation. The time variation of a(#) observed 
when there is static hysteresis in the crystal is explained 
by dislocations moving between trapping points as they 
readjust themselves to the new static stress conditions. 


CONCLUSIONS 


All of the above results apply to transverse waves 
whose propagation vectors lie along the normal to the 
slip plane. This means that their stress vectors lie in 
the slip plane. The polarization of these waves relative 
to the applied static shear stress and hence the direction 
of slip had no obvious effect on the results. The attenua- 
tion of the longitudinal waves was affected by the 
deformation only when the slip plane was not per- 
pendicular to the propagation direction. Thus attenua- 
tion due to plastic deformation is observed only when 
the ultrasonic wave has a component of its stress vector 
in the slip plane. 

This dependence of the attenuation on the stress 
component of the sound wave in the slip plane requires 
dislocations to explain the results. Even though the 
stress amplitudes involved in the ultrasonic sound 
waves are very small, it appears that dislocations are 
activated and can contribute to the internal friction in 
the megacycle range of frequencies. The ultrasonic 
pulse technique can thus be used to study the damping 
caused by dislocations. 

In the ultrasonic pulse technique, the relative heights 
of the echoes gives information about the internal fric- 
tion. In addition to this, the distance between the 
echoes on the time scale is directly related to the 
velocity of the sound in the medium which in turn is 
related to the elastic constants. Thus the elastic con- 
stants can be measured. During the plastic deformation 
process no change in the positions of the echoes on the 
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time axis could be detected. Hence, one concludes that 
if the deformation introduced changes in the elastic 
constants C33 or Cy, these changes must be less than 
one or two percent for strains up to 10~? radian. Such 
a result is to be expected since the appearance of slip 
bands on the surface indicates that the deformation was 
confined to numerous very narrow bands. Within these 
bands one might expect very different elastic modulii 
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but since their total thickness is small compared to the 
total thickness of undisturbed crystal, the sound wave 
spends most of its time traveling in an undeformed 
lattice. 

The author is particularly indebted to Professor E. P. 
T. Tyndall for his encouragement and valuable sug- 
gestions throughout the development and performance 
of this experiment. 
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Motion of Electrons and Holes in Perturbed Periodic Fields 
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A new method of developing an “effective-mass” equation for electrons moving in a perturbed periodic 
structure is discussed. This method is particularly adapted to such problems as arise in connection with 
impurity states and cyclotron resonance in semiconductors such as Si and Ge. The resulting theory gener- 
alizes the usual effective-mass treatment to the case where a band minimum is not at the center of the 
Brillouin zone, and also to the case where the band is degenerate. The latter is particularly striking, the 
usual Wannier equation being replaced by a set of coupled differential equations. 


I. INTRODUCTION 


N recent years, there has been a renewed interest in 
the problem of motion of charge carriers in per- 
turbed periodic fields. The principle tool has been the 
so-called “effective mass” theory, which replaces the 
effect of the periodic field by a mass tensor, the elements 
of which are determined by the unperturbed band 
structure.! The rigorous theory has so far been limited 
almost entirely to the case where the relevant band is 
simple and has its lowest point at the center of the first 
Brillouin zone. In this form it is not directly applicable 
to the treatment of semiconductors such as Si and Ge. 
For these substances, recent “cyclotron” resonance ex- 
periments? indicate that both the conduction band and 
the valence band are not of this simple form. The con- 
duction band for Si does not have its minimum at k=0, 
but has six equivalent minima along the (100) directions 
of the first Brillouin zone. Similarly the conduction band 
in Ge consists of eight equivalent minima along (111) 
directions. In both these cases the principal curvatures 
—which determine the effective mass tensor—are 
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known with some accuracy. For the valence band, the 
situation is rather more complex. The top of the valence 
band is at k=0, but this is also a degeneracy point, i.e., 
there are several eigenfunctions with the same energy 
at this point. The theory of band structure in the neigh- 
borhood of such a degeneracy is due to Shockley.* There 
is in addition the complication that for such degenerate 
functions the spin-orbit coupling must be taken into 
account.‘ 

We have investigated the form of the effective mass 
theory for these more complicated situations. For clarity, 
we begin with a new treatment of the case of a simple 
band with its lowest point at k=0. This treatment, we 
believe, expresses the results of the effective mass theory 
in particularly compact form, and also has the advan- 
tage of being easily generalized to more complicated 
cases. (An alternative derivation more closely related 
to the work of Adams! is described in Appendix A. This 
derivation is perhaps simpler for impurity states in non- 
degenerate bands but is not as easily generalized for the 
cases of cyclotron resonance and degenerate bands.) 
In Sec. II, this theory will be developed for the dis- 
cussion of impurity centers and “cyclotron” resonance. 
In Sec. III, the changes necessary for the ‘“many- 
valley” case (i.e., the conduction band of Si or Ge) will 
be discussed. Section IV then extends the treatment to 
degenerate bands without spin-orbit coupling, and 
finally in Sec. V the modifications brought about by 
spin-orbit coupling are introduced. 


3 W. Shockley, Phys. Rev. 78, 173 (1950). 
4R. J. Elliot, Phys. Rev. 96, 266, 280 (1954). 
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Il. SIMPLE BANDS 
(A) Impurity Centers 


We begin by considering an impurity center in a 
substance with a simple band, the minimum of which 
is at k=0. Let Ho be the Hamiltonian of the electron in 
the periodic potential, and let U be the additional 
potential due to the impurity. We shall assume in what 
follows that the fractional change of U over a unit cell 
is small, since it is only in this case that an effective 
mass theory might be expected to hold. The eigenfunc- 
tions of Hy (the Bloch functions) will be denoted by 
nx and the corresponding eigenvalues by e,(k), ” 
labelling the band and k wandering through the first 
Brillouin zone of the crystal. Thus 


Hob n= én(kK) nx. (II.1) 


To find the impurity state wave function y we must 
solve the Schrédinger equation 


(Hot U)y=e. 


In order to proceed further, it is necessary to choose 
some complete set of functions in which to expand y. 
Rather than taking the Bloch functions or Wannier 
functions corresponding to Ho, as has been done 
previously,' we choose a set as follows. Write the Bloch 
functions as 


(II.2) 


Vnx=e¥ Funk, (11.3) 
where #nx is a function of r with the lattice periodicity. 
The yx form, of course, a complete set of functions, in 
which any wave function may be expanded. Consider 
now the set of functions 


(1.4) 


Xnk=e** Teno. 


We assert that these form a complete orthonormal set 
if the Y.x do. Imagine any function f(r) expanded in 


fin*2. f dkg,(k)bar= 2 f dkg,(k)e**Fnx. (II.5) 


On the other hand, any periodic function can be ex- 
pressed in terms of the Bloch functions at the bottom of 
the band, which are complete with respect to periodic 
functions. Therefore 


Unk = ye Dan’ (k) tno, 


which yields, when substituted in (II.5), the result 


(11.6) 


f()== f akg (K)xnx 


gn(k) a > Bn’ (k)bn’n(k). 


The orthonormality is also easily established. For the 
Bloch waves this means 


(Wnk,Wn'k’) = ' Var Wn dt = 5nd (k—k’). (11.7) 


entire 
crystal 


The corresponding quantity for the xn is 


(XnksXn’k’) = feo TH 0*Un oat. (11.8) 


Since #no*Uno has the lattice periodicity, we may pee 
it in a Fourier series, say 


Und Uno= oa Bs" ¢ F a8 (II.9) 
where the B,,””’ are just numerical coefficients, and the 
K,, are the reciprocal lattice vectors. Inserting (I1.9) 


in (II.8), we obtain 


(Xnk Xn’) = (2r)* a Bn"”’6(k’—k—Ky). (II.10) 
However, since k’ and k are both in the first Brillouin 


zone, k’—k=K,, is only possible if m=0. Thus 


(XnksXnk’) =5(k’ —k) Bo (27)? (II.11) 


Using Fourier’s theorem (with Q the volume of the 
unit cell) the B,,””’ are given by 


1 
Tal —— e*Km ‘ "Uno Unt, 
Q cell 


1 
Bo nn! Uno* Un’ dt = Onn’ 
cell ( 3)? 


from (II.7). Finally, then, 


(XnkXn'k’) =5(k’—k)baw, (11.12) 


which is the required orthonormality. 
We now make in (II.2) the Ansatz 


v=L f dk’ A w(K’) xXn'x, (II. 13) 


which gives the equation 
> f dk! (nk| Ho+U|n'k’)Ay(k’)=eAn(k). (11.14) 


The notation (nk|H)+U|n’k’) means matrix elements 
with respect to the xnx. These may be evaluated in the 
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following manner. For Ho we have 
(nk| HH o| n'k’) 
K J e~***F4n0* He™ “tno 
k’ z Pp R’ 
= f eat Hot —+— ) a 
m 2m 


k’-p k” 
= fe r0et( cot) ae 
m 2m 


Here én’ =€n(0), the energy at the bottom of the nth 
band, and p is the momentum operator —i¥.° Since 
the entire factor multiplying e*“*’—®)-' is periodic, the 
same argument that lead from (II.8) to (II.12) yields 


(nk| Ho|n’k’) 


(II.15) 


(2ar)8 k’-p  k” 
=a k) fat t+) at 
Q m 2m 


RP RePani™ 
~a(k—k)| (6+) inet | 
2m m 


In (11.16), a summation over a=x,y,z is implied, and 
the quantity pan is defined by 


(2m) 1 
Pani =— f taat( ve tut (II.17) 


cell 4 


(1.16) 


The Pnn’s are just the momentum matrix elements 
at the bottom of the band. They have the following 
properties : 

Pnn*=0, Pan'*= Print = (Pnni)*. (11.18) 
The former follows from the fact that pnn%(k) 
=men(k)/0ka, which is zero at the minimum of a band. 
The latter follows if—as in Si and Ge—a center of 
symmetry exists in the crystal. These results are of use 


in what follows. 
For the matrix elements of U we proceed similarly: 


(nk| U|n’k’) = fo TU Uno* Un odt 


=> feo 7B,,2 e-Km-t Udy, 
™m 


by (II.9). This may be written 


(nk| U|n'k’)= (22)? Em Bn” U(k—k’-+Ky), (11.19) 


(II.20) 


i ik-r 
w(k) =O fete U(r), 


5 We choose units such that h=1. 
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the Fourier transform of U. It is at this point that we 
make the assumption that U is a “gentle” potential. If 
this is so, only the terms with m=O in (II.19) need be 
kept. The reason for this is the following. As will be 
seen later, the solution of our problem with this assump- 
tion leads to values of k and k’ much smaller than any 
K,, with m0. Therefore, the terms in (II.19) with 
m0 contain much higher Fourier components than 
those with m=O, and are thus much smaller. For ex- 
ample, for a Coulomb-like potential the error involved 
is of the order of the square of the ratio of the lattice 
spacing to the dimensions of the impurity state. Equa- 
tion (II.19) then becomes 


(nk| U|n'k’) = (2m)*Bo"™’U(k—-k’) 
=SanU(k—k’). 


From (II.16) and (II.21), (11.14) becomes 


(II.21) 


k? RaPnn'® 
(«+—)4.(8)+ tu 
2m 


n'#n m 
+ f dk’u(k—k’)A,(k’)=e4(k). (11.22) 


Equation (II.22) is not yet of the form we want, since 
it still contains terms involving Pnn*, which represent 
a coupling between bands. These terms are proportional 
to k, however, and since we can expect the effective 
mass theory to hold only if the important k’s are small, 
it is natural to regard these coupling terms also as small 
quantities of the first order in k. Now in the effective 
mass theory one works correctly to terms in k’, the 
theory being no longer rigorously valid for higher powers 
of k, and therefore we shall treat (II.22) accurately up 
to and including quadratic terms in k, but no further. 

We proceed as follows. Since the interband matrix 
elements fnan* are causing the trouble, we remove them 
to the first order by a canonical transformation 7. That 
is, we put 


Aalk)=E f dk’ (nk|T|n'k’)By(k’), (11.23) 


and try to find T such that the equations for the B,(k) 
contain no interband elements to the first order. It is 
convenient to regard this somewhat more abstractly, 
and write (II.22) as 

HA=éA, (II.24) 
and (II.23) as 


A=TB=eSB. (II.25) 


Substitution of (II.25) in (II.24) yields 


(e-SHeS) B= eB=HB. (11.26) 


Clearly, 
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Let us write H=H®)+H”-+U, where 
Re 
(nk| H® | n’'k’)= ( cot — )inwd(k—K >, 
m 


RaPnn'™ (11.28) 


(nk| H® |n’k’)=——3(k—k’), 
m 


(nk| U|n'k’)=UW(k—-k’)oaw. 
Then 
H=H®+U+HAO+ (H,S)+(H™,S) 
+3((HS),S)+(U,S)+3((U,S),S)+--+, (11.29) 
the omitted terms being of order S* or more. By choosing 


S such that 
H®+ (H°,S)=0, (II.30) 


we succeed in eliminating the interband transitions to 


first order in k. Going back to the xnx representation, ~ 


we see at once that 
RaPan'*0(k—k’) 
(nk| S|n’k’)=— » nen, 


Monn’ 





(1.31) 


where Wnn’=€n—€n’. Consequently, the second order. 
terms from H® and H® are 
(A™,S)+3((H,S),S)=3(H,S), 
which becomes . 
Rake 
Hnk|(H,S)|W'K)=—] power 
2m? n" 


n" n,n" 


1 1 
x( + ) pax) (11.32) 
Wnn’’ DWn'n’’ 


in the xnx representation. The correction terms to U 
are also easily found. Consider first (wk|(U,S)|n’k’). 
Using (II.31) and (I1.28), we obtain at once 


(nk| (U,S)|n’k’) 
= (Ra— ka’ )U(kK—k’) Pan'*/monn, nn’, 
=0, n=n’. 


(11.33) 


(11.33) has only interband matrix elements, and they 
are of first order in k. At first sight, it would seem 
therefore that we have made little progress over (II.22). 
The difference is, however, in the order of magnitude 
of these new interband elements. These are reduced by 
a factor of the order of U(k)/a, where U(k) is a typical 
Fourier component of U and @ a typical interband 
separation. This ratio is quite small, a typical value 
being perhaps 1/25, say, for a donor electron in Si. 
Since this must come in squared—there being no 
diagonal elements—we see that the contribution to the 
Hamiltonian is really quite negligible. Another way— 
easily seen from (II.33)—of stating the result is that 


the error committed in dropping these terms is of the 
order of the square of the ratio of the lattice spacing a 
to the extent of the impurity state a;. Similarly, the next 
term 3((U,S),S) is again reduced over (U,S) by a 
factor S, which is of the order of a typical k describing 
the impurity state, times a. Since k~1/a,, this again 
gives a factor of a/a;, so that the error is again of the 
order of this ratio squared. Thus in the limit of very 
extended impurity states (I1.22) becomes 


En 


T ' 9 
2m m Soi Wan’ 





) Bath) 


x f u(k—k’)B, (k’)dk= eB, (k’). 


In this equation we have neglected terms of the order 
kK’ and interband elements of order k?, since they would 
lead to higher order terms when eliminated. The coef- 
ficient of B,(k) on the left-hand side is just exactly the 
expansion of ¢,(k) to second order. This must be so, 
since if U=0 this is exactly the equation for deter- 
mining €,(k) to second order. This may also be verified 
directly by using the f-sum rule, 


2 Pani’™(K) Pnrrn? (k) den (k) 
hie =6,g—m ‘ 


- (11.34) 
m n''#n én: (K)—€n(k) Oka Okp 





for k=0. Therefore, we may write 
en(k) Ba (k) + f U(k—k’)B,(k’)dk’=«Ba(k), (11.35) 


where it is understood that e,(k) is to be expanded to 
second order in k. Equation (II.35) is the well-known 
effective-mass equation, written, however, in “mo- 
mentum” space. To get the more usual formulation, we 
introduce a function 


F,(r)= if e*«-tB,(k)dk, (11.36) 


the integration, as always, being over the first Brillouin 
zone. Inverting (11.36), we obtain 


(1.37) 


Q 
n(k)=—— > e~** BF, (Rn), 
B,(k) Gaya (Rn) 


since B,(k) is periodic in k, R,, being the vector to the 
lattice point m. Upon using this definition, (II.35) 
becomes simply 


éx(—iV)Fa()-+ f dr'A(r—1)U(r’)F,(””) =F a(t), 
where 


1 
A(r-r’)= f cere, 
(2x)8 
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and the expression e,(—iV) meaning that k is to be 
replaced by —7¥ in the expression for e,(k). Clearly 


f A(r)dr=1, 


all space 


and A(r) drops off as |r|* at large distances. Since the 
only length in A(r) is the lattice spacing, it is clear that 
A(r) is a 6-like function of extension ~a. Therefore, in 
any integrals such as the above, where A is multiplied 
by functions which do not vary appreciably over a 
unit cell A behaves as a 6 function, and we have 


Cen(—i¥)+U (4) JF a(r) =F 2(r). 


One may easily see—by taking for U(r) a Coulomb 
potential cutoff gently at the origin, say—that the 
error involved in replacing A by 6 is of the order of 
(a/a;)? again. 

Since An(k)=B,n(k)+O(a/a;), the leading term in 
the wave function becomes, from (II.13): 


(11.38) 


a y f dk B, (k)e** *14n0(t) 
‘ =D F,,(t)tn0(t)=X Fa(t)¥n0(t). (11.39) 


Equation (II.38) contains no interband coupling, so 
that if we are interested in, say, electrons in the con- 
duction band we get only one term 


v=F(r)y-(r), (II.40) 


where F(r) is a solution of (I1.38) for e,(k) appropriate 
to the conduction band, and y, is the Bloch function at 
the bottom of the conduction band.® 

If there is a place where the potential changes con- 
siderably within a cell—as for example in the cell con- 
taining the impurity atom itselfi—then of course (II.38) 
is no longer valid. One may easily see, however, by 
considering the effect of an added short-range potential 
of the form 

cete/y, 


where a~a, that (II.38) is still valid in regions of space 
sufficiently distant from the region of violent change. 


(B) External Magnetic Field 


We now consider the case where an electron in such 
a simple band is subjected to an homogeneous magnetic 
field. We shall take this field in the z direction and 
assume that the crystal is arbitrarily oriented with 
respect to it. To avoid complications of many indices, 
and also for convenience in later work, we shall choose 
a specific gauge for the vector potential. We shall choose 


A,=— Ky, A,=0, A,=0, (II.41) 


° Functions of the form of a slowly varying function times the 
Bloch function at the bottom of the band have been used pre- 
viously by J. A. Krumhansl, Phys. Rev. 93; 245 (1954). See also 
D. L. Dexter, Phys. Rev. 93, 244 (1954). 
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where 3C is the magnitude of the external field. With 
this gauge, the Hamiltonian becomes 


s2 


—y*, (11.42) 
2m 


Ss 
H= Hot+—yp:+ 
m 
where 
s=eKX/c." 


In order to find the matrix elements of H in the xn 
representation, we need those of yp, and y’. Thus 


(nk| ypz|n’k’) 


1 
= fo unas bet Ve) to 
4 


10 


i Oky 


i @ 
ri —[(RSnn' + Pan'®)6(k’—k) ] 
i Ok,’ 


1 
eth het Volt 
4 


1 06(k’—k) 
= (kibnn’ + Pnn’*)— anos 


(11.43) 
¢ & 


as in the discussion of Eq. (II.15). Similarly, 


(nk | y| n'k’) i fren no Un odd 


t ey 
1 ORy 


0°6(k’—k) 
= ——$———Ban’. (11.44) 
dk, 
The Hamiltonian in the xnx representation is therefore 


(nk| H|nk’) 


R RaPan'® 
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s? 0°6(k’—k) 
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2m 


1 
Joowt—| ta n'*3(k— k’) 
m 


1 5(k’—k) 
+SPan*— ——| (IT.45) 
a v 

7In ordinary units we may define s=e3C/hc, s then oe 
units of a reciprocal length squared. This length L=[(hc)/(e 3C) ]* 
~10-5 cm, under typical experimental circumstances for ‘“‘cyclo- 
tron” resonance. It is therefore much larger than the lattice 
spacing. 
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The first line gives the intraband elements, and the 
second the interband ones. Now the interband elements 
are “‘small” in the same sense that they were in the 
discussion of (II.22): those proportional to k are 
identical with the old ones, and those proportional to s 
are of the same order.® We therefore once again make a 
canonical transformation, say T’=e%’, such that these 
interband elements are removed to the first order. 
Define 


sk, 1 05(k’—k) 
(nk| H,| n’k’)= ———4 


mi Ok,’ 
s? 0%(k’—k) 


(nk| A, | nk’ )= ee te, 
2m Ok,” 


nn’, 


(11.46) 
(nk| H’|n’'k’)= “| inten (k—k’) 
cea! 


+s Oe om 
4 i Ok,! 
Then H=H®+H,+H,+H', and the transformed 
Hamiltonian H is 
H=e"H 
=H+ (H,S)+3((A,S’),S’)+ ad 
=H®+H,+H'+(A®,S’)+Hs+ (Aa,S’) 
+ (H’,S')+3((2°,S),S)+--:. (1147) 


The interband elements are removed to first order by 
choosing 


Hets’ 


'4 (H,S’)=0, (II.48) 


after which (I1.47) simplifies to 
A=H©+H,+Het (HaS’)+3(A',S)+:++. (11.49) 


We shall drop the higher order terms which have been 
indicated by the dots. These terms will actually con- 
tribute very little under normal conditions. This may 
be seen easily as follows. The matrix elements of S’ are 
essentially of the order 


Rpan'/Monn. 
Now, typically 


k~v/s, Pan~1/a, Wnan'~1/ma’, 


so that S’~a\/s=a/L. The terms which are of third 
order in S’ (those we have retained being of second 
order) vanish on the average, since S’ is odd in k and 
the wave functions are even or odd. The fourth order 
terms contribute an amount of order (a/L)? compared 
to those we keep, since there are two extra factors of S’. 
Further, the interband matrix elements of the terms 
indicated in (II.49) contribute an amount of order 
5/mwnn'~(a/L)*. Thus the entire error made by con- 

8 This follows because the spread of the wave function is ac- 
tually ~1/+/s, so that a mean k will be of the order of a/s. The 
derivative of & will then give, when applied to the wave function, 


a factor of order 1/4/s so that both a and second terms are of 
the same order. 


fining ourselves to the intraband elements of the terms 
indicated in (II.49) is of the order (a/L)?. 
Under usual conditions,’ these corrections are in fact 
extremely small. 
Writing (11.48) in the xnx representation, we obtain 
(nk|.S’|n’k’)=—(nk| H’|n'k’)/onn, nn’, 
; (11.50) 
=0, n=n’. 
We shall only be interested in the intraband matrix 
elements of H. Thus, 


(nk| (Ha,S") | nk’) =0, 
and 


3 (wk| (H’,S’) | nk’) 
1 1 
=— 2. | kobrPaw*Pwti( kK’) 
m? n'#n Wnn’ 
1 05(k’—k) 
+5 (katt ha’) Pani Pn'n— ———— 
i Ok,’ 
: | 
—S pi oa 
a a 


1 den (k) 
——} kak} Sag— 5(k—k’ 
= : on )| ( ) 
(=<) 
OkaOkz : 


+4 (ket he’)—m (Ratha 0/( 
fe 


(II.51) 





83(k’/—k) 
x—— 
ky! 


by means of the f-sum rule (II.34). Inserting these 
results in (11.49), we see at once that H may be written 
in the form 


(nk| H | nk’) 


k—k’ 
= e(B)(k—K) + sel eos tio 


ak, 





en ~) 
Okakz 


is { 0€n(k) 


dkzORy 
al ( de, (k) ) 3°6(k—k’) 
2 Me Fe &" 
In deriving this, we have used the identities 
(kz— kz’) 05(k—k’)/dk,’=0 


) 5(k—k’) 


(II.52) 





and 


(ky— ky’)06(k—k’)/dk,’= +5(k—k’). 


As in (II.35), en(k) is understood as expanded to the 
second order in k. 
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Equation (II.52) is essentially the effective mass 
theory Hamiltonian written in momentum space. To 
get the usual result in coordinate space we again 
introduce the functions F,,(r) via (11.36). Writing the 
Schrédinger equation corresponding to (II.52) we 
obtain 


lh Bu(k)+5) ka 





ee) By (k) 
Skadke/ 0  dky 


if 0€n(k) 
Z Ok, ky 0 
on o( én ’) Pts 





=eB,(k). (II.53) 


Using (II.36), we get 


(s 


)x (=) ( ‘, 4's 
2 \akak. J Ni” i ) 


Ss? (en (k) 
+ me ) 2] Pater. (11.54) 


This corresponds exactly to the following prescription. 
In the presence of an external field, the function F,, 
satisfies the differential equation which is obtained by 
using the expansion of e,(k) to quadratic terms as the 
Hamiltonian, and replacing ka by the operator 
(1/i)Va—(e/c)Aa. In the expansion of en(k) to the 
second order, any product of noncommuting factors 
which arises is to be interpreted as the symmetrized 
product. The leading term in the wave function is once 
again given by (II.40). 


Ill. BAND WITH MINIMUM NOT AT CENTER 


Let us assume that there is a minimum at k=kp. 
Instead of expanding in the functions xnx given by 
(II.4), it proves convenient to use the set of functions 


Pn =e" (e*k0-844.4.0) = 0 Wako. (III.1) 
This set of functions is also complete, since if we can 
expand any function in xnx-like functions, we can cer- 
tainly expand any function times e**o’t. Further, the 
orthonormality, 


(Onk; Pn'k’) =bnnd (k— k’), 


follows just as in II from that of the Way. The only 
other thing we need is the analog of the properties 
(II.18) of the momentum matrix elements. The rela- 
tionship 


(IIT.2) 


Pnn* (Ko) =0 (III.3) 
follows again since kp is by definition a minimum point, 
and therefore fan*(Ko), which is proportional to the 
derivative of ¢,(k), at that point vanishes. The sym- 


metry of the matrix elements, 
Pan’ (Ko) = pnrn®(Ko); 


also follows at once from the existence of a center of 
inversion. Noting these results, we see that every step 
of IITA and IIB may be carried through. The only differ- 
ence is that the quantities which enter are evaluated 
at k=kp instead of k=0. 

For the impurity problem the result will again be that 


Y=F(r)Waro(r), (III.5) 


where F is a solution of the effective mass equation 


1 
[u(tet'e) su ]raer 
4 


As always, it is meant that the e, be expanded around 
ko to second order terms in (1/2)V. 

Similarly, the result for an external magnetic field is 
that the wave function is of the form (III.5), where F 
satisfies the equation 


(ITI.4) 


(III.6) 


1 
eo( kot —“A) P= oF (III.7) 
4 Cc 


again an expansion to second order in (1/1)V—(e/c)A 
being meant, with any noncommuting factors being 
written as symmetrized products. 

In the case that there are minima at several different 
ky within the band (which is always so when kp+0), 
one obtains equations like (III.5), (III.6), and (III.7) 
corresponding to each of these. For the most general U, 
or direction of the magnetic field, the solutions corre- 
sponding to the different ko will have different energies, 
and will clearly represent independent solutions of the 
Schrédinger equation. These solutions will be incidently, 
approximately orthogonal because of the fact F varies 
very little within a cell. On the other hand if U is 
spherically symmetric or has the symmetry of the 
crystal point group, as is usually the case, then solutions 
corresponding to different minima will have the same 
energy. The same is of course true when the magnetic 
field points in crystallographically simple directions. 
Under these conditions the correct wave function will 
clearly be a linear combination of those from the dif- 
ferent “valleys” which lead to the same energy. It is 
impossible within the framework of the effective mass 
theory to decide which the correct zero order linear 
combinations are. This can only be decided by con- 
sidering the first correction to the effective mass theory 
and seeing what their matrix elements are between the 
degenerate states. In any case if the effective mass 
theory is really a good approximation, then the splitting 
will be small, and the many valley situation will lead 
to a fine multiplet instead of a single level as in the case 
of a simple band. 
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IV. DEGENERATE BANDS 
(A) Impurity States 


We shall now consider the case of a degenerate band, 
neglecting spin-orbit coupling. For simplicity we shall 
limit ourselves to the case where the degeneracy occurs 
at the point k=0, though this is no essential limitation. 
Let us call the degenerate functions at this point ¢1, 
go, ***, dr, a typical one being denoted by ¢;. The de- 
generacy implies that they all have the same energy: 


Hub j= cob j. (IV.1) 


Let us further make the convention that the wave 
functions at k=0 for the other bands be denoted by ¢i, 
i never equalling 1, 2, ---, r. For brevity we denote this 
by i¥ j. 

Now if the crystal has a center of symmetry the 
matrix elements of the momentum between different ¢; 
will vanish. It is clear that unless there is an accidental 
degeneracy the different ¢; will belong to some irre- 
ducible representation of the crystal point group. How- 
ever, all the functions in such an irreducible representa- 
tion will be even or odd® under an inversion, since the 
operation of inversion commutes with all the elements 
of the point group. The matrix elements of p vanish 
however between states of the same parity, so that we 
may write 

piv*=0. (IV.2) 


We shall now introduce a complete set of functions 
nx defined by ot * 
Onk=e** "On, (IV.3) 
the index ” running over both 7 and 7. We then make 
the Ansatz 


v=d f dkA »(k)onx. (IV.4) 


For the impurity problem this leads to the Schrédinger 
equation: 


x f dk! (nk | Ho+-U | nk’)A»(k’)=e4,(k’).  (IV.5) 


The analysis leading from (I1.14) to (II.22) is again 
valid due to the orthonormality of the ¢nx, and we 
obtain [on specializing n to 7 in (IV:5)] 


Raps 
Pit Audk) 


m 


(a+ : A+ 


2m 


+ f dk’u(k—k’)A,(k’)=eA,(k).  (V.6) 


This is the equation which replaces (II.22) for the 
degenerate case. We again transform away the inter- 
band elements £;,* by a transformation analogous to 


® For the valence band of Si or Ge they will actually be even. 


(11.25) and (II.31). This is 


Re nn® 
(nk|S|n'k) = — on 5 kk), n,n' # j, 
Monn’ 


(IV.7) 
=0, norn’=j. 
This yields, to second order terms in k, the result: 


Rahs 
=( €0 55° +857 +-— 
i! 2m m> 





pit iz? 


s ome 


a, (k) 


+ f u(k—k’)B,(k’)\dk’=«B,(k).  (IV.8a) 


If there were no potential U present, the second term 
would vanish, and the B; would be determined by a 
certain rXr secular equation, the matrix elements of 
which depend only on the unperturbed values of the 
momentum matrix elements at the degeneracy point. 
These are numbers, presumably known as soon as the 
unperturbed band structure is known. If we set the 
energy zero at €9, then we may write 


(Diy *Phabs) By (ke) + f U(k—k’)B,(k’)dk’ 


=«B;(k), (IV.8b) 
where 

| 1 Dit piz? 

Dy =—Biphgt—L——. V9) 

2m m= i 


€o— & 


This set of numbers D;;** play the same role in the 
theory of degenerate bands that the effective masses do 
for a simple band.” Once they have been determined by, 
say, cyclotron resonance experiments (see below), the 
impurity problem can be handled in as straightforward 
a manner as in the simple band case. In fact, if we 
again introduce functions F;(r) as in (1.36), 


Fy(n)= fe =B,(a)dk, (IV.i0) 


then (IV.8b) becomes 


r 1 1 
¥ | Die (-v.) (-*) + U (wir [Fr (r)=eF;(r), 
j= 4 4 

(IV.11) 
and the leading term in the wave function is 


=r F;4(1)0;(1). (IV.12) 


The form of the matrix Djj*®, for the simple case where the 
coordinate axes coincide with the cubic axes, and where there is 
no spin-orbit coupling, is given in V. 
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The set of coupled second order differential equations 
(IV.11) for the functions F; is the analog for degenerate 
bands of the effective mass equation (II.38).f 


(B) External Magnetic Field 


For the case where an external homogeneous magnetic 
field is present, very similar results obtain. If we use as 
our basis the functions ¢nx, then the matrix elements of 
the Hamiltonian are the same as those in (II.45), except 
that none connect different 7 with each other. Making a 
canonical transformation S’, which differs from (II.50) 
only that S’ contains no elements connecting different /, 
we find to second order that the B;(k) satisfy 


5] Daya (W 

OB; (k 
& “4Dy*By(h)) 
ak, 


°B;(k) 
- Dye —— | «B;(k), (IV.13) 
dk,? 


y 


His 2kDy 


where we have made use of the definition (IV.9). Going 
over again to coordinate space via the definition (IV.10), 
we find that the F; satisfy the differential equations 


r 1 1 
p | Pie? ( , Vertsyber) ( Vrs) Jes (r) 
4 


’=1 1 


=eF;(r), (IV.14) 


where any products of noncommuting factors on the 
left hand side are to be interpreted as a symmetrized 
product. This equation is exactly what one would 
obtain if one took as unperturbed Hamiltonian the 
matrix D; °kakg, and made the replacement ka—(1/i)Va 
—(e/c)Aq. It is therefore the natural generalization of 
the effective-mass equation (II.54). As in the case of 
impurity levels we have a system of coupled differential 
equations instead of a single differential equation. 


V. SPIN-ORBIT COUPLING 


In the preceeding discussion, we have not included 
any effects of spin-orbit coupling. As is well known," 
this leads to an extra term in the Hamiltonian (H,...), 
given by 

A s.0.= (oXVV)-p; (V.1) 


4m2c? 


here @ is the Pauli spin matrix vector, and V the 
potential energy of the electron. In our case, V is just 
the periodic potential energy arising from the crystal. 


t Note added in proof.—Since this manuscript was completed a 
paper has appeared by C. Kittel and A. H. Mitchell [Phys. Rev. 
96, 1488 (1954) ] dealing. with the effective mass equation for the 
Impurity problem, in the case of degenerate bands. Their equa- 
tion (46) is identical with our (IV.11). The problem of an external 
magnetic field is not dealt with by them. 

4 See for example, L. Schiff, Quantum Mechanics (McGraw-Hill 
Book Company, New York, 1949), p. 321. 
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For the case of a nondegenerate band the effects of 
spin-orbit coupling are not very profound. Since V 
is periodic and p invariant under translations, the total 
unperturbed Hamiltonian, 


Ay =HotHew., (V.2) 


will still possess Bloch waves as solutions. Call these 
Vnu=e** "tnx, with the energy é,(k). The wn, are spin- 
dependent periodic functions. We may again introduce 
a set of functions analogous to the xnx, say Xnx, defined 
by 

Xn =e*™ ao. (V.3) 
Then the Ansatz, 


y=> J dkA »,(k)Xnx, (V.4) 


leads to the same Schrédinger equation for A,(k) as 
we had without spin-orbit coupling in both the impurity 
and magnetic cases, except that the matrix elements 
Pnn™ are replaced by tnn/* defined by 


(2m)8 1 1 
Tran = f tat (Vet —(oXWV)a we 
Q Seen z 4mc 
(V.5) 


This extra term arises from the fact that the spin-orbit 
coupling contains the differential operation p. Actually 
the mnn* have the essential properties in the spin-orbit 
case that the p,,’* have in the case without spin-orbit 
coupling. These properties were (II.18) and the f-sum 
rule (II.34). The second of the relations (II.18) is 
established at once from the existence of a center of 
symmetry, just as it was for (II.18). Further, one may 


show that!” 
(=) 
Tran =m : 
Oka Jo 


Therefore if we are at the bottom or top of a band the 
energy is stationary, and we have 7,,,7=0. Finally, in 
the spin-orbit case the correct f-sum rule must be 
written in terms of the mnn’%, i.e., 

dé, (k) 


Z Tn! (Kk) tn? (k) 
— =6ag—m : 
m nln ene (K)— én(k) Ok.Okg 


(See Appendix B.) These results mean that the entire 
theory goes through just as without spin-orbit coupling, 
it only being necessary to use the correct energy é,(k) 
instead of e,(k). The experimentally determined effec- 
tive masses—from cyclotron resonance, say—will of 
course refer to én(k). 

When there is a degenerate band in the absence of 
spin-orbit coupling, its introduction can lead to more 
radical changes by partially lifting the degeneracy. In 
a case such as Si or Ge, the originally six-fold'® degener- 
ate state at k=0 is split into a four-fold and a two-fold 


(V.6) 





(V.7) 


2 This has been proven recently by R. Karplus and J. M. 
Luttinger, Phys. Rev. 95, 1154 (1954). 
138 This includes the spin degeneracy. 
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degeneracy. Thus degenerate bands are split in general 
into several bands by the spin-orbit coupling. If we fix 
our attention on one of these ‘‘spin-orbit bands” then 
formally the entire theory goes through without a hitch, 
and equations identical with (IV.11) and (IV.14) are 
obtained. The only difference is that the D;;** are now 
defined in terms of the tnn* and é,(0) instead of the 
of the pan and e,(0). Since these quantities are in any 
case determined by experiment this makes little prac- 
tical difference. It is important to note the fact that the 
spin-orbit coupling is in general not large, and will lead 
to small splittings between the spin-orbit bands. Now 
the entire validity of our effective mass like theory 
rests ultimately on the assumption that the interband 
separations are large compared with the energies in- 
volved in the solution of the effective mass equation. 
A very rough estimate of the splitting between the 
spin-orbit bands is perhaps 0.2 ev in Ge and 0.05 ev in 
Si. There is no doubt that in cyclotron resonance experi- 
ments the energies involved are much smaller than this, 
and the effective mass theory will be extremely good. 
For impurity states the situation is not as favorable. 
In Ge, acceptor levels are found at roughly 0.01 ev, so 





Ak2+B(k,2-+k2) 
Chak, 
Chik, 


D= 


for each spin, where A, B, C are three real constants 
defined by F 
1 pxi*pix’ 
A= 2 ae p ’ 
2m m i €9— €; 
te Pxi" pix” 
B= aie see’ Ym ’ 
2m m i €o— € 
1 Pxipiy’t+pxipiy’ 
C=— p 2 ’ 


m> i €9— €; 





as may be seen from (IV.9). 

The introduction of spin-orbit coupling splits some 
of the degeneracy of the band at k=0. Treating H,.. 
as a perturbation, we see at once that the correct zero 
order wave functions fall into a group of four and a 
group of two: 


1 
610 =—(X+iV)a, 


$® 0 lta 
(V.11) 


1 
640= 7 —iY)a+2Z6}], 


a 
sl a 


Chzky 
A k7+B (k2+ k,?) 
Ch,kz 


that the approximation is not too bad in all likelihood. 
In Si, however, typical acceptor levels are at roughly 
0.05 ev, so that the impurity will produce an appreciable 
mixing of bands. In this case, the effective mass theory 
in its simple form (where only the properties of the 
neighborhood of one point of a single band play a role) 
cannot be valid. 

Perhaps it is instructive to illustrate these remarks in 
more detail by the specific situation in crystals such as 
Si and Ge. For simplicity we shall assume that the 
cubic axes of the crystal are oriented along the coor- 
dinate axes. At k=O in the absence of spin-orbit 
coupling there are three degenerate space functions 
belonging to I's5’, and which transform like «x, y, and z 
respectively under the operations of the tetrahedral 
point group. We shall denote these functions by X, Y, 
Z, respectively. Of course each has an additional double 
degeneracy due to spin. Let us define a matrix D by 
its elements, 

Dj = RakgD 58. (V.8) 
Then the symmetry of the diamond lattice requires that 
D have the form 


Choke 
Chyke 
Ak2+B(k,?-+k22) 


(V.9) 





1 
= rn ie —iY)6+Za], 
(V.12) 


1 
6-40=—1—(X-Wat 28} 


where a and @ are the spin functions corresponding to 
spin “‘up” and “down” respectively. The set of functions 
(V.11) correspond to what would be the J=$ multiplet 
in the case of tight binding, while the functions (V.12) 
correspond to the J=} multiplet. The phases of the 
functions have been so chosen that the functions 
¢_; and ¢;, are obtained from ¢; and ¢_,” by 
time reversal.’ Similarly for ¢_; and ¢,“. This time 
reversal degeneracy is of course present because the 
original Hamiltonian (V.2) is invariant under time 
reversal. Cyclotron resonance seem to indicate at the 
present moment that the top of the valence band 
actually corresponds to the J=$ multiplet, the J=} 
band being depressed by an amount, say X. It is this \ 
which is very roughly 0.2 ev in Ge and 0.05 ev in Si. 
If we assume that the U (or magnetic field) is sufficiently 
small to produce no appreciable mixing of these bands, 
then we obtain an independent set of four coupled 
equations to describe the situation for the J=3 band 
and a set of two equations to describe the J=} band. 

“4 Tn the representation where oz,o, are real and a-(j mg , 
ge simply means taking the complex conjugate and multiplying 

YY Dy. 
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For larger U, on the other hand, we shall have to deal 
with the full set of six coupled equations. 

We shall first consider the situation in which the 
spin-orbit coupling is sufficiently small so that the 
zroth order functions (V.11) and (V.12) may be used. 
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This is almost certainly an excellent approximation in 
Si, and is also very likely not bad in Ge. For heavier 
elements, on the other hand, it may break down seri- 
ously. Considering both the J=$ and 3 bands together, 
we find 

—iv2M 


0 iL/v2 


M 
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4P 
iN7M 
iL2 


~i(P—20)/3v2 
—iN3L*/V2 
—iv7M* 
3(P+Q)—A 
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iv3L/N2 
~i(P—20)/3v2 
~iL*N2 
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3(P+Q)—r 








P(k)= (A+B) (k2-+h,2)+2BR2, 


L(k)= — (iC/N3) (ka—iky) hz, 


O(k)=B(k2+h,2)+Ak?, M(k)=[(A—B)(kz—k,2)—2iCheky//12, (V.14) 


\=spin-orbit splitting at k=0. 


For the impurity state problem, the matrix (V.13) with ka replaced by —iV. now takes place of the matrix 
Dj*®(—iVq)(—iVg) in Eq. (IV.11). In Si, where the binding energy is comparable to the spin-orbit splitting 
it is necessary to treat these six coupled differential equations together. On the other hand, in Ge, d is very likely 
sufficiently larger than the binding energy, so that these six equations decouple to a good approximation. Specifi- 
cally, if the top of the J=$ band lies higher than that corresponding to J=} as appears likely, the acceptor states 
are solutions of the following four coupled differential equations: 
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Fy 
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$P(—i¥)+40(—iv)+U-« ss 
—L'(-iv) 

(V.15) 

For cyclotron resonance experiments, the energies involved are always much less than X, and therefore one needs 

only to deal with the 4X4 matrix corresponding to the J=# band. Taking, for example, the magnetic field in the 

(001) direction and choosing the vector potential as in (II.41), the differential equations describing the energy 
states are clearly cyclic in x and z. If we write 


F;=expli(paxt+p.z) I fi(y), 
then corresponding to (IV. 14) we obtain the following coupled differential equations: 
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In this equation, p.+sy has been replaced simply by 
sy a shift in the origin of y not affecting the energy 
levels. The dependence of the energy levels on #,, on 
the other hand, is quite complicated in the present case. 
We shall not pursue in this paper the solution of Eq. 
(V.17). It may be remarked however that it is easy to 
see that in the limit of high quantum numbers these 
equations lead exactly to the usual semiclassical 
treatment of cyclotron resonance due to Shockley." 
The procedure is identical with that used by Pauli’® in 
finding the classical limit of the Dirac equation. On 
the other hand, for low quantum numbers the energy 
spectrum of (V.17) shows marked deviations from the 
classical limit. In addition the direct interaction of the 
electronic magnetic moment with the external magnetic 
field must be taken into account for the low lying states. 
An example, which may be worked through in detail, 
is given in Appendix C.§ 
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APPENDIX A. ALTERNATIVE DERIVATION OF 
THE EFFECTIVE MASS EQUATION 
Let us consider an energy band which has m equiva- 
lent minima at the points k“, 7=1, 2, ---, ». The wave 
function y(r) of an impurity state satisfies the equation 


(Hot U)y=e, (A.1) 


where Hp is the unperturbed periodic Hamiltonian. 
y may be expanded in the Bloch functions y,(r), which 
are eigenfunctions of Hy (see Adams, reference 1). It is 
convenient to label these functions by the wave vector 
k which is allowed to vary over all momentum space. 
Thus we have 


v(r)= f C(KWx(t)dk. (A.2) 


If now 


Hobu=e(k)yx, (A.3) 


substitution into (A.1) gives 


[e(Kk) — JC (k) + if U(kk)C(k’)\dk’=0, (A.4) 
where 


wikk)= fat vedr 


= f (tty) Vei®’—®) td, 


18 W. Shockley, Phys. Rev. 79, 191 (1950); 90, 491 (1953). 

16W. Pauli, Handbuch der Physik (J. Springer, Berlin, 1933), 
second edition, Vol. 24, part 1, p. 240. 

§ Note added in proof—Recently we have found the exact 
solution to the practical case of A, B, C arbitrary, p.=0, and the 
field in the [111] direction. 


(A.5) 
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The product “*#, is a periodic function of r and hence 
can be written as 


Uy (1) Mi (4) = Dom M ice Me Km, (A.6) 


where the K,, are the vectors of the reciprocal lattice. 
The normalization of the ¥x(r) implies that 


My ©) = 1/ (27). (A.7) 
For m0, the order of magnitude of the M’s is evi- 
dently similar or smaller. Now using (A.6), we find 


u(kk) = Me™ { U(r)ei®"-"-Km) td, (A.8) 


We shall see later that B(k) is very small except in the 
immediate vicinity of the k‘? (|k—k‘ | Kj). Let us 
assume further that U(r) is a “gentle” potential whose 
main Fourier components correspond to wavelengths 
much larger than the lattice spacing. Under these cir- 
cumstances U(k,k’) is negligible unless k and k’ lie 
near the same k‘”, and in the latter case (A.8) and 
(A.7) give to a good approximation 


1 
u(k,k’)=—— f U (nei tdy 
(2m) 


(A.9) 
=u(k—k’). 


Since the C(k) corresponding to k near different minima 
are only weakly coupled, it is a good approximation to 
write 


C(k) oa > aM @ (k), 


i=1 


(A.10) 


where the a‘ are numerical coefficients (governed by 
the symmetry of the lattice), and the C‘(k) satisfy 
equations of the following kind: 
Ce (k)—€JC(k) + f u(k—k)C (k’)dk’=0, (A.11) 
with 
e) (k) = eot+>, aij(ki— k;) (k;—k;™), (A.12) 
i,7 


€9 being the energy at the bottom of the band. If we 
now introduce 


FO (2)= f C(k) exp[i(k—k)-r]dk, (A.13) 


(A.12) becomes the effective mass equation 


[= cu(-¥%) (-v,) +U(2)—(e— a) fro (r)=0. 
(A.14) 


Clearly B® (k) +0 for |k—k®|>>a;“, a; being the 
extent of the function F“. a; must be assumed large 
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compared to the lattice spacing for the above derivation 


to be consistent. 
The total wave function is, by (A.2), (A.11), and 


(A.13), 


nak ai f CO (Ray sed 


i=l 


~y aur) exp (ik : r) C (k) 
i=1 
Xexp[i(k—k®)-r]dk (A.15) 


= > ap, o(r) FO (r) ; 


ie., it is a linear combination of products of modulating 
functions F‘?(r) and the Bloch waves yx‘(r) at the 
minima of the conduction band. 


APPENDIX B. f-SUM RULE WITH SPIN-ORBIT 
COUPLING 


We note first that the quantity occurring in tn is 
related to the commutator of Ho and “a. Clearly, 


Aor=-(“4— (oX¥V).). (B.1) 


a\m Amc? 


Thus the matrix elements between two Bloch waves 
Wak; Wnik? are 


[én(k) — En (k’) | (nk | xa | n’k’) 
1 1 


1 m Amc? 


(oXVV)a n't’) 


4% 
=6(k—k’)—1n/7(k). 
mi 
However, 


(nk | %q| 2’k’) = jo Kalin tn’ AT 


1a ler. Viinw 
=— (k’—k)6nn7—— feo That dr 
nerd ; 


i Ok 4 Oka’ 


Q 


Olin: 
x § Unk* dr. 
Oka 


cell 


1 26(k’—k) 
“¢ Olhe! 


Sun’ +i6(k—k’) 


(B.3) 


Therefore, putting (B.2) and (B.3) together, we have 
for nxn’: 


Tan" 


mL en(k)— ew (k)] 








(B.4) 


Therefore, we have 
2 Tan Tn ne 
m n'#n Ent (K)— én(k) 
(2r)8 1 1 
=—2 +s f tu*(-Vat+—(eXxvV).) 
Qn’ cell 4mc 


4 


Otink 
Xiu f Un’ dr. (B.5) 


cell Oks 


Here we have extended the sum over 7’ to include 
n'’=n, since when n=n’ and a center of symmetry is 
present, the integral 


(B.6) 


a 


Now we may carry out the sum on the right hand side 
of (B.5) using the completeness of the @nx, i.e., 


Q 
ps fini® (¥’)tinx® (r) — é(r— r’)6aa’, (B.7)" 
n’ (27)? 
for r, r’ in the same cell. Thus 


2 Tan Wain? 


sate: SP: ceomegiearncionnarston 
m n'#n Eq (Kk) — én(k) 


“ ae f 


cell 


1 1 Othnk 
u wt(-rot — (oX V Vx) "ar 
i 4me? Okg 
(B.8) 


Since tnn'*=Tn'n%, the original expression is symmetric 
in a and B. Therefore, we may write (B.8) as 


2 Ean hn? 


me én (k) — @,(k) 


7 


Q cell 


Oink 
—dr 


1 1 
aut( Vat 


1 4mc? 


(xv) 


Okg 


1 1 0u,k 
> f aus*(vet—(oxwV)p)——ar | (B.9) 
cell 1 4me? Oka 


The right hand side of (B.9) is easily evaluated by 
means of the Schrédinger equation for @ny. This is 


. 1 1 Rk? 
|o+—k ‘ (r+—t0x V V) ) += Jeu En(R) tink. 
m 4mc? 2m 
(B.10) 


Differentiating this successively with respect to ka and 


kg, multiplying with respect to &n.* and integrating 


17 The index a indicates the spin state involved. 
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over a cell, we find 


1 1 Otink 
f taa* (Vat —(0XWV)« "dr 
cell a 4mc* Oke 


1 1 Otink 
+ f aas*( -Vr+—(0X¥V)p ae 
1 4mc Oka 


cell 
Q 
‘ ( 
(27)* 


Using Eq. (B.11), Eq. (B.9) becomes the f-sum rule. 
07é,(k) 
dkadkg 


0é,(k) 


~dus). (B11) 
Dhadke «) 


2 nnn 


wt oeinicianncamenceitil B.12 
m 2, En! (k) bi én (k) ' 


Sap— Mv 


APPENDIX C. A SOLUBLE CASE FOR 
DEGENERATE BANDS 


We consider now a special case of the cyclotron 
resonance problem where everything may be calculated 
completely. For simplicity we shall restrict ourselves to 
the case where p,=0, and shall ignore the electron spin 
effects. Neither of these restrictions are essential, but 
they simplify the work considerably without obscuring 
the nature of the quantum deviations in cyclotron 
resonance. The case of interest is where A—B=C. 
(A—B=-—C may be treated with equal ease.) Under 
these circumstances, it is convenient to introduce 
instead of p, and y creation and destruction operators 
defined by 


y=(a+a')/(2s)',  py=(3s)'(a—a")/z; (C.1) 
then 
(a,at)=1 (C.2) 
and 
p,2+s*y?=s(aat+ata)=s(2NV+1), 
Sy pP=s(a+a), 
S(ypy+pyy) = —is(@—a"?), 


where .V=at'a has integer eigenvalues 0, 1, 2, ---. 

All terms now have a common factor of s, which we 
shall drop; the final energy levels should be multiplied 
by s. In terms of these new operators, the matrix 
operator (V.17) becomes (on changing the labeling as 
indicated) : 


3lla(2N+1) 
ya 
0 0 
0 0 


(C.3) 


val? 0 0 
B(2N-+1) 0 0 
g(2N+1) yal? 

ya? = &(2N-+1) 

(C.4) 


Here a=3(A+B), 8=}(A+5B), y=v3(a—8). There- 
fore the eigenvalue problem factors into two 2X2 
problems, which differ from each other only in that a 
and £ are interchanged. We consider only the first one. 


bolo Bolt bolt bo 
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If we expand the wave function in eigenfunctions y, 
of N, 


f= Lafi(nyn, 


and make use of the well-known properties, 


ay,= (n+1) Wass, Wr=nr1, 
of the creation and destruction operators, we obtain 


[a(2n+1)—€]fa(m)+y[m(n— 1) }*fo(n—2)=0, 
yL(n+1)(n+2)}fi(n+2), 
[8(2n+1)—e]fo(n)=0, 
for the eigenvalue problem of the first 22 block. 


These equations are solved at once by the following 
Ansatz: 


(C.5) 


(C.6) 


(C.7) 


fi(n)=Cibn, no, fo(m)=Caint2,n0, 
which yields 
[a (20+ 1) — €1Cit+-y[10(mo— 1) }iC2= 0, 
y[no(no— 1) }'Ci+[B(2n— 3) _ e|C2=0. 


The first equation is valid for m)=0, 1, 2, ---, while the 
second is valid for m= 2, 3, ---. The condition that C,, 
C2 do not vanish identically yields 


a(2no+1)—e€ y[mo(mo—1) }# - 
yLno(mo—1)]! B(2m—3)—« 
for no=2, 3, --+, and 
€=a(2m9+1) 
for mp=0, 1. Solving (C.10), we get 


e+ (no) = 3{ (a+) (2n0+1)—48 
+[((a—8) (2m0+1)+48)*+4y"10(mo— 1) }}}, 


mo=2, 3, «+. 


(C.8) 


(C.9) 


(C.10) 


(C.12) 


The expressions (C.11) and (C.12) represent all eigen- 
values of (C.7), as may easily be seen by considering 
the limiting case where y=0. Therefore the totality of 
eigenvalues of (V.17) for this case is 


e* (no) = 3{ (a+8) (2n0+1)—48 
+[((a—8) (2mo+1)+48)?+4y?n0(mo— 1) }¥}, 
e+ (9) =3{ (2 +8) (2m0+1)—4a 
+[(B—a) (2m+1)+4a)?+4y7n0(mo— 1) }}}, 
for 29=2, 3, ---; 


€(%0)=a(2mo+1), B(2m+1) for n=O, 1. 


(C.13) 


The levels are no longer each doubly degenerate, the 
time reversal symmetry having been lifted by the ex- 
ternal magnetic field. To see what the “‘classical’’ ex- 
pression for these levels are we first need the form of the 
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energy surfaces. From (V.13), there are at once seen 
to be 
a,2=$(A+2B)e+ {[$(A—B) Pee 
+3[C?— (A—B)*}7}}, 
Takk +hthe there, 
where each is doubly degenerate. 
For our simple case, C?= (A — B)?, and the expressions 
(C.14) become 
€:=3(2A+B)k=}(3a—f)k’, 
€2= BR?=} (38—a)k?. 


(C.14) 


(C.15) 
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Using each of these are our Hamiltonian, we see at 
once that the energy levels in an external field are 
(again a factor of s is dropped) 


€1(10) = 3 (3a—) (2m0+ | 
€2(mo) =} (38—a) (2mo+ 1)!” 


each level being doubly degenerate. Expanding the 
roots in (C.13) in reciprocal powers of 2%+1, we 
immediately obtain (C.16) for high quantum numbers. 
It is also clear from these formulas, however, that for 
small mo the deviations from the classical results are of 
the order of magnitude of the level spacings themselves. 


=0,1,2,-++, (C.16) 
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Hyperfine Splitting of Donor States in Silicon 
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The hyperfine splitting of donor states in Si has been theoretically estimated. The results agree with the 
recent spin resonance experiments of Fletcher e¢ al. within a factor of about 2, which is better than the 


estimated uncertainty of the calculation. 


1, INTRODUCTION 

LECTRON spin resonances exhibiting hyperfine 
structure in m-type Si have recently been observed 

by Fletcher et al.! The number of hyperfine lines of 
these resonances corresponds exactly to the nuclear 
spin of the added Group V atoms, so that it is clear 
that the resonances are due to electrons localized near 
such atoms. The purpose of the present study is to 
examine whether the observed magnitude of the hyper- 
fine splitting is consistent with the picture that the 
electrons in question are in the well-known donor states 
with ionization energies of about 0.04-0.05 ev. In 
calculating this splitting there are two main difficulties. 
The first is that the band functions for Si are not 
well known. The second is breakdown of the effective 
mass formulation in the neighborhood of the impurity 
atom. We estimate that due to these difficulties our 
final result has an uncertainty of about a factor of five. 
The experimental results fall well within these limits. 
Thus our calculation supports the view that the ob- 
served resonances are due to electrons in donor states. 


2. FORMULATION OF THE PROBLEM 
Let us consider an electron bound to a Group V 
donor atom such as P, As, or Sb. We denote the normal- 


* Permanent address: Department of Physics, Carnegie Insti- 
tute of Technology, Pittsburgh, Pennsylvania. 

soar ann address: Department of Physics, University of 
Michigan, Ann Arbor, Michigan. 

1 Fletcher, Yager, Pearson, Holden, Read, and Merritt, Phys. 
Rev. 94, 1392 (1 954); Fletcher, Yager, Pearson, and Merritt, 
Phys. Rev. 95, 844 (1954). 


ized wave function of the electron by y¥(r), where the 
origin of r is taken at the donor nucleus. Then the 
magnetic interactions of the spin moment of the 
electron y,, the nuclear moment of the donor yp, and 
the external magnetic field H, are given by 


W = —w.- H+ (82/3)V(0) ue: uo. (2.1) 


Thus the donor nucleus produces an additional effective 


field 
t= — (82/3)¥7(0)(u), 


where {_) indicates expectation value over the nuclear 
wave function. Therefore the total hyperfine separation 
(between the extreme lines of the multiplet) is given by 


(AH) totai= (160/3)¥*(0)un, (2.3) 


where yup is the magnitude of the nuclear moment of 
the donor. Table I lists experimental values of AH 
(reference 1), experimental values of up,? and y¥*(0) 
calculated from (2.3). The object of the following con- 
siderations is to make theoretical estimates of ¥7(0) 
and to compare them to the values listed in Table I. 
The function ¥(r) satisfies the Schrédinger equation 


[—(#?/2m)V?+V (1) +U()—-EW(1)=0, (2.4) 


where V(r) is the effective periodic potential for a 
conduction electron in Si and U(r) is the additional 
potential due to the replacement of one Si atom by a 
donor ion. For r large compared to the interatomic 


2J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 


(2.2) 





W. KOHN AND J. M. LUTTINGER 


TABLE I. Experimental results for ¥*(0). 








uD [y2 (0) Jexpt 
(nuclear magnetons) (10% cm~) 


13 42 0.44 


5 228 1.80 
40 345 1.20 


AH 
(oersted) 





1. 
a 
3. 








distance d, 
U(r) =—e/«r, (2.5) 


where «x is the dielectric constant, equal to 12.0 in Si. 
In this and the following two sections we shall use (2.5) 
for all values of r (since the donor orbit is large com- 
pared to d), and make rough corrections for the failure 
of (2.5) when ¢ is small in Sec. 5. 

The donor state function ¥(r) is mostly made up of 
Bloch waves from the bottom of the conduction band 
of a perfect Si lattice. It is therefore essential to know 
the nature of the conduction band energy surface near 
its minimum point or points. Fortunately recent meas- 
urements of “cyclotron” resonances? provide this infor- 
mation. They show that the conduction band of Si has 
6 minima on the (1,0,0) and equivalent axes in k-space. 


If the minimum point k® on the (1,0,0) axis is given- 


by (o,0,0), the energy near this point is given by 
h? h? 
anil ll (2.6) 


2m, m 


where according to reference 3, , 
m,=0.98m, m2=0.19m, (2.7) 


m being the free electron mass. 

It can be shown that in the limit where the orbit of 
the donor state is large compared to the interatomic 
spacing and U(r) is given by (2.5), the energy of a 
donor state is the lowest eigenvalue of the equation: 


rer FsF F 

(LENE 

2m, 0x? 2m2\dy? dz? 
+U()~«) PO ()=0 (2.8) 


If k® were the only minimum point, then in the same 
approximation‘ the corresponding wave function would 


be 
Y= F (n)y(k®,n), (2.9) 


where ¥(k™,r) is the Bloch function at k®, normalized 
so that 


(2.10) 


f ly(k®,r) |?dr=Q, 
unit cell 


Q being the volume of the unit cell. If F® is normal- 
ized to unity over the whole crystal, then so is y. Since, 


3 Dexter, Lax, Kip, and Dresselhaus, Phys. Rev. 96, 222 (1954). 
4J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 


however, there are six equivalent minima k“*, the ground 
state wave function will actually be a linear combination 
of solutions of the form (2.9) corresponding to each of 
these points. If the phases of the ¥“ are all chosen to 
be the same at the origin, then the correct normalized 
ground state function is 


1 6 
——— (i) 
v7 by 


(2.11) 


t=] 


ee 
= FE Pook). 


Therefore, 


|¥-(0) |?=6| F (0) |?|¥(k,0) |. 


The normalization of (2.11) follows from the fact that 
the F(r) are slowly varying compared to a typical 
lattice spacing, in which case the members of (2.11) 
are orthonormal. 

The problem of calculating |y(0)|? can be divided 
into three parts: (a) The computation of |y(k,0)|?, 
(b) the computation of |F®(0)|?, (c) an estimate of 
the effects of the simplifying assumptions leading to 
(2.12). These questions will be taken up in the next 
three sections. 


(2.12) 


3. ESTIMATION OF |1(k,0) |? 


The conduction band wave functions of Si go over, 
in the limit of large interatomic distance, into 3s and 
3p orbitals. Only the former contribute to the square 
of the wave function at the nucleus. It is therefore of 
interest first to estimate |y3,(0)|? for atomic Si. For 
brevity we shall denote this quantity by P(Si; 3s). 

Unfortunately no self-consistent calculation for 
neutral Si exists. However, a fairly good idea of P(Si; 3s) 
can be indirectly obtained as follows. We list below 
certain values of P obtained from solutions of Hartree- 
Fock equations®: 


[P(Ge; 4s) ]u.r.= 70X 10% cm-3, 3.1) 
[P(Get+; 45) ur. —82X10% cm, 
and® 


[P(Si++; 3s) Jur. =39X 10" cm-, (3.2) 


From these values and the analogy of the electronic 
configurations of Si and Ge, we estimate 


[P(Si; 3s) Ju.r.= (3143)X10% cm. (3.3) 


Direct comparison with experiment in the case of the 
alkalies shows that the Hartree-Fock equation gives too 
low a value for P. Hence (3.3) very probably represents 
a low estimate for the true P. 

An upper limit for P(Si;3s) can be obtained by 


5 Hartree, Hartree, and Manning, Phys. Rev. 59, 299 (1941). 
6 Hartree, Hartree, and Manning, Phys. Rev. 60, 857 (1941). 
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evaluating P(Si+**; 3s) from the Goudsmit formula’ 


1 ZZé 1 “(=) 
ng =——_—(—}, 


Tag? No? Tay? Zo 


Po= (3.4) 


where do is the Bohr radius, Zo is the charge of the 
entire ion core (4 in our case), and mp is the effective 
quantum number of the outside s-electron defined by 


W = (Zo/mo)? Ry, (3.5) 

where W is the ionization energy. For Sit**, 
W=3.32 Ry, (3.6) 
[P(Sit+; 3s) ]g=46X 10" cm-. (3.7) 


This value should represent the true P[Si***; 3s] to 
within 5-10 percent. It agrees rather well with (3.2), 
and as expected is somewhat higher. Combining (3.2), 
(3.3), and (3.7) gives finally: 


P(Si,3s) = (3745) X 10% cm=. (3.8) 


In the absence of better crystal wave-functions, we 
must now use this value to estimate |y¥(k”,0)|?. We 
note that in the tight-binding approximation the con- 
duction band wave functions are made up of atomic 3s 
and 3p functions; thus, in the vicinity of each Si atom, 


W(k 1) = (0/2)*Loys.(r)+h¥se(0)], (3.9) 
0/2 being the volume per atom, and 
|a|?+|6]?=1. (3.10) 


We have not been able to estimate a and 8 reliably. 
However, the values 


|a]?=|6)?=3 (3.11) 


are probably not in error by more than a factor of 2. 
Combining (3.9) and (3.8), and introducing the value 
2= 40.0 10-* cm’, we find finally: 


l¥(k™,0) |?= (2|a|?)X370, (2|a|)?~1. (3.12) 


This final estimate is probably also good to within a 
factor of 2.8 


4, ESTIMATION OF | F®(0)|? 


This is the most straightforward and reliable part of 
the problem. It requires the solution of Eq. (2.8) with 
the values (2.7) for m, and m2. An exact solution has 
not been found, but the function® 


F® = (ab/r)* exp{ —[a?(y?-+2*)+5'x2]#} (4.1) 


is, with suitable a and 4, a good approximate wave 
function for all values of m,;>mp. Details will be 
described elsewhere. For our present purposes the 


7S. Goudsmit, Phys. Rev. 43, 636 (1933). 

8 Dr. C. Herring has kindly informed us of an independent 
estimate of (3.12) giving the value 200, which he expects to be 
too low rather than too high. This value would improve the 
agreement with experiment [see Eq. (6.1) ff]. 

® This function was independently introduced by M. Lampert 
of the Radio Corporation of America. 
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following results will indicate the reliability of this 

function. For m= me, (F™(0)/F (0))?=1; for m1/me 

[F® (0)/F® (0) P-1.15. Thus the error of 

| F® (0) |? is less than 15 percent for all m/m.>1. At 

the actual values of m; and me, | F(0)|?=3.8 1049 

m-*, Allowing for the fact that for large mm/mo, 
| F® (0) |? is a slight overestimate, we arrive at 


| F® (0) |?= (3.70.2) X10! cm=. 
Combining this, Eq. (3.12), and Eq. (2.12) gives 
|¥(0) |?= (2|a]?) X0.082X 10% cm-, 
(2|a|?)~1. 


We are now in a position to make a preliminary 
comparison with experiment. The case to which our 
model of a perfect Si lattice plus a —e?/xr potential 
applies best is that of a phosphorus donor, which 
differs from the neutral Si atom just by one extra 
nuclear charge. Comparison with Table I shows that 
our present estimate is too low by a factor of 5. Even 
if (2|a|*)=2, which is its maximum value in the tight- 
binding approximation and very likely an overestimate, 
there still remains a discrepancy of a factor of 2.5. It 
is therefore necessary to examine the validity of the 
simplified approach, which led to Eq. (2.11), and to 
make rough allowance for effects neglected by it. This 
will be done in the following section. 


(4.2) 


(4.3) 


5. CORRECTIONS TO THE EFFECTIVE MASS 
FORMALISM 

The effective mass formalism on which the work in 
the preceding sections was based is least reliable in the 
vicinity of the singularity of the perturbing potential 
U(r) (see reference 4). Furthermore, the form —e/xr 
for U which we have assumed up to now, is certainly 
incorrect for small r. Actually 


U(r)=—f(r)e*/r, 
lim f(r) = (Zp—Zsi), 


(5.1) 
(5.2) 


where 


(5.3) 


limf(t) =1/, 


Zp and Zs; being the atomic numbers of the donor 
atom and of Si respectively. For both of these reasons, 
the following procedure should represent a distinct 
improvement : 


(a) Solve the effective mass equation (2.8) with 
the asymptotic potential, —e?/xr, in an exterior region 
Q., which excludes a small volume Q; surrounding the 
donor atom, and obtain a wave function of the form 
(2.11) in this region. 

(b) Solve the original Schrédinger equation (2.4) 
with the correct U(r), (5.1) and (5.2), in the interior 
region (2;. 

(c) Join these solutions smoothly. This will of course 
determine the energy. 
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To carry out this program in detail is at present 
impossible since both U(r) for small r and y(k,r) are 
unknown. We shall therefore have to be content with 
very rough estimates, using as an important guide the 
measured ionization energy of donor electrons. 

For the time being we shall concentrate on phos- 
phorus donors, which introduce the least violent pertur- 
bation into the Si lattice. A few remarks about the 
other donors will be made in Sec. 6. 


(a) Exterior Region, Q. 


Here we are forced at the outset to make a simplifi- 
cation, namely to replace the two masses m, and m2 by 
a mean mass m*, which we choose to give the same 
binding energy as that calculated with m; and mz 
using (2.8). 


€o= e'm* / (2hx?) = —0.029 ev, m*=0.31m. (5.4) 


In this case all the F“ become identical, say F, and 
satisfy the simple hydrogenic equation 


(-— JF =0. 


(5.5) 
2m Kr 
At this point it should be noted that the measured 
ionization energy of phosphorus donor states is!° 


€oxpt= — 0.044 ev, (5.6) 


substantially larger than the —0.029 ev calculated in 
the effective mass formalism with the measured m, and 
m:. Thus we require the s-like solution of (5.5) for a 
value of € which lies substantially below the lowest 
eigenvalue. This solution, if it were continued to the 
origin would diverge there. 

To study this function let us first introduce the 
“Bohr radius” of (5.5) as unit of length: 


a* = hx/m*e?= 21X10 cm, (5.7) 


r/a*=x, 
and ¢€, the “Rydberg” of (5.5), as unit of energy: 
e/en= e' =1/n?. (5.8) 
In the present case, . 
n= (0.029/0.044)!=0.81. (5.9) 
The solution of (5.5) is then given by 


F(x)=A(n/2x)W »,4(2x/n), (5.10) 


where W is the Whittaker function" and A is a normal- 
ization constant. When |1—m|<1 this function has 


( 10 a Maita, Shulman, and Hannay, Phys. Rev. 96, 833(A) 
1954). 

11 E. T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, New York, 1945), p. 337. 
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the following limiting behavior: 
x0: 
1—n 
F(x)=A cne| (=) — (i—n) log2x+ i} 
% 
X00; 
F(x) =Ae~!"(2x/n)"—, 


When F(x) is normalized over all space, one finds 
A?=0.7. 

The choice of the bounding surface between Q; and 
Q, is determined by the following considerations: It 
must not be too close to the origin, since the effective 
mass formalism with the asymptotic potential —e?/kr 
would then break down in Q,. On the other hand it 
cannot be too far from the origin since then the inte- 
gration problem would be insuperable in Q;. A reason- 
able compromise is to take Q; as the Wigner-Seitz 
sphere enclosing the impurity atom. This has a radius 


a= (30/8m)#=1.68X 10-8 cm 


=0.08a*. (5.12) 


In the previous sections we had assumed that F(x) 
was the normalized solution of the effective mass 
equation, regular at the origin. With our average mass 
m* this corresponds to 


Freg (x) =€7*/4/x. (5.13) 


The present normalized F(x), Eq. (5.10), is much larger 
than Fyeg(x) at the bounding surface. In fact from 
(5.10) and (5.13) one finds 


LF (a)/Freg(a) P~10, 


a result which we shall use later in our revised estimate 
of |y(0)|2." 

For purposes of joining, it is also of interest to 
evaluate the logarithmic derivative of F(x) at a. We 
find 

F’ (a)/F (a) = —8.0a*"' = —0.37X 108 cm, 


(5.14) 


(5.15) 


It may be noted that while the logarithmic derivative 
is very large on a scale appropriate to the donor orbit 
(a*), it is quite moderate on an atomic scale (10-® cm). 


(b) Interior Region, Q; 


In the case of phosphorus the effect of the additional 
potential U(r) on the wave function in Q; can be treated 
by perturbation methods. To zeroth order the wave 
function with the correct symmetry properties is 


(5.16) 


6 
yo=B » ¥(k®,x), 


2 The result (5.14) depends of course on the choice of the 
joining point a, but this dependence is not overly critical. An 
increase (decrease) of a by 20 percent would decrease (increase) 
(5.14) by about 25 percent. 
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where B is a constant [see (2.11) ]. Because of its high 
symmetry, Yo is predominantly s-like in Q;. The pertur- 
bation due to the donor atom is also nearly spherical, 
so that no serious error is incurred by treating the 
entire problem as having rotational symmetry. 

Let us call the radial functions with and without 
perturbation 


R(r)=V(7), Ro(r)=rn0(r), (5.17) 


respectively. It is convenient to choose ¥(0)=yYo(0). 
Since the difference between the energy parameters of 
R and Rp is quite negligible compared to U(r), it 
follows directly from the Schrédinger equation for R 


and Ro that 
dR(r) dRo(r) 2m fr’ 
R(r) -—f U(r')RRodr’ 
dr h? 0 


Ro(r) 
me dr 





"2m pt 
=— f U(r')Redr’ 
h? Jy 


2me? 


h? o 


f(r’) Retr’, (5.18) 


where f(r) is defined in (5.1). At r=a we may write 
this as 


( 1dR 1 dRo 
Rdr Ro dr 
[2me 


a Re 
Ly Revo) (5.19) 


where f is an average value of f. We have estimated the 
square bracket with an s-like Si function giving a value 
of 2.5 108 cm. Since f~ 1/x at a and increases inward 
a choice of a ~2/x is not unreasonable. This gives for 
the right hand side of (5.19) a value of —0.4X 108 cm. 

The agreement of this very rough estimate with 
(5.15) is surely fortuitous. But it does at least show 
that the change of logarithmic derivative (5.15), calcu- 
lated from the outside, agrees in order of magnitude 
with that obtained by integrating the Schrédinger 
equation from the donor atom outwards. 

To find |y(0)|? it is also necessary to have an esti- 
mated y(a)/~o(a) [see Eq. (6.1) ]. Unfortunately there 
is considerable uncertainty in estimating this quantity. 
However, a reasonable bound may be obtained as 
follows. Let # be the last node of Ro before a. Then 


(5.18) becomes 
dR)(?) 2mé pr f(r) 
a escenario f I tds 
df h? 0 r 


which may be written 


R(#)  2mé "f(r ’ 
we eA / [RO 


Ro(r =) | (5.20) 
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The difference between R and Rp are of the order of 
magnitude of R(#), since Ro(#) vanishes. Therefore 
(5.20) is an estimate of the quantity [y¥(a)—yYo(a) ]/ 
yo(a). Further transformations give 


J { Osa 


Ro(a) (dRo/dr); 
f IO sar 


r 


¥(a)—yo(a) ae 
¥o(a) i 








Ro (a) (dRo/ dr) 
Ro(a) ft dR 1 dRe 
(dRo/dr)LR dr Ro ar =f 


7 "~~ (0.37108 cm=), 
~ (dRo/dr)s 





(5.21) 


from (5.19) and (5.15). Using the same function as was 
used to estimate (5.19), we find 


¥(a)—yYo(a) 
¥o(a) 
¥(a)/bo(a)=140.15. 


We see that the deviation from 1 is not large. Since we 
have chosen ¥(0)=o(0), we therefore have 


¥(0)/¥ (a) ~o(0)/Yo(a). 


Similarly, in the effective mass formalism, we find 


F reg (0) 
Wreg(0)/Wreg(a) = (Wo(0)/po(a)) 


reg(@) 
= ¥0(0)/Yo (a), 


where “reg” indicates the function obtained with the 
regular solution of the effective mass equation (Secs. 
2-4). Hence, finally, 


¥(0)/P (a) ~Yreg(0)/Preg(a). 


<0.15, 


(5.22) 


(5.23) 


(5.24) 


(5.25) 


(c) Joining the Solutions 


In principle we should have calculated R’(a)/R(a) 
from the inside and then have adjusted the energy to 
get the same logarithmic derivative from the outside. 
Here we have actually side-stepped the joining problem 
by using the observed energy for our outside wave 
function, and therefore had to be content to verify 
that this could well join smoothly with the interior 
solution. 

We may mention here one more correction. The 
orthogonality of the six functions F (r)y(k,r), which 
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TABLE II. Atomic wave functions at the origin, and ionization 
energy of the donor state. 








Ionization energy 
Watomic® (0) of donor 
Element (10% cm~3) (ev) 


P ~4 0.044 
As ~110 0.049 
Sb ~110 0.039 
Li 1.7 0.033 











was used in establishing (2.12), depended on having 
slowly varying functions F“(r). This ‘is no longer the 
case (particularly near r=0) and hence the orthogo- 
nality no longer holds so well. However, the main 
Fourier components of F(r) still correspond to rather 
long wavelengths so that the violation of orthogonality 
should not be too serious. 
6. FINAL ESTIMATES FOR 1?(0) 
Phosphorus 


Combining our results we obtain 

¥(0)/P(a) ¥ (a) 
ree (0)/Pree” al oe (a) 
= 1X 10X0.082 X 10% cm-* 
=0.82X 10% cm 





ao) 


v0)=| 


(6.1) 


[see (5.25), (5.14), and (4.3) ]. This is to be compared 
to the experimental value of 0.44% 10% cm~. It will be 
clear from the crudeness of the estimates in previous 
sections, that our results can only claim to be valid to 
within perhaps a factor of five. In view of this, we feel 
confident that the hyperfine splitting in phosphorus- 
doped Si can be interpreted as being due to electrons 
in the usual donor states. 


Other Donors 


For As and Sb it is considerably more difficult to 
calculate the wave function in the vicinity of the donor, 
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since the perturbation is much more violent. However 
important factors are certainly the ionization energy of 
the donor state, and the values of the atomic wave 
functions at the origin. These are listed in Table IT." 
For As both the atomic function and the binding are 
greater than in phosphorus so that we would definitely 
expect a larger |y¥7(0)|, as is observed (about a factor 
of 4, see Table I). In Sb, the atomic function is larger, 
but the binding is less, so that it is hard to say whether 
the |y(0)|? is greater or less than with phosphorus, 
However, the fact that the binding is smaller for Sb 
than for As may account for the fact that the observed 
|y(0) |? is smaller in Sb than in As. 

Finally for Li both the atomic |¥(0)|? and the 
ionization energy are quite low. Very roughly, we would 
therefore expect a |¥(0)|? for lithium smaller than that 
for phosphorus by a factor of the order of magnitude of 


| Patomic (0) | 1:? 1 ka 
| Patomic (0) | Pp’ 10 


The 1/10 arises because for Li the ratio (5.13) will be 
of the order unity. This factor is small enough to ac- 
count for the fact that Honig and Kip“ have observed a 
line without hfs with Li-doped Si. 

It is a great pleasure to thank Dr. R. C. Fletcher 
for many stimulating discussions, and the Bell Tele- 
phone Laboratories for their hospitality and cooper- 
ation. 


Note added in proof—Honig and Kip" and Honig [Phys. Rev. 
96, 234 (1954) ] have reported widths of resonance lines associated 
with Li and As donors in Si. A theoretical study of these widths, 
which will shortly be published, indicates that very probably 
|v (k™,0) |2= 2004-50 [see. Eq. (3.12) ], corresponding to 2|a|?~4. 
This reduces our theoretical estimate (6.1) by a factor of 200/370 
giving [¥7(0) ]tneor+0.4X10- cm=%, in the case of P donors. 
The agreement with the experimental value [¥*(0) Jexp= 0.44 10% 
cm", is thereby improved. 


13 The values of Watomice(0) have been estimated by methods 
similar to those leading to (3.8). Those of the ionization energies 
are taken from reference 9. 

4 A. Honig and A. F. Kip, Phys. Rev. 95, 1686 (1954). 
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Neutron diffraction patterns for vanadium, lead, and niobium have been obtained above and below their 
superconducting transition temperatures. No diffraction effects either of coherent or incoherent nature were 
found to result from the development of superconductivity. Accurate intensity measurements of the nuclear 
scattering reflections indicate little or no change in the Debye characteristic temperature of the lattice upon 


passage through the superconducting transition. 





INTRODUCTION 


ANY of the theories of superconductivity predict 

that some type of electronic ordering occurs 
when the temperature of a superconducting material 
is lowered through the transition temperature. Further- 
more, it has been specifically suggested' that this 
electronic ordering might give rise to additional super- 
structure lines on an x-ray diffraction pattern. The 
x-ray data are sparse” and these effects have not yet 
been observed. While the prediction of a superstructure 
which could be detected by x-ray scattering does not 
necessarily also apply to neutron scattering, it was 
of interest to determine whether any changes which 
accompany the formation of the superconducting state 
would be apparent in neutron diffraction measure- 
ments. A previous investigation’ at this laboratory 
has determined that the total thermal neutron cross 
section for tin in the normal and superconducting 
states is the same within one percent. 

A second point of interest lay in the determination 
of a possible difference in the lattice characteristic 
temperature above and below the superconducting 
transition.* Heat capacity measurements of pure 
elements have confirmed the validity of the Debye- 
Sommerfield relation which states that the molar heat 
capacity is the sum of a term varying linearly with the 
temperature and a term varying with 7* which arises 
from the lattice vibrations, i.e., 


C=yT+ (464/0%) 7°. 


Experimental results have verified this relation both 
for nonsuperconducting elements and for  super- 
conducting elements which were maintained in the 
normal state by a suitable external magnetic field. 
However, heat capacity measurements of some of the 
elements in their superconducting states indicate that 


1L. Tisza, Phys. Rev. 84, 163 (1951). 

*W. H. Keesom and H. Kamerlingh Onnes, Leiden Comm. 
174b (1924). 

’ Bernstein, Roberts, Stanford, Dabbs, and Stephenson (un- 
published). 

* Note added in proof—Recent measurements by Bommel 
[Phys. Rev. 96, 220 (1954)] have shown no change in ultrasonic 
velocity when single crystals of lead become superconducting. 
These measurements therefore indicate that the characteristic 
smperatare is the same for the normal and superconducting 
states, 


the heat capacity varies quite closely with 7°. This 
variation has led some observers to interpret the data 
as though the superconductor has only a lattice heat 
capacity. Since the heat capacity in the superconducting 
state is larger than the 7* term in the normal state, 
such an interpretation would predict a smaller value 
of Debye © when a material becomes superconducting. 
The Debye characteristic temperature enters the 
expression for the neutron intensity scattered in the 
Bragg reflections from a powdered sample, since this 
intensity is proportional to the exponential factor, 


e?, where 
6)? s(x) 1\ sin’? 
W= ( +-) Pe 
mkO\ x 47 


x=@/T. 


In this expression 4 is Planck’s constant, m is the 
atomic mass of the scattering specimen, k is Boltzmann’s 
constant, T is the sample temperature, © is the Debye 
characteristic temperature, g(x) is the Debye function, 


with 


rm r M4 a ~ 
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Fic. 1. Diagram showing the position of the samples within 
the lower part of the crysotat. Measurements of the mutual 
inductance between the primary and secondary coils determined 
when the samples were in their superconducting states. 
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Fic. 2. Neutron diffraction patterns taken for vanadium 
filings at 4.2°K and 20.4°K. 


6 is the scattering angle, and ) is the effective neutron 
wavelength. Because of this dependence, a change in 
Debye @ at the superconducting transition temperature 
would cause intensity variations in neutron diffraction 
patterns taken for a material in the normal and super- 
conducting states. Hence, it would be possible to 
determine whether the heat capacity measurements 
could be explained entirely or partially by a change in 
the lattice vibrations. 


EXPERIMENTAL ARRANGEMENT 


In order to maintain the samples at the low tem- 
peratures which were necessary, they were placed in a 
double-jacketed vacuum cryostat as shown in Fig. 1. 
All of the samples were in the form of filings or loosely 
packed powders sealed with a helium atmosphere in a 
thin-walled aluminum cell. The top part of the sample 
tube was in direct contact with the coolant reservoir 
which contained either liquid hydrogen or liquid 
helium. In order to verify that the sample was in the 
superconducting state, the mutual inductance between 
a small coil around the bottom end of the sample tube 
and a primary coil mounted outside the cryostat was 
measured as the sample temperature was lowered. 
Since the magnetic induction, B, is zero within a 
superconductor, there was a pronounced decrease in 
mutual inductance when the samples became super- 
conducting. Adequate thermal shields were placed 
around the sample tube, and these were arranged so 
that the incident and scattered neutron beams passed 
through thin aluminum windows. 

To determine the temperature gradient along the 
samples from top to bottom in an arrangement of this 
type, a thin indium disk was placed at the bottom of 
the sample tube, and the tube was filled with a non- 
superconducting metal with a particle size similar to 
that of the samples used in the experiments. By pump- 
ing on liquid helium in the coolant reservoir, the 
temperature of the metal was lowered through the 
superconducting transition temperature of the indium 
(3.37°K). At the identical moment that the indium 


went through its transition temperature the vapor 
pressure of the helium was measured. Several measure- 
ments taken for both increasing and decreasing tem- 
peratures indicated a temperature gradient along the 
sample which was less than a few hundredths of a 
degree. 


EXPERIMENTAL RESULTS 


Neutron diffraction patterns were obtained at 
temperatures of 4.2°K and 20.4°K for samples of 
vanadium, lead, and niobium, which have super- 
conducting transition temperatures of 4.7°K, 7.2°K, 
and 8.7°K, respectively. A detailed comparison was 
made of the patterns taken above and below the 
transition temperatures and in mo case was there 
observed additional coherent scattering or a change in 
the diffuse background. The diffraction patterns of 
vanadium shown in Fig. 2 are typical of those which 
were obtained. Vanadium samples were particularly 
useful in the search for additional coherent features, 
since the low coherent scattering cross section of 
vanadium minimizes the appearance of any interfering 
nuclear reflections. The (110) reflection shown on the 
patterns represents the most intense reflection due to 
nuclear scattering. Data taken for lead and niobium 
were more sensitive in the search for diffuse scattering 
effects. 

In addition to the observations on possible electronic 
scattering by the superconducting lattice, the normal 
nuclear reflections of lead and niobium were studied to 
see if there existed any abnormal change in intensity 
when the samples became superconducting. All of the 
observed reflections appeared to have a normal tem- 
perature dependence as described quantitatively by 
the Debye-Waller theory with little or no change in 
lattice characteristic temperature. Measurements made 
on niobium were of particular interest since recent 
specific heat measurements on this element by Brown, 
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Fic. 3. Percentage change in the coherent neutron intensity 
scattered from niobium at 4.2°K relative to that at 20.4°K. The 
upper dashed line was calculated on the basis of no abrupt change 
in Debye © at the superconducting transition temperature and 
the lower dashed line is the calculated variation if the Debye © 
changes from 252° to 161°. 








NEUTRON DIFFRACTION OBSERVATIONS 


Zemansky, and Boorse! indicate widely different values 
for the characteristic temperatures above and below 
the superconducting transition if it is assumed that 
the specific heat in the superconducting state has only a 
contribution from the lattice vibrations. Their data 
analyzed in this manner would give 252° and 161° as 
Debye © values for the normal and superconducting 
states of niobium at temperatures near 4°K. Such a 
difference would have been readily observable in the 
neutron intensity of some of the nuclear reflections. 
Figure 3 represents the percentage change in the 
coherent neutron intensity scattered from niobium at 
4.2°K relative to that at 20.4°K plotted as a function 
of sin’?@/A?. The points shown are the experimental 


4 Brown, Zemansky, and Boorse, Phys. Rev. 86, 134 (1952); 
92, 52 (1953). 
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determinations of the intensity change for the (220) 
and (310) nuclear reflections, and the feet on the points 
indicate the statistical accuracy of the data. The 
upper dashed line was calculated on the basis of no 
abrupt change in Debye @ at the transition temperature 
while the lower dashed line is the calculated variation 
if the value of Debye © changes from 252° to 161°. 
In both calculations the characteristic temperature at 
20.4°K was taken to be 268° as determined by Brown, 
Zemansky, and Boorse. The neutron scattering data 
suggest that there is no pronounced change in the 
atomic lattice vibrations at the superconducting 
transition temperature. Specifically, a decrease in the 
characteristic temperature for the superconducting 
state of 20° would be about twice the probable error of 
the measurements. 
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Thermal Ionization of Impurities in Polar Crystals. II. Application 
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The general theory of thermal ionization of impurities in a polar crystal is applied to interstitials. The 
interaction energy of the trapped electron with the optical vibrational modes is included in the electronic 
wave equation and the normal coordinate dependence of the electronic wave function and energy is deter- 
mined through Simpson’s method. This leads to an evaluation of the displacements, ¢, and the configura- 
tional constant, S, occurring in the general theory. The numerical evaluation of the frequency factor indi- 
cates that it has the form s(Z,7) at moderately high temperatures, T, but depends only on the trap depth, 
E, at low temperatures. The theory is applied to interstitials in the cubic form of zinc sulfide, leading to an 
activation energy of 0.61 ev, a frequency factor of 108 sec™ at low temperatures and of 108-6 sec— at 320°K, 
at which temperature a glow peak is known to occur. These results are in reasonable agreement with 


experiment. 


I. INTRODUCTION 


N the theories of light absorption by F-centers' and 
of the thermal ionization of impurities in polar 
crystals, a knowledge of the normal coordinate de- 
pendence of the electronic energy and wave functions 
is required. The use of the “Condon” approximation? 
implies that in light absorption the electronic wave 
functions vary slowly with normal coordinates, whereas 
in thermal ionization, the excited state wave function 
and the derivative of the ground state wave function 
with respect to a normal coordinate, vary slowly with 
normal coordinates. It is the purpose of the present 
paper to investigate this dependence for the ground 
state wave function of an electron trapped at an inter- 
stitial impurity in a polar crystal. The configurational 
constant S$ and the displacement constants ¢ which 
occur in the Huang-Rhys and O’Rourke theories are 
1R. C. O’Rourke, Phys. Rev. 91, 265 (1953); — and 


R. Rhys, Proc. Roy. Soc. (London) "A204, 406 (19 
2M. Lax, J. Chem. Phys. 20, 1752 (1952). 


also evaluated and the results applied to the determina- 
tion of the thermal rate of ionization of an interstitial 
impurity, for which an expression has already been 
derived.’ 

Simpson‘ has shown that the wave function of such 
a trapped electron extends over many lattice atoms 
surrounding the impurity and that generally the 
radius of its orbit extends at least to the nearest 
neighbors of the impurity. Thus in a polar crystal, 
electron interaction with the polar modes of vibration 
is predominant and this interaction energy when in- 
cluded in the electronic wave equation leads to the 
normal coordinate dependence of the electronic wave 
function and energy. Similar considerations have been 
made by Pekar’ in his calculations of F-center energy 
levels. 

If the impurity center plus crystal is treated as a 


3H. D. Vasileff, Phys. Rev. 96, 603 (1954). 
4jJ.H. Simpson, Proc. Roy. Soc. (London) A197, 269 (1949). 
5S. Pekar, J. Exptl. Theoret. Phys. (U.S.S.R.) 20, 511 (1950). 
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polyatomic molecule, having the Hamiltonian 


where Hp is the vibratory energy of the crystal nuclei, 
H, the energy of the trapped electron, V(r,R) the 
interaction energy of the electron with the nuclei, and 
V(R) the interaction energy of the positive center 
with the nuclei, then on the basis of the familiar Born- 
Oppenheimer® adiabatic potential method, the wave 
functions and energy levels of the system are given by 


[H,+V(1,R)16:(1,R)=E,(R)¢i(1,R), —2(a) 
[Hrt+V(R)+ E,(R) fr, 2(R) = Ei, nf1,n(R), 2(b) 


where ¢,(r,R) and E,(R) are the electronic wave func- 
tion and energy respectively for the /th electronic 
state, being functions of the nuclear coordinates 
R-¢;,,,(R) is the vibrational wave function for the /th 
electronic state and E;,, is the total energy of the 
system. 

Treating the lattice as a continuum (neglecting dis- 
persion of polar modes) and replacing the vibratory 
motion of the nuclei by lattice waves, the Hamiltonian 
Hr becomes 

Hr=3 Di(G7+wr9?), (3) 


where q; is the normal coordinate of the jth longitudinal 
optical mode, the circular frequency w; being approxi- 
mately the same for all modes. In the calculation of 
transition probabilities it becomes convenient to ex- 
press the vibrational wave functions in terms of modified 
normal coordinates, characteristic of a particular elec- 
tronic state. This modification is deduced from the 
Hamiltonian of Eq. 2(b), after having found E,(R) 
from Eq. 2(a). 


II. ELECTRONIC WAVE EQUATION 


For the interaction energy V(r,R) of the electron 
with the longitudinal optical modes, we shall use the 
form given by Callen’: 

_Qo{ sin 
V(r,R)= me fe | 
o 6 


Ee: (rot) (4) 
— D005 
with 


i mtr Ware 


J/N\M 


’ 


. ee ) 4rree* 


ws 


where r and fp are the position vectors of the electron 
and positive center respectively, ¢ the wave number 
vector of a particular mode and g, its normal coordinate. 
If the cosine function is adopted for the mode oe, then 
the sine function belongs to —@. Also NW is the number 
of unit cells in the crystal, each of volume » and con- 
taining two unlike ions, a the interionic separation, M 
the reduced mass of the ions, and e* the effective charge 
on the ions. The summation occurs over the NV modes 


6 M. Born and F. Oppenheimer, Ann. Physik 84, 457 (1927). 
7H. B. Callen, Phys. Rev. 76, 1394 (1949). 
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a. The relation* between the circular frequency w; of 
the longitudinal optical modes and «w; of the transverse 
optical modes (Reststrahl circular frequency) is given by 


wP=w/ (€./ €0), (5) 


where €, and ¢€ are the static and high frequency di- 
electric constants respectively. The effective ionic 
charge e* can be determined’* from measured values 
of w;, €, and €9 by the expression 


4re™ €0" 
we = . (6) 
Mov (€.—€) 


Inserting the expression for V(r,R) into the electronic 
wave function 2(a), we may write 


[r+ V)—-vz “| "Ve (ort) oun 


o1—Cos 
= E1(qa)oi(t,9e), (7) 


where the electronic energy £;(g,) and wave function 
¢1(¥,g0) are now functions of the normal lattice co- 
ordinates g,. The periodicity of the lattice is taken into 
account by employing the effective mass m*. The po- 
tential energy of the positive center with respect to 
the lattice, is taken as a constant to be added to the 
solution E;(g.) of Eq. (7). The potential energy V(r) 
of the electron, with respect to the positive impurity 
center, is easily derived following the method of 
Simpson.‘ For the ground state, 
—¢é ae | 
rare 


€or €o €s 


1 
)-dpe™, (8) 
r 


where J is an adjustable parameter. For the normalized 
ground state wave function we use 


o1(t,R) = (u°/n)* exp(—ur), (9) 


and calculate the variation integral 
B= f oP(,R)LH-+V (eR) }u(e,R)dr. (10) 


Thus the upper limit to the ground state energy is ob- 
tained by minimizing E with respect to yu, which gives 
pw as a function of \. Placing u=A in the result, we 
obtain w as a function of the normal coordinates qo. 
The expression for E becomes 


h? 


E=—w+(V(r))u.r 
2m* 


1o?\~*; sin 
1+“) 

4 yw? —cos 

8 Lyddane, Sachs, and Teller, Phys. Rev. 59, 673 (1941). 


9S. Pekar, J. Phys. (U.S.S.R.) 10, 341 (1946); J. C. Slater, 
a" 76, 1592 (1949); H. M. James, Phys. Rev. 76, 1611 
1949). 


(o-r0), (11) 


qo 


ai J 
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with 


pe wr 
Naat ——— + .(f 
(V(r)) a (- -)[= a a = (12) 


Now, by placing (@E/du),—,=0, we obtain the follow- 
ing expression for p: 


1 ym* o 1o7\—*; sin 
(uz) 
4 yw? — cos 





(9-10), (13) 


where 
ao* = (h?/m*e’) 


i #3. 
lee) 
e 16N\e €, 

From Eq. (12) the mean potential energy is 


—@/5 3 
(V(r))xul em —(=+=) 
8 


€0 €s 


and 


| so that the energy of the ground state is 


rad 


: es i é os 
; E\s(Qe) = —'~—(- a] 
oe Lam® BN ee 


qo ifr «m 
—yEH (14-7) { lero, an 
cg 4 yw? 006 


where » has the value given by Eq. (13). As a first 
approximation to the determination of pu, we put 
© u=(1/eao*) in the second term of Eq. (13), obtaining 


1 1 
reece Y'f(o)qo, (15) 


€d* VN o 


74% 1 
y={ — ) —(4ree*m*) (cao*)', 
M/ hv 


n 
(o i To), 
—cos 


f(o)= o(t-batety| 


» and 
a= Fedo". 


In a similar fashion the energy of the ground state 
| may be approximated by putting ~=(1/eao*) in the 
» second term of Eq. (14): 


qo, sin 
| Bula)=— Bu EAtete| ler), 16) 
i oo — cos 


| where — E,, is the Simpson energy for an interstitial 
) in the absence of interaction, 


e if5 117715 1 
— ——|-+—||-+-| 16(a) 
ao* 512Le9 e,tlLeo € 
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The above approximation for y is a good one, provided 
the first term on the right-hand side of Eq. (13) is 
greater than the second term. This implies in Eq. (14) 
that the interaction energy be small compared with the 
Simpson energy — E;,. Equation (16) also expresses the 
interaction energy as a linear function of the normal 
coordinates, an assumption made in the theory of 
O’Rourke. By following an iterative procedure it is 
possible by using Eqs. (13) and (14) to express E1,(qz) 
in terms of higher powers of gz. 

Returning now to Eqs. (9) and (15), we may write 
the electronic wave function in terms of the normal 
coordinates gz. 


Pe ee Se ©) 


1 
-|— /N « 


xexp| — | u a)}r} (17) 


Although the same procedure may be followed in de- 
termining the energy and eigenfunctions of an excited 
state of the impurity center, it will not be required in 
our approximation of the ionization problem, and we 
therefore proceed to a consideration of the nuclear 
wave equation 2(b). 


III. NUCLEAR WAVE EQUATION 


The interaction energy V(R) occurring in Eq. 2(b) 
is given by’ 
sin 
(o : To). 
— cos 


V(R)=+7 = 


Inserting the expression (16) for E£,, (gz) into Eq. 2(b) 
yields for the Hamiltonian of the nuclear equation 


1 
Hr= 3 ‘a (Go?+wi?ge”) IN Zz. A “hy (c)go— Pye; 


aa ee 


x (c- To). 


where 


4 Aree* 1 
A,,'(¢)= (— )- Ba adelaiad 


(18) 


A,,' (a) is introduced here to conform with the notation 
of Huang and Rhys, and O’Rourke. By making the 
transformation to the modified normal coordinates 


qa Sa, mma (19) 


/N 
where c,’ are the displacement constants, the Hamil- 
tonian reduces to 


A,,"(¢ ) 


Hr=3 Dd (Ge? +wrq a u —E;,, (20) 


w? 


which is in the form given by Huang and Rhys. The 
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second term is usually"considered as absorbed into the 
Simpson energy — £;,, so that the energy of the ground 


state is modified to 
1 A1s"(c) 
— E,,’/=—E,,—— > te 


yl g WI 


(21) 


With the Hamiltonian (20), the wave functions of 
2(b) are the vibrational wave functions and have been 
given previously.' 

In the ionized state, the potential energy of the 
electron is zero, and the lattice is completely exposed 
to the field of the positive center. Under these condi- 
tions the expectation value of the electronic energy at 
the bottom of the conduction band becomes approxi- 
mately zero and the Hamiltonian for the nuclear equa- 


tion changes to 

1 A'?(¢) 
=F DL (Go? +w7qo'”)-— ; 
e 2N 


g @ fd 
where 


1" =-(<) = ; mi (22) 
d oj}= u G:To), 


v — cos 


1 Ao) 
Ge" =e-—— =da—Ca 
wr 


(23) 


In the theories of light absorption' and thermal 
ionization, the configurational constant S arises and it 
is defined as 


1 w 
=-—¥ (ae, (24) 


2h « 
where c,’ and c,” are the displacement constants in 
the ground and excited states respectively. The form 
(24) for S ignores the small change in the circular 
vibrational frequency from the lower to the high state. 
After thermal excitation the electron is surrounded by 
ionic polarization, causing a lowering of all electronic 
levels. This polaron effect will be neglected in our 


calculation, since its dependence on temperature is ' 


not known. In any event, it does not lead to a dis- 
placement of the normal modes. From the definitions 
of c,’’ and c,’ given in Eqs. (19) and (23), S becomes 
S=(1/2Nhw#) "LA" (o)— Ars’ (0) P 
¢ 
+[A"(—0)—A1.'(—0) F, 
where the double prime on the summation indicates a 


summation only over positive o. Putting ro>=0 in (18) 
and (22) results in 


[A”(¢)—A1.'(¢) P=0, 
[A”(—0)—A1.'(—o) P 


-(i)(EY poser 


10 Lee, Low, and Pines, Phys. Rev. 90, 297 (1953); H. B. Callen, 
Phys. Rev. 79, 533 (1950); Fréhlich, Pelzer, and Zienau, Phil. 
Mag. 41, 221 (1950). 


(25) 
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If the summation is replaced by integration over wave 
number space, then 


1 2 4ree*\ 21 4rQ p™ 
s-( \(—)( ) - : (1+07o0?)-4do, 
2NihwPe/ \M v 2 (21) 


where we have replaced the first zone of wave number 
space by a sphere of equal volume, om=22(3/4m)*v-? is 
the maximum value of the wave number, and Q= N? is 
the crystal volume. Performing the integration and 
substituting Eq. (5) reduces S to 


sa16e'(~) wld (°° "Fal ) 26 
Nie haat “) a. 5 


where, 


1 5 
F (0m) =—(1-+- 02 on?) -+-— (1 +07 on?) 
6 24 


3 3 
+—(1+07 on?) +—(aom) tan (atm). 
16 : 16 


The magnitude of S is seen to depend upon a=$ea,* 
and thus upon the dielectric constants €9 and e, of the 
crystal. S is therefore large when ¢ and e¢, are small 
corresponding to a more highly localized wave function 
for the ground state of the impurity center. Although it 
is not clear that Huang and Rhys follow the procedure, 
the maximum value of S for an interstitial is found by 
putting «e=¢,=1. 


IV. THERMAL IONIZATION RATE OF AN INTERSTITIAL 


In the previous paper, the thermal ionization rate 
was given by the expression 


P= Ae (e®—1)7 exp| — -5 coth()] DX (p—yo)de 4”? 


P>yo 


B B 
| tou(s esch-) +pa(s csch;) } (27) 


mw 40m* 4 2m*w 
a. & 


yx E [MODE 


The p are integers greater than yo which is defined as 
yo= (E*/hw)— B coth(B/2). (28) 


The low temperature approximation to Eq. (27) is 
given by 
P=s(E) exp(— p08), (29) 
with 
s(E)=A exp(—S)-S?6'T— (po). 
The integer fo is the smallest integer greater than ‘yo 
such that po—yo=6d. 
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If w’ and w” are the vibrational frequencies in the 
ground and ionized states respectively, then B=3Np, 
where p=(w’’—w’)/w’, remains a phenomenological 
constant. There has been as yet no way of determining 
p from crystal parameters. Since B<1 for the ionization 
of interstitials, it may be neglected in the evaluation of 
yo provided E,* is not too small. The effective activa- 
tion energy is given by fwpo. From the definition 
E,*=£,.", 


Byst=Es.—(1/2No#) © [A'"(0)—Au"(0)] 
. (ee"? 
=fs,-&(—) —ran Elem) (30) 


11 11 
Fo(¢m) =—(aom)— tan (aom) -+—(1 +02?) 
16 : 16 


where 


5 1 
——(1+-0%on?)?—-(1-0%on2)-*. 
24 6 


Here £,, is the Simpson energy plus the potential 

energy of the interstitial with respect to the lattice. 
The matrix element occurring in Eq. (27) may be 

evaluated from its definition given previously: 


0 
MAk)=—#? f "Rd Rar, (31) 
do 


by placing k~0. The free-electron wave function is the 
plane wave: 
ox*(r) =~ exp(—ik-r), 


being independent of the normal coordinates g.. In the 
theory of thermal ionization the ‘‘Condon” approxima- 
tion is employed so that the matrix element is con- 
sidered as a slowly varying function of g,. The deriva- 
tive of ¢:.(r,R) with respect to g, is determined from 
Eq. (17): 


0 
—$ise (7,Q0) 
Ge 


Zp) toe) 


Substituting ¢.* and Eq. (32) into (31), and summing 
the square of the modulus over all modes ag, yields 


(m*ee*)? 


| M.(k,) |2=3200x———-(eao*)® 
a )| a ) 





[$(1/eao*)?—kP pom 
o* f?(a)de. 
[(1/ ora shi 


Since the higher order Bessel functions in Eq. (27) 
decrease rapidly for p>yo, it is sufficiently accurate to 


take k>>(1/eao*), so that we obtain 
dX | (0,1) |? = 64002" 


(7) (; 4] eo (~) Flom, (33) 
where 


1 
F3(¢m) = = Ont) * ~~ (1446 2)—4 
1 1 
——(1+a?0,?)*+4+—(1+070,2)~ 
160 128 


3 3 
+—(1+0?¢n?)!+4+—(aom)-! tan (aom). 
156 156 


The coefficient A occurring in (27) now becomes 


A =9p"1!2 (3/4) #2!" bm*7!2 (ee*)? 


(*) (= sc 34 
Xo =“) s(on). (34) 


The constants A, S, and yo occurring in the expression 
for the thermal rate of ionization have been evaluated 
in terms of crystal parameters, so that P can be calcu- 
lated for a particular crystal. 


V. DISCUSSION AND APPLICATION 


It is of interest to apply the theory to interstitial 
impurities in the cubic form of zinc sulfide, for which 
thermostimulated emission and phosphorescence are 
ascribed to the ejection of electrons from traps into 
the conduction band. Unlike the situation that occurs. 
in the alkali halides, however, the interstitial in this 
case has a nonzero potential energy with respect to the 
lattice, so that the Simpson energy must be corrected 
by the addition of another term. 

The important crystal parameters for cubic ZnS are: 
dielectric constants" ¢,=8.03, ¢9=5.07; the Restrahl 
wavelength \;=30X10~ cm, from which the Restrahl 
frequency may be calculated”; interionic separation 
a=2.36X 10-* cm; the reduced mass of the ions M = 35.4 
X10-* g; the effective ionic charge e*=0.51e [from 
Eq. (6) ]. The unit cell containing the two unlike ions 
is a slanting parallelipiped and has the volume v= (16/3) 
(a*/v3) =40.6X10-* cm?. The coefficient A, given by 
Eq. (34) has the value 2.66X 10" sec“. In addition from 
Eq. (26), S=1.21. The maximum possible value of S is 
obtained from Eq. (26) by putting ¢,=e=1, thus 
making the wave function as localized as possible; with 
this procedure Sinax= 14.5. Since the value of S depends 
upon the initial and final states under consideration, 
our values of S and Smax are not to be compared with 

11N, Mott and R. Gurney, Electronic “ng in Ionic Crystals 
(Oxford University Press, London, 1940), p 


12H. Fréhlich, Theory of Dielectrics (Hora University Press, 
London, 1949). 
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Fic. 1. The logarithm of the frequency factor s(£,7) versus the 
reciprocal of the temperature, T. The frequency factor becomes 
independent of the temperature at low temperatures. 


the values obtained by Huang and Rhys who consider 
optical transitions from the ground state to an excited 
state of an F-center in NaCl, rather than thermal transi- 
tions to an ionized state. In addition their value of e* is 
different. An estimate of yo and hence of po and 6 re- 
quires a calculation of the potential energy V of the 
interstitial with respect to the lattice. The unit cubic 
cell of ZnS consists of Zn ions of charge e*=0.5le 
located at the positions (0,0,0), (0,5,3), (4,3,0) and 
(3,0,3) and sulfur ions of charge —e*=—0O.5le at the 
positions (4,3,4), (3,9), (2,3,9) and (2,3,4). The po- 
tential at the interstitial position (3,3,3) may be calcu- 
lated by Ewald’s method" and is given by 


(3,352) = 2 eH.) — rx] 
= e*Ly(3,3,3) + 3p (0,0,5) — 49 (3,3,3) J. 


The Ewald potentials y have been evaluated by 
Hund" and are 


¥(3,3,3) = —0.8019/a’, 

¥(0,0,3) = —0.0959/a’, 

¥ (3,3,4) = —0.2005/a’, 
where a’ is the cell edge. The potential becomes 

$(3,3,3) = —0.2877e*/a’ ; 
and by adding the Born repulsion potential, 

$!(3,3,3) = —0.2877 (e*/a)[1—1/n], 
the potential energy of the interstitial is 
V = —0.2877 (e*e/a’)[1—1/n]. 

For ZnS, a’=5.43A and n=9, so that V = —0.346 ev. 
By adding —V to the right-hand side of Eq. (30) we 


find E,,*=0.243+0.346=0.589 ev. Hence from Eq. 
(28) yo= 11.6 so that po-=12 and 6=0.4 (here B=0). 


13M. Born and M. Goppert-Mayer, Handbuch der Physik 
(Verlag von Julius Springer, Berlin, 1933), Vol. 24, Part 2, p. 711. 

4 F, Hund, Z. Physik. 94, 11 (1935). 

16 F, Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 83. 


The ionization rate, P, Eq. (27) can be expressed as 
a frequency factor s(Z,,*,7) times a Boltzmann factor 
exp(— po). Using the above values for S, po, and A, 
we have plotted the logarithm of the frequency factor 
against (10°/7). This is shown in Fig. 1. It is to be 
observed that the general expression for logs differs 
little from the low-temperature expression, which is 
independent of 7, up to 170°K. At 400°K, they differ 
approximately by a factor of 10. The noticeable curva- 
ture occurring at higher temperatures is due to the 
increasing probability of transitions to higher states in 
the conduction band, as well as to an increase in the 
argument of the Bessel functions. 

The trap provided by a positive interstitial appears 
to correspond to one of the glow peaks occurring in a 
zinc sulfide phosphor. If a zinc sulfide phosphor of the 
wurzite form, made at 1100°C without deliberate 
addition of activator, is heated at 400°C with a low 
concentration of copper, additional glow peaks!® are 
found to arise, one of which occurs at approximately 
320°K, when the heating rate=2.5°C sec". Assuming 
a frequency factor of 10° sec! and that retrapping 
occurs, Garlick'® estimates a trap depth of approxi- 
mately 0.65 ev. Since in our case, from Fig. 1, s=10*-° 
sec! at 320°K, the activation energy pofiw=0.61 ev is 
in good agreement with that deduced from the above- 
mentioned glow peak. Although other models may be 
allowable, it appears that a positive interstitial (either 
Cut or Zn*) would give rise to a glow peak appearing 
at approximately 320°K. The roles played by both 
substitutional and interstitial zinc and copper in ZnS 
have been discussed a great deal in the literature and the 
present situation is excellently summarized" by Kroger 
and Vink. In view of their arguments in favor of sub- 
stitutional copper rather than interstitial and of the 
fact that the glow peak corresponding to the 0.61-ev 
trap increases in magnitude during the transition be- 
tween cubic and hexagonal forms!*!® (thermally in- 
duced disorder), the writer is inclined to the opinion 
that the above trap is due to interstitial zinc. However 
further calculations on other possible models, as well as 
further experiments with emphasis on this point would 
be desirable. 

Recently Smith and Turkevich” have investigated 
the effects of neutron bombardment of hexagonal 
ZnS :Cu, and have found additional traps of 0.7 ev 
appearing, their number increasing with neutron bom- 
bardment. A similar experiment with cubic ZnS would 
be interesting. 

In conclusion, the writer would like to acknowledge, 
the numerous discussions held with Dr. J. Birman on 
many aspects of this problem. 


16 G. H. Garlick, Preparation and Characteristics of Solid Lu- 
minescent M: aterials, Cornell Symposium (John Wiley and Sons, 
Inc., New York, 1948). See, also, J. Chem. Phys. 17, 399 (1949). 

"FA, Kroger and J. H. Vink, J. Chem. Phys. 22’ 250 (1954). 
F. A. Kréger, J. Chem. Phys. 20, 345 (1952). 

18R. H. Bube, J. Chem. Phys. 20, 708 (1952 

19 A. W. Smith and J. Turkevich, ’Phys. oy 94, 857 (1954). 
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A calculation has been made of the effect of ionic overlap on 
electrostatic lattice potentials. The calculation is based on a 
model which assumes each ion to consist of a core represented by 
a point charge, and a valence electron density represented by a 
normalized Gaussian centered at the core site. The contribution 
of any ion to the potential at a point in the crystal consists of the 
sum of two terms. One represents the potential due to a neutral 
configuration (core plus compensating Gaussian); the second the 
potential due to the unbalanced Gaussian charge of the ion. Upon 
taking appropriate lattice sums, the lattice potential is obtained 
in a rapidly convergent form, involving only the usual Ewald 


sums. The “self-potential” in NaCl and ZnS is evaluated as a 
function of the half-width a of the assumed Gaussian valence 
density of the ions. For a=0 the result is the well-known “‘Madel- 
ung Potential.” The effect of overlap on the potential at an inter- 
stitial site in NaCl and ZnS structures is also examined. From the 
results of the analysis it can be concluded that lattice potentials 
are sensitive to ionic overlap, so that the effect of overlap cannot 
in general be neglected. 

A table of the available Ewald sums for a cubic lattice is given 
to aid in the calculation of lattice potentials in cubic crystals. 





i. THEORY 


R many purposes, such as calculation of elec- 

tronic energy levels at a vacancy,! energy band 
calculations in ionic crystals,” calculation of activation 
energy for impurity or vacancy diffusion,’ and calcula- 
tions of the splitting of atomic energy levels of a phos- 
phor activator,‘ it is necessary to know accurately the 
electrostatic potential g(r) in an ionic crystal. The 
conventional method of calculating lattice potentials® 
proceeds by shrinking each ion down to a point singu- 
larity whose charge equals the net charge of the ion. 
Depending on the substance concerned, this may or 
may not be a good approximation; for example there 
may be less error introduced in assuming that the 
ions do not overlap in® NaCl than in PbS with the 
same structure where one expects a considerable over- 
lap of the valence electrons.’? The method which will 
be described here may be considered as a first step in 
the direction of accurate determination of lattice po- 
tentials in real crystals with overlapping ions, and 
leads to the convenient evaluation of these lattice 
potentials in terms of the familiar Ewald sums. 

We begin by constructing a ‘“‘Gaussian” ion, located 
at the point reyn=Petta where re=hiait+hoaethsas 
is a basis vector, and fa=a1+2a2+383 (n; are in- 
tegers) is a lattice vector in the cubic crystal space 
defined by the three orthogonal vectors ai, a2, a3 with 
| a;| =a. We divide the electrons of the ion into “inner” 
(tightly bound) and “valence” electrons; the inner 


* Presented at the Washington Meeting, American Physical 
Society, May 1954 [Phys. Rev. 95, 618(A) (1954)]. 

1 J. H. Simpson, Proc. Roy. Soc. (London) A197, 269 (1949); 
L. Pincherele, Proc. Phys. Soc. (London) A64, 648 (1951); T. Inui 
and Y. Uemura, Progr. Theoret. Phys. (Japan) 5, 252 (1950). 

2 W. Shockley, Phys. Rev. 50, 754 (1936); D. Bell e¢ al., Proc. 
Roy. Soc. (London) A217, 71 (1953). 

3G. J. Dienes, J. Chem. Phys. 16, 620 (1948). 

4P. Yuster and C. J. Delbecq, J. Chem. Phys. 21, 892 (1953). 

5p, P. Ewald, Ann. Physik, 64, 253 (1921); M. Born and 
M. G. Mayer, Handbuch der Physik (Springer Verlag, Berlin, 
1933), second edition, Vol. 24, Part 2, p. 710. 

6 M. Renninger, Acta. Cryst. 5, 711 (1952). 

7 See calculations of D. Bell e¢ al., reference 2. 


electrons plus the nucleus will be called the core, with 
net charge g,° and will be represented as a point density: 


Px°(f—Tkpn) = Gu (—Tkpn). (1) 


The valence electron density will be represented as a 
Gaussian,® normalized to gx”: 


px? (T— Fiyn) = (qu/iax*) expl— (t—Tpn)?/ar?]. (2) 


The net charge of the ions at Tryin iS gu°t+qx’ and the 
“half width” of the valence electron density is ax. 

The contribution to the potential at the field point r 
due to the ion at ryyn is 


orin(t)= f (04¢(—teys) +ou'(e Fein) }dr’/|r—r'|, 


or: 


Pxtn(r) = Ppa” (tr) + Gein (n), (3) 
where 


Ppa) (r) = (qx’— gx) 





dn, (3.1) 


‘i = n|?+2rin: (r—Frn) | 


m|n|? 


ra” (t) 
= qu{L1—8(|r—tepn| /ox)/|t—teral}, 


where we use the well known transformation of the 
potential due to a Gaussian, with n= £b:+nb.+¢b; a 
running vector in the Fourier space defined by the 
vectors b;, bs, bs, reciprocal to a;, i.e., b;-aj=4,;. &(é) 
is defined as 2x-! fo‘ exp(—a?)dx. The contribution to 
the potential at r from the unbalanced Gaussian charge 
of the ion is gyn (r), and gxin®(r) represents the 
contribution to the potential at r from the core plus a 


(3.2) 


8 The use of Gaussian wave functions (and densities) for valence 
electrons in atoms and molecules has been discussed by S. F. Boys, 
Proc. Roy. Soc. (London) A200, 542 (1950); R. McWeeney, 
Nature 166, 21 (1950); G. F. Neumark, thesis, Columbia Uni- 
versity Chemistry Department, 1951 (unpublished). 
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Gaussian charge which compensates the core charge. 
For simplicity, we call gx=qx’—gx° and gx®=4qx°, 
so gx“ is the net charge of the ion, gx® the core charge. 

The total potential at r due to all ions in the crystal is 


(©) p 
e(r)= SD vxsa(n), 
n k=] 


(4) 


where the sums are over the translation lattice n, and 
over the # points of the basis, k. Using (3), (3.1), and 
(3.2) in (4), we find 


9(E3 O1,° + * yp) =D cfg (1— Fx; ox) 
+9x@y(r—rx;a%)}, (4.1) 


with 


¥ (r—1; ax) = Say’ expl—z’ax?| by |? 


+2mib;,: (r—rx)]/rA|b,|*, (4.2) 


and 


¥® (r—Fx; ox) = Scyl[1—(|t—tepn| /ox) /|t— Tea! 
—nai2/A, 


(4.3) 


where A= | aX ap-a3| is the cell volume, and b, is a 
lattice vector in Fourier space. The expression (4.1), 
then, gives the potential at r when each different type 
of ion (labeled by k) has its own characteristic Gaussian 
half-width ay. In case the ion of the th sort is con- 
sidered as composed of a point core plus a sum of 
Gaussian valence densities, an.appropriate modifica- 
tion of (4.1) can be given for the potential, although 
this will not be discussed here. 

The equation analogous to (4.1) for the case of a 
lattice composed of point ions of net charge gx“) is® 


P(E) = Doge {Y (1 Fj) +H (r—Fx5a)}. (4.1) 


In all ionic crystals, the basis is neutral, so that >> ca) gx 
=0. 

The sums (4.2) and (4.3) have been extensively dis- 
cussed by Ewald,’ and their physical significance given 
by him. Thus, ¥(r—r,;a@) is the potential at r due 
to a lattice of normalized Gaussians centered at ry 
and equivalent points, each of content +1, half-width 
a, the whole immersed in a uniform (compensating) 
density —1/A. y®)(r—r,;@) is the potential at r due 
to a simple lattice of point charges of content +1 at 
r; and equivalent points, each point charge surrounded 
by a Gaussian of content —1, and half-width a. If we 


define 
¥(r)=y (1; a)+y(r5 a), 


then ¥(r) represents the “neutralized” potential®* of a 
lattice of positive point charges, has full cubic sym- 


(4.4) 


®P. P. Ewald, Nachr. Akad. Wiss. Géttingen, Math. physik. 
Kl. 3, 55 (1938). (Independently) F. Bertaut, J. phys. radium 
13, 499 (1952), which has some points in common with the present 
paper. Also see C. Kittel, Introduction to Solid State Physics 
(John Wiley and Sons, Inc., New York, 1953), Appendix B. 
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metry, and is independent of a. If ¥(r) has been found 
for a particular value of r, either ¥ (r; a) or Y®)(r; a) 
but in general not both,-needs to be evaluated from the 
series (4.2), (4.3). [Depending on the value of a, either 
Y(r; a) or ¥®(r; a) will converge rapidly, so that 
computational labor is considerably reduced. ] Further- 
more, when a, — 0, we have a lattice of point ions and 
V(r; ax) > Y(r), Y®(r; ax) +0. Thus we see how 
(4.1) goes into (4.11) in this limit of point ions. When 
a, ©, Y(r; ax) 7 0 and y®(r; ax) > y(r), so that 
(4.1) gives a finite value for g(r; ©). This is as it 
should be, since the physical situation corresponds to 
a “crystal” composed of the point cores immersed in a 
uniform negative electric fluid. 

The entire problem of evaluating lattice potentials in 
a Gaussian ionic lattice is then, merely one of finding 
the values of the appropriate Ewald sums, y(r), 
Y(r; a), Y®(r; a). In the Appendix a table of the 
calculated values of ¥(r) for different r is given, to aid 
in calculations based on (4.1) or (4.1’). 

In the illustrative calculations presented here a will 
remain as a parameter; however, it might be assigned 
to a given ion by fitting the outer part of the appropri- 
ate Hartree radial density to a Gaussian.” From 
another point of view, the ax of the different ions in the 
crystal are related to their degree of overlap, which 
can be evaluated exactly for Gaussian ions. Thus, if 
the two Gaussians are located at ry and fxn, nor- 
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Fic. 1. The physical significance of Ewald’s method based on 
Eq. (4.11) and Ewald’s discussion (reference 9). In (a) the charge 
distribution at a site is a normalized Gaussian, giving rise to the 
Ewald lattice sum y“) (r— ry; a) for the neutralized potential at r; 
in (b) the charge distribution is a positive point charge = a 
compensating Gaussian, resulting in y@(r—ry_; a); and finally, 
line (c) is the sum of (a) and (b) both for charge density and 
potential. Note that the Gaussians cancel, leaving the isolated 
point charge and the neutralized potential due to a lattice of such 
point charges. 


10 R. McWeeny, Acta. Cryst. 6, 632 (1953). 
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malized to gx and gx, with half-widths a, and ax, 
respectively, we can evaluate their overlap integral: 


(tee — Pepa} OK, 0’) = foe (r— Tx’) px(r— Txyn)dr 


= ququ'Le(o?-box*) Tt 
Xexpl— (ree— rein)?/(ax?+an?) |. (5) 


To calculate the total overlap between the ion at ry, 
and all other ions, (5) must be summed over n and k. 
At small values of ax, the overlap is due to the nearest 
neighboring ions to the one under consideration, and 
so the value of (5) may be compared with the overlap 
integral calculated using Hartree or Thomas-Fermi 
densities for the ions and considering only nearest 
neighbor overlap. The-a, can then be chosen to make 
the Gaussian overlap integral (5) equal to that calcu- 
lated from these densities. 

As can be seen by comparing (4.1) and (4.1’), the 
present method is intimately connected with Ewald’s 
method—indeed, it involves weighting the two Ewald 
sums, and recognizing the physical significance of the 
resulting expression. To illustrate the latter remark, 
Figs. 1 and 2 show the physical significance of the 
calculations based on Eqs. (4.1’) and (4.1), respec- 
tively. In Fig. i1(a), (b), (c), we show the charge 
density at the ion site ryx;n, and the potential at r due 
to a lattice sum of such densities. Thus Fig. 1(a) shows 
the isolated Gaussian, and the “neutralized” potential 
¥ (r—rx; a); Fig. 1(b) shows the neutral charge con- 
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Fic. 2. The physical significance of calculations based on 
Eq. (4.1). 2(a), (b), (c) are analogous to 1(a), (b), (c). We note 
that by weighting the charge densities and potentials before 
adding, the last line corresponds to a “Gaussian” ion, 


TABLE I. Variation of y)(r; a) with a. 








a/a a¥)(0,0,0;a) ap (0,0, 5a) a9 (0,4,4 5a) a¥(4,4,450) a9 (43,450) 





—0.2005 
—0.1993 
—0.1955 


—0.5825 —0.8019 
—0.5812 
—0.5775 
—0.5712 
—0.5624 
—0.5511 


—0.0959 
—0.0946 
—0.0909 
—0.0846 


—2.8373 
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figuration giving rise to y®(r—ry;a); and the last 
line, Fig. 1(c), is the sum of the two above it. In Fig. 
2(a), (b), (c), we see the result of weighting the charge 
densities before adding. 

We emphasize again that the basic physical idea 
behind the method presented here is that rapid con- 
vergence of lattice potentials is obtained if the potential 
due to any given ion is split into two terms: one repre- 
senting the contribution due to a neutral configuration 
(core plus a compensating Gaussian), the second the 
potential due to the remaining Gaussian charge of the 
ion. 


2. ILLUSTRATIVE APPLICATIONS 


To illustrate the calculations based on (4.1) we will 
evaluate the Madelung potential and the potential at 
an interstitial site in rocksalt and zincblende structures 
as a function of the Gaussian half-width of the ions. In 
this treatment we will assume that each ion is de- 
scribed by a single Gaussian, and we will take the 
half-widths of the different ions in the same structure 
to be equal. The values of the Ewald sums needed are 
given in Table I. Only y(r; a) is listed there, as 
¥? (1; a)=y(r; 0)—y (r; a). 


(a) NaCl Structure 


This structure consists of cations at (0,0,0) f.c.c.; 
anions at (0,0,3) f.c.c. We will treat NaCl by taking 
the ions to have net charges +1]e|, as is usual. We 
lump together the point nucleus and inner electrons of 
sodium to give a point core of charge +7|e|; the six 
2p electrons form the Gaussian valence density. For 
chlorine we take the core charge +5|e| and the six 3p 
electrons form the valence density. Thus 


queM=+lel, gna®=+7 el; ga%=—lel, 
ga ® = +5 | e| » ANa—QCl. 
The potential at (0,0,0) is the self-potential or 
“Madelung Potential” of the lattice, i.e., the potential 


at (0,0,0) of the entire lattice except the ion at (0,0,0). 
It is thus the effective potential at the center of a 
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Fic. 3. Variation of lattice potentials and overlap integral with 
Gaussian half width a, in NaCl. The curve labelled (a/|e|) 
¢(4,4,4; @) shows the variation with a of the potential at an inter- 
stitial position, Eq. (7). The following curve gives the variation 
with a of self-potential, Eq. (6); at a=0 this is the standard 
Madelung potential for point ions. The last curve gives the overlap 
integral, Eq. (8), in arbitrary units. The dotted line indicates a 
equal to half the internuclear separation. 


positive ion vacancy. The expression for the self- 
potential is obtained from (4.1) by the usual limiting 
process.® From (4.1), we have 


9(0,0,0; a)= |e] [Y (0,0,0; a) +79 (0,0,0; a) ] 
+3|e|[¥ (2,2,0; a)+7y (2,3,0; a) ] 

+ |e/[—¥ 3,3,35 a) +5 (2,2,2; a) J 

+3|e|[—¥ (0,0,3; «)+5y (0,0,3; a)]. (6) 
The functions ¥“ (0,0,0; a) and y®)(0,0,0; a) are the 
limiting forms of (4.2) and (4.3) (see reference 5). 

The position (},3,3) is an interstitial position in the 
structure, where, for point ions, the potential is by 
symmetry, zero. 

9(%,4,45 a) =4/e|[¥G,3,5; a) +7) (4,5; @)] 
+4|e/[[—¥ 2,3,5; a) +5y (2,3,3; a) ] 
=48]e|$°(3,3,4;). (7) 

In Fig. 3 the potentials (6) and (7) are plotted as 
functions of a (upper 2 curves). At a=0, ¢(0,0,0; 0) 
= —3.4951|e|/a (which is the well-known Madelung 
constant of NaCl for point ions), and ¢(3,3,4; 0)=0. 
As a increases, both of these potentials fall, reflecting 
the increase in valence charge density accompanying 
increasing overlap. Figure 3 also shows the variation 
with a of the total overlap integral 


(o) p 
9(0,0,0;a)= SD 9(tkyn; a). (8) 
n k=l 


The latter is a measure of the total amount of valence 
charge overlapping a sodium ions. Since a=0.25a is the 
half-width equal to half the internuclear spacing 
(dotted line), we can see that lattice potentials are 
indeed sensitive to overlap. 


(b) Zincblende Structure 


This structure consists of cations at (0,0,0) f.c.c., 
anions at (3,3,;) f.c.c. We treat ZnS, and take the 
ions to have net charges +0.5|e|.!! The zinc core will 
be taken as +2]e|, with 1.5 valence electrons in the 
Gaussian density. For sulfur the core is +6]e|, with 
6.5 valence electrons in the Gaussian. These net charges 
may be considered to arise from chemical bonds of 
mixed (ionic plus covalent) character formed from 
hybrids of 4s, 4p; 3s, 3p orbitals on zinc and sulfur 
respectively. Thus we have 


gin =+05le|, grn=+2le|; gs=—05Iel, 

gs=+6lel, Az7n=—Qs. 

The self potential 9(0,0,0; a), and the potential at 
an interstitial site, o(4,3,3; a) will be evaluated. 
9(0,0,0; a) = |e| (0.5) (0,0,0; a) +-2P (0,0,0; a) ] 

+3]e|[0.5y (3,3,0; a) + 2p (0,3,2; a) ] 
+4|e|[—-0.5y (3,5,4; ae) +6) (3,4,3;@)], (9) 
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Fic. 4. Variation of lattice potentials and overlap integral with 
Gaussian half width a, in ZnS. The ions have net charges +0.5|e]. 
The top curve gives the potential at an interstitial position, Eq. 
(10). The following curve gives the self-potential, Eq. (9); at 
a=0 this is the Madelung potential for point ions. The last curve 
gives the overlap integral, Eq. (8), in arbitrary units. The dotted 
line indicates a equal to half the internuclear separation. 


11M. Born and E. Bormann, Deutsch. Phys. Gesell. 21, 733 
(1919), and B. D. Saksena, Phys. Rev. 81, 1012 (1951), more or 
less agree on an effective charge of about this range. H. D. Vasileff 
(private communication), of this laboratory, has calculated effect- 
ive charges of +0.51 |e]. 
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and 


9(3,3,35 @) = |e|[0.5~ (3,2,2; a) +2p° (3,3,35 a) ] 
+3] e|[0.5p (0,0,3 ; a) +2y (0,0,3; a) J 
+4|e|[—0.5y (2,4,4; a) +6) (3,3,3;@)]. (10) 

The potentials (9) and (10) are plotted in Fig. 4, 
as the two upper curves. Again, a=0 corresponds to 
the case of point ions, where the Madelung potential 
for ions of net charge +0.5|e| in zincblende is 9(0,0,0; 0) 
=—1.8915|e|/a, and ¢($,3,3;0)=0. We also plot 
9(0,0,0; a) [see (8) ] as a measure of the total valence 
charge overlapping a zinc ion. The dotted line indicates 
the half-width equal to half the internuclear spacing 
where a=V3a/8. 

The same characteristic features are apparent in 
Figs. 3 and 4. Thus, lattice potentials change appreci- 
ably when the Gaussian densities begin to overlap, 
which occurs roughly at a half-width equal to one-fourth 
of the internuclear separation. However, even at very 
small overlap the potential is affected by the finite 
size of the ions. With increasing half-width the po- 
tentials rapidly approach their ultimate values, mirror- 
ing the rapid approach of the total valence density to 
its ultimate constant value at a=. 


3. CONCLUSIONS AND SUMMARY 


A method has been presented for calculating electro- 
static lattice potentials in ionic crystals composed of 
“Gaussian” ions. Numerically, the method involves 


TABLE II. Calculated Ewald sums for a cubic lattice.* 








ay (0,0,0) = —2.8373 
r = (x,9,2) 
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— 0.09593 
+2.8825* 
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+0.7885* 
—0.4027 
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+0.6178* 
—0.2790* 
—0.2005 
—0.5912* 
—0.5307 
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only a slight change in the usual Ewald formulas, and 
therefore preserves the ease of calculation characteristic 
of the latter. 

The effect of increasing ionic overlap (increasing the 
Gaussian half-width) upon Madelung and interstitial 
lattice potentials in NaCl and ZnS was investigated. 

The results of the calculation indicate that lattice 
potentials are sensitive to overlap, contrary to the 
usual assumption made in treating as equal the lattice 
potentials of all substances with the same crystal 
structure and effective ionic charge. Indeed, the calcu- 
tion shows us that even at very small overlap there 
may be a significant difference between lattice poten- 
tials computed for point ions and the true potential 
for the given crystal. Since the present paper is in- 
tended more to illustrate this point by means of a 
straightforward calculation based on a simple model 
rather than to obtain any exact results for a particular 
substance, no attempt will be made here to fit known 
densities to Gaussians. As our knowledge of electron 
densities improves, from x-ray diffraction Fourier 
analysis and/or accurate quantum mechanical calcu- 
lations, one expects that more attention must be paid, 
in evaluating lattice potentials and the quantities which 
depend upon them, to the actual spatial extent of 
valence electron densities. The present calculation, 
therefore, represents a first step in this direction. 
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5. APPENDIX 


(a) Ewald Sums for a Cubic Lattice 


The available Ewald sums y(r) for a cubic lattice 
are listed in Table II. Those followed by an asterisk (*) 
are newly computed by the author; the others are 
given by Hund.” 


(b) The Hund Identities 


Hund” has pointed out that various identities exist 
among the Ewald sums which serve both as a check on 
numerical work, and as a means of obtaining some un- 
known values from these already available. Since these 
identities are of considerable value, we take the liberty 
of including Hund’s justification of them" in the present 
paper. Now (x,y,z) represents the neutralized potential 
ar r= (x,y,z) due to a simple cubic lattice of point ions 
of side 1 unit. If we redefine the cell so that it has side 
2 units, introducing thereby an artificial basis, then, 








® The values followed by an asterisk are newly computed by the author; 
the others are given by Hund (reference 12). 


2 F, Hund, Z. Physik 94, 11 (1935). 
13 F, Hund (private communication, August 27, 1951), 
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for the potential at the same point in crystal space we 
now have 


21 (3x,39,3 2)+¥ (32,39, 3z— 3) +¥ (be, sy 3, 32) 
+0Ga—3, bbe) t¥Ge— 4, 3 a 3, 32) 
+W(3x—3, 39, 32-3) +0 (Ge, 39-4, 32-3) 
+¥(G2—3, 29-2, 32-3]. 
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However, changing the definition of the cell edge 
changes no physical quantity (e.g., the potential) in 
the lattice, so that the above expression must equal 
¥ (x,y,z). By picking particular values of r and making 
use of the full cubic symmetry of ¥(r), the equations 
simplify to those of Hund. Clearly, the same type of 
argument also holds if the new cell side is any integer. 
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Thermal Conductivity of Indium-Thallium Alloys at Low Temperatures* 


RONALD J. SLADEKT 
Institute for the Study of Metals, The University of Chicago, Chicago, Illinois 
(Received November 1, 1954) 


The thermal conductivity of a series of homogeneous, solid 
solution indium-thallium alloys containing up to 50 atomic 
percent of thallium has been measured as a function of tempera- 
ture at liquid helium temperatures and as a function of both 
longitudinal and transverse magnetic fields below T., the super- 
conducting transition temperature in zero field. The normal-state 
results agree quite well with the quasi-free electron theory of 
metals. The superconducting-state results agree with the hy- 
potheses that electrons in the “superconducting phase” neither 
transport heat nor scatter phonons. 

For pure indium, it was found that Kes/Ken=2/(3+?), 
where K,s and Ke» are the electronic thermal conductivities at a 
given temperature when the specimen is superconducting and 
when it is nonsuperconducting, respectively, and =7/T,. 

For all the alloy specimens the ratio of the lattice thermal 


I. INTRODUCTION 


HE mechanism of heat conduction in super- 
conductors, like the phenomenon of super- 
conductivity itself, is still very incompletely understood 
from a quantitative theoretical point of view. However, 
some progress has been made towards a qualitative 
understanding of the various physical processes involved 
particularly in the case of pure metals.’ In order to 
indicate the nature of the difficulties involved, it is 
necessary to discuss briefly the mechanisms of heat 
transport in nonsuperconductors at low temperatures. 
Heat is conducted through nonsuperconducting 
metals by the motion of conduction electrons and by 
the direct interactions between atoms. Since these 
processes can be regarded as heat paths in parallel, it is 
usual to assume that the separate conductivities are 
directly additive. For pure metals at low temperatures 
the electronic thermal conductivity is usually so large 
that the lattice thermal conductivity is negligible in 


* Based on a thesis submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in the Physics 
Department of the University of Chicago. 

¢ U. S. Atomic Energy Commission Fellow, 1951-53; now at 
Westinghouse Research Laboratories, East Pittsburgh, Penn- 
sylvania. 

1D. Shoenberg, Superconductivity (Cambridge University 
Press, London, 1952), second edition, pp. 78-86. 


conductivities comprised a family of curves such that t?<K,,/ 
Kgn<t*. 

A thermal resistivity maximum was found to accompany the 
isothermal destruction of superconductivity by either a longi- 
tudinal or a transverse magnetic ‘field in specimens containing 
15 percent Tl] or more. When the applied field was reduced to 
zero, the final thermal resistivity of most of these specimens was 
greater than would be expected for a simple mixture of super- 
conducting and “frozen-in” normal regions, the concentration 
of the latter being estimated from magnetic induction measure- 
ments. Both this effect and the maxima themselves are thought 
to be manifestations of an increased lattice thermal resistivity 
due to alteration of the mean free path of phonons when they 
approach the boundary between a superconducting and a normal 
region. 


comparison with it. In this case, Wilson,? Makinson,’ 
and Sondheimer* have shown theoretically that at 
temperatures below about 0.10, where 0 is the Debye 
temperature, the electronic thermal resistivity may be 
expressed in the form 


1/Ken=aT?+8/T, (1) 


where K,, is the electronic thermal conductivity and 
a and £ are constants for a given specimen. The first 
and second terms on the right represent thermal 
resistivities due to the scattering of electrons by 
phonons, and by impurities, respectively ; the existence 
of both types of thermal resistivity is now well estab- 
lished by experiment,*~* and there is little doubt that 
the temperature dependence is close to that predicted 
theoretically. The experimental values of the coefficient 


2 A. H. Wilson, Proc. Cambridge Phil. Soc. 33, 371 (1937); also 
Theory of Metals (Cambridge University Press, Cambridge, Eng- 
land, 1953), second edition. 

?R.E.B. Makinson, Proc. Cambridge Phil. Soc. 34, 474 {19803 

‘ E. H. Sondheimer, Proc. Roy. Soc. (London) A203, 74 (1950) 

5 J. K. Hulm, Proc. Roy. Soc. (London) A204, 98 (1950 »s 

®R. Berman and D. K. C. MacDonald, Proc. Roy. Soc. 
(London) A209, 368 (1951); A211, 122 (1952). 

7 Andrews, Webber, and Spohr, Phys. Rev. 84, 994 (1951). 

*K. Mendelssohn and H. M. Rosenberg, Proc. Phys. Soc 
(London) A65, 385 (1952). 

( Ae White, Proc. Phys. Soc. (London) A66, 559 and 844 
1953 
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6 in the impurity term appear to agree fairly well with 
the theoretical value po/Lo calculated from the residual 
electrical resistivity po and the Lorenz constant, 
Ly=4(rk/e)?. However, the theoretical value of a, 
95.3Na!/K..0?, where NV, is the number of conduction 
electrons per atom and K,, is the limiting value of the 
thermal conductivity at high temperatures, is found 
to be between 5 and 10 times larger than the actual 
experimental values, a result for which no adequate 
theoretical explanation has yet been forthcoming. 

When a pure metal is in the superconducting state, 
both thermal resistivity terms in Eq. (1) are found to be 
larger than when it is in the normal state at the same 
temperature. This result has been explained quali- 
tatively by McLennan” employing the two-fluid model 
of superconductivity proposed by Gorter and 
Casimir." According to this model, when a metal is 
superconducting a certain fraction of the thermally 
excited conduction electrons are transferred to a 
“superconducting phase” in which they are not scat- 
tered by impurities or by phonons. Thus, since there 
are a reduced number of thermally excited electrons 
remaining in the “normal phase,” less heat is trans- 
ported than when the specimen is nonsuperconducting. 
Heisenberg attempted to put this idea on a more 
quantitative basis for the case of impurity scattering, 
while Hulm® suggested that the experimental results 
for the superconducting state be represented, in 
analogy to Eq. (1), by the expression 


1/Ke.=aT*/g(t)+8/LTS()], (2) 


where K,, is the electronic thermal conductivity when 
the specimen is superconducting and g(é) and f(é) are 
characteristic functions of the reduced temperature ¢ 
or T/T,.. The observed impurity function f(/) for tin 
may be quite well represented by Heisenberg’s theoreti- 
cal expression, which has the approximate form 
2?/(1+#). No corresponding empirical or theoretical 
expression exists for g(?). 

It should be remarked that all the experiments 
indicate that f(¢) and g(t) decrease from unity at the 
transition temperature towards zero as the absolute 
zero is approached. Assuming that the thermal conduc- 
tivity is proportional to CLv, where C is the heat 
capacity of the electrons, L is their mean free path, and 
v is the Fermi velocity, it might at first sight appear 
that the thermal conductivity should follow the total 
electronic heat capacity in exhibiting a discontinuity 
when the specimen becomes superconducting and that 
f(é and g(é) should be greater than unity. However, 
careful measurements’ have failed to reveal the slightest 
evidence of a discontinuity in thermal conductivity 
at the transition temperature. This seems to indicate 

10 J. C. McLennan, Proc. Roy. Soc. (London) A152, 1 (1935). 
a9 34) J. Gorter and H. B. G. Casimir, Z. tech. Phys. 15, 539 

sal See also reference 1, p. 194. 


13W. Heisenberg, Z. Naturforsch. 3A, 65 (1948); also Two 
Lectures (Cambridge University Press, London, 1949), p. 36. 
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that the process of transferring electrons to the “‘super- 
conducting phase,” which gives rise to the discontinuity 
in heat capacity, does not contribute to the thermal 
conductivity." 

The coefficient 8 in Eqs. (1) and (2) is proportional 
to the impurity content of the specimen at low con- 
centrations and thus to the residual electrical resistivity 
fo. Hence, as the concentration of impurity is increased, 
the impurity scattering term gradually becomes 
dominant and the total electronic thermal conductivity 
decreases. At sufficiently large impurity content, usually 
about 0.1 percent, the electronic thermal conductivity 
becomes comparable to that due to the lattice, which 
has been estimated theoretically by Makinson.* For 
temperatures less than about 0.10, the theoretical 
lattice thermal resistivity may, under certain con- 
ditions,® be expressed in the form 


1/Kgn=A/T’+ B/T*+CT, (3) 


where K,,,, is the lattice thermal conductivity when the 
specimen is normal (i.e., nonsuperconducting), and 
A, B, and C are constants for a given alloy. The three 
terms on the right-hand side are thermal resistivities 
due to the scattering of phonons by electrons, by 
crystal grain boundaries, and by impurities respec- 
tively. Expansion of the lattice thermal resistivity 
in this manner is only valid when either the first or 
second term on the right is large compared to the other 
terms. 

Experiments on  nonsuperconducting  alloys!*—'® 
suggest that at temperatures of a few degrees Kelvin 
scattering of phonons by grain boundaries is un- 
important for average grain sizes. Furthermore, 
scattering by electrons is usually more effective than 
scattering by impurities, at least at the lower tempera- 
tures. Thus, the lattice thermal conductivity is propor- 
tional to T*. In alloys studied so far the electronic 
thermal conductivity is never negligible compared to 
the lattice thermal conductivity, but the two may be 
separated because of different temperature dependences. 

For alloys in the superconducting state, one of the 
puzzling features of the early experiments of de Haas 
and Bremmer” was that for certain high-concentration 
alloys the thermal conductivity in the superconducting 
state was greater than that in the normal state at the 
same temperature, in direct contrast to the behavior 
of pure metals. As a possible explanation of these and 
similar later results on alloys, Hulm' has suggested that 
for a superconducting alloy Eq. (3) is modified to the 
form 


1/Kg.= A/[T*h(t) ]+B/T*+CT, (4) 


14 See reference 1, p. 215. 
15 J. Karweil and K. Schaeffer, Ann. Physik 36, 567 (1939). 
16 J, K. Hulm, Proc. Phys. Soc. (London) B64, 207 (1951). 
17 R. Berman, Phil. Mag. 42, 642 (1951). 
( 18 dy Estermann and J. E. Zimmerman, J. Appl. Phys. 23, 578 
1952). 
19 W. J. de Haas and H. Bremmer, Leiden Comm. 220c (1932); 
243c (1936). 
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Fic. 1. The vacuum can with the specimen in place. 


where /(/) is yet another characteristic function of 
reduced temperature, which, ‘unlike f(/) and g(é), 
exceeds unity. This hypothesis is also based upon the 
two-fluid model of superconductivity, but involves the 
additional assumption of negligible scattering of lattice 
waves by electrons belonging to the “superconducting 
phase.” Since only the remaining thermally excited 
electrons (i.e., those in the “normal phase”) are 
available as scattering centers, the lattice thermal 
conductivity when the specimen is superconducting 
must be greater by a certain factor /(#) than when the 
specimen is in the normal state at the same tempera- 
ture. /(/) might be expected to depend mainly upon the 
ratio of the number of thermally excited normal 
electrons when the specimen is in the normal state to 
that when the specimen is superconducting and thus 
to be a characteristic function. of the reduced 
temperature. 

It may be inferred from previous experiments®:!%-*! 
that for scattering of phonons by electrons, the lattice 
thermal conductivity is greater when a specimen is 
superconducting than when it is in the normal state. 
However, these experiments provide little detailed 
information on the functional form of Ky./Kgn or 


20K. Mendelssohn and J. L. Olsen, Proc. Phys. Soc. (London) 
A63, 2 (1950). 

21J. K. Hulm, National Bureau of Standards Circular 519 
(U. S. Government Printing Office, Washington, D. C., 1952), 
p. 37. 
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h(t)&The present work was initiated to obtain more 
information on h(/). The indium-thallium system was 
chosen for three reasons: first, because homogeneous 
solid solutions are formed for thallium concentrations 
ranging from zero up to more than 50 atomic percent; 
second, because over this whole range of concentrations 
the superconducting transition temperature lies in the 
neighborhood of 3°K, which is low enough so that K, 
has a simple form but high enough to allow determina- 
tion of K, down to 0.4T, simply by using a liquid 
helium bath; and third, because accurate magnetic 
and electrical data on the superconductivity of this 
system were already available through the work of 
Stout and Guttman.” In fact the specimens used for 
our thermal conductivity measurements were the same 
ones investigated by Stout and Guttman and were 
either single crystals or large grain size polycrystals 
free from strain and inhomogeneities in composition. 

The observed dependence of thermal conductivity 
upon magnetic field for these alloys has already been 
reported in brief.* In the present paper these results 
are discussed in greater detail along with the data on 
the variation of thermal conductivity with temperature 
when the specimen is completely normal or completely 
superconducting. 


Il. EXPERIMENTAL DETAILS 
A. Apparatus 


The thermal conductivity apparatus (Fig. 1) was 
of the conventional type in which a steady heat current 
is established in a uniform cylindrical specimen and 
the resulting temperature gradient is determined by 
thermometers located at two separate positions along 
the length of the specimen. The thermometers were 
modified Allen-Bradley }3-watt, 12-ohm nominal, 
carbon-composition resistors glued in copper holders 
which were in turn soldered to the specimens with 
Rose’s metal. The specimens were mounted in a vacuum 
can which was immersed in liquid helium or liquid 
hydrogen contained in a liquid nitrogen-shielded 
Dewar flask.% Either longitudinal or transverse mag- 
netic fields could be applied to the specimen by a 
solenoid and by Helmholtz coils, respectively. 

It was essential to avoid distortions of the applied 
magnetic field other than those due to the specimen 
itself. Thus a minimum of Rose’s metal was used in 
soldering to the specimen, and the vacuum can was 
constructed of nonsuperconducting and_nonferro- 
magnetic materials. Since the can had to be easily 
taken apart to permit specimen changes and could 
not be heated appreciably owing to the low melting 
point of the specimens (about 180°C), it was constructed 
in two portions and joined by means of a gold gasket 


2 J. W. Stout and L. Guttman, Phys. Rev. 88, 703, 713 (1952). 

2 R. J. Sladek, Phys. Rev. 91, 1280 (1953). 

24 See, for example, G. F. Hardy and J. K. Hulm, Phys. Rev. 
93, 1004 (1954). 
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seal.2° With the rather small (1}-in. diameter) rings 
employed, the best results were obtained using spectro- 
scopically pure gold wire.?® The gasket was compressed 
satisfactorily with brass screws, although these occasion- 
ally fractured on warming up the system from low 
temperatures. 

The thermometer and heater coil leads were small- 
gauge manganin wires. These passed into the vacuum 
can via the pumping tube and a copper heat station 
which made good thermal contact with the low- 
temperature bath. As an extra precaution against heat 
input down the pumping tube due to radiation or due 
to conduction by residual gas molecules, there was an 
S bend in this tube somewhat above the vacuum can 
and a suitable trap at its lower end. 

Under typical conditions of measurement, pressures 
of less than 5X10-7 mm Hg were maintained in the 
vacuum can. At such pressures the heat lost from the 
surface of the specimen by conduction through the 
| surrounding gas was estimated to be less than 1 percent 
of the lowest heater power employed. 


B. Temperature Measurements 


The resistance thermometers were calibrated in 
place on the specimen against the vapor pressure of the 
bath using the 1949 international helium scale?’ and 
the N.B.S. hydrogen scale,?* with appropriate correc- 
tions for the hydrostatic pressure head above the 
specimen. Each thermometer resistance was determined 
using a Wenner potentiometer and measuring currents 
of only a few microamperes to ensure that the heat 
generated in the thermometer itself was small compared 
to the lowest heater power employed in the thermal 
conductivity measurements. The high sensitivity of 
the thermometers, particularly at the lower end of the 
temperature range, may be gauged from typical 
calibration data shown in Table I. 

Neither longitudinal nor transverse magnetic fields 
of the size used in this experiment had any detectable 
influence upon the resistance of the thermometers. 
The calibration curve was also found to be perfectly 
reproducible, within the accuracy of measurement, 
during a liquid helium experiment lasting several days, 
and could be quite well represented by an empirical 
expression of the type 


logioR+C/logiR=A+B/T, (5) 


where A, B, and C are constants for a given thermom- 
eter.” Unfortunately, however, small, random changes 
of up to 2 percent in resistance were sometimes observed 


hr A taal Corak, and Cunningham, Rev. Sci. Instr. 21, 259 


** We are indebted to Dr. R. T. Webber of. “¢ Naval Research 
Laboratory for helpful discussions on this poin 

27H. Van Dijk and D. Shoenberg, ara 164, 151 (1949). 

* Wolly, Scott, and meee J, Research Natl. Bur. 
Standards 41, 379° (1948 


(19s =y, oy Clement and 7 H. Quinnell, Rev. Sci. Instr. 23, 213 
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TABLE I. Typical thermometer calibration data, Allen-Bradley 
4-watt, 12-ohm (nominal, room temperature) resistors. 








dR/dT (ohms/°K) 


20.4 — 0.57 

10.7 — 2.6 
4.2 —35 
12 — 5000 


T (°K) R (ohms) 











between separate experiments when the thermometers 
had been warmed up to room temperature in the 
intervening period. Thus, since temperature differences 
between the thermometers of less than 0.1°K were 
used in the liquid helium range, it was necessary to 
recalibrate them during each experiment. Instead of 
tediously fitting the calibration data to an expression 
of the type of Eq. (6) for each recalibration, tempera- 
tures were obtained directly from large-scale calibration 
curves. 

In a few cases, thermal conductivity measurements 
were carried out for a few degrees above 4.2°K by 
using enough heater power to raise the mean tempera- 
ture of the specimen. Since direct calibration of the 
thermometers was not possible for this temperature 
range, Eq. (5) was fitted to the data for the liquid 
hydrogen and liquid helium I ranges and was then used 
as an interpolation formula for the intermediate region. 
The somewhat greater error in the determination of 
the absolute temperature of each thermometer and 
consequent uncertainty in the temperature difference 
between them was to some extent compensated by the 
greater temperature differences used. 


C. Corrections and Errors 


The thermal conductivity was calculated from the 
experimental variables by means of the relation 


K=Pd/AAT, (6) 


where P is the heater power, d the distance between 
the thermometers, A the cross sectional area of the 
specimen, and AT the temperature difference between 
the thermometers. Of the quantities determining the 
thermal conductivity in Eq. (6), AT was the least 
accurately known. As already noted, the working 
temperature difference was usually in the neighborhood 
of 0.1°K in the liquid helium range, and somewhat 
greater above 4.2°K. Although changes in AT as 
small as 0.0002°K could readily be detected, for 
example, during isothermal magnetic field transitions, 
the error in the absolute temperature difference was 
usually somewhat greater than this owing to fluctua- 
tions in the bath temperature, particularly in the helium 
I region. We estimate that AT was known to about 
+2 percent over most of the range of measurement, 
with, however, a somewhat greater error just above 
the \ point and also above 4.2°K where the larger 
heater powers caused greater bath temperature fluctua- 
tions. The heater power P was known to about +0.3 
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percent after allowance was made for the heat generated 
in the leads. Heat conduction along the heater and 
thermometer leads in parallel with the specimen 
amounted to only about 0.1 percent of the heat flowing 
in the specimen itself in the worst case and so could be 
neglected. Owing to the finite length of the solder 
contacts between the specimen and thermometers, 
there was an uncertainty of about +1 percent in the 
effective length of the specimen. The error in A was 
negligible. Combining these various errors, we estimate 
that the thermal conductivity was determined to about 
+2.5 percent over most of the range of measurement, 
with a slight increase in error close to the \ point and 
above 4.2°K. 


D. Specimens 


The specimens were obtained from Stout and 
Guttman who have described their preparation else- 
where.” Nominal compositions and magnetic and 
electrical characteristics, obtained in most cases from 
Stout and Guttman’s work, are listed in the first four 
columns of Table IT. In one case, that of pure indium, 


TABLE II. Characteristics of the indium-thallium specimens. 








108 Lo/po 103/8 103/A 
composition T7- Ho mw-—cm7 mw—cm™ mw-—cm"! 
atomic % Tl °K oersteds deg deg 

( (a) (a) (a) (b) 


Nominal 











® See reference 22, except where stated. 
> Present work. 

¢ Single crystal. 

4 Polycrystal, large grains. 


our thermal conductivity results differed by a factor of 
about two from those expected from the Wiedemann- 
Franz law, using Stout and Guttman’s residual electrical 
resistivity value, 0.0632 micro-ohm cm. We therefore 
redetermined po for this specimen and found the value 
0.0371 micro-ohm cm, which is much more consistent 
with the thermal conductivity data. It seems likely 
that, during the two years which elapsed between 
these two electrical measurements, the resistivity 
decreased appreciably owing to a redistribution of 
impurities by diffusion through the indium sample 
at room temperature. 

In the case of the high-concentration polycrystalline 
specimens, Stout and Guttman were unable to deter- 
mine the critical magnetic fields by induction measure- 
ments because of the very gradual penetration of the 
field into these samples. However, we found that a slight 
penetration of field caused a sharp decrease in thermal 
conductivity for all the alloys investigated. Since for 
the 5, 15, and 20 percent thallium specimens, the fields 
at which this decrease occurred were almost identical 
with Stout and Guttman’s critical field values, it 
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Fic. 2. Thermal conductivity of indium versus temperature. 


seems reasonable to obtain the critical fields of the 
higher concentration alloys from the thermal conduc- 
tivity transition curves. The data for the 30, 38, and 
50 percent thallium samples given in the third column 
of Table II were obtained in this fashion. 


III. RESULTS AND DISCUSSION 
A. The Normal State 


The thermal conductivity of each of the seven 
specimens was measured at intervals of about 0.1°K 
from 4.2°K down to 1.3°K, first, in almost zero mag- 
netic field® in order to obtain the virgin superconducting 
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state curve, and second, in a longitudinal field sufficient 
to completely destroy superconductivity at tempera- 
tures below the transition point. The magnitude of 
this field was known from magnetic induction and 
electrical resistance data,” but as an additional check 
that the pure normal state was reached in each case 
it was ascertained that no change of thermal conduc- 
tivity occurred with a further increase in field. For all 
the specimens a region of field-independent thermal 
conductivity was reached below about 1000 oersteds, 
and no evidence was found for appreciable normal 
magnetothermal resistivity effects in the largest fields 
used. This may be attributed to a rather short elec- 
tronic mean free path even in the fairly pure indium 
sample, since previous work‘ indicates that quite long 
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tivity of the six alloys is shown in detail in Figs. 3-5 
inclusive. In Fig. 6 the smooth curves for these speci- 
mens are compared with each other and with curves 
obtained by Hulm* for a single crystal of indium 
containing 10 percent thallium. Values of K, taken 
from the smooth curves for all our specimens are listed 
in Table III. As is expected theoretically for electronic 
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electronic mean free paths, such as exist in high purity 
metals, are required for normal magnetothermal 
resistivity effects to be observable at the relatively low 
fields used in the present experiment. 

The thermal conductivity of the pure indium sample 
is plotted against temperature in Fig. 2, where 7, is the 
zero field superconducting transition temperature from 
magnetic measurements. Since the thermal conductivity 
when the specimen is in the normal state, K,, is propor- 
tional to temperature with a slope of 1/8 in almost 
exact agreement with the Wiedemann-Franz estimate 
Io/po (see Table II), we conclude from Eq. (1) that 
conduction by electrons with scattering by impurities 


is the principal mechanism of heat transport in this ; ies 
Fic. 6. Comparison of thermal conductivity versus temperature 


moderately pure sample. ; curves for seven alloy specimens (including Hulm’s curve for 
The temperature variation of the thermal conduc- indium +10 percent thallium). 
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TABLE IIT. Smoothed values of the normal state thermal conduc- 
tivity at selected temperatures in the liquid helium range. 








5% 15% 20% 30% 38% 50% 
Tl Tl Tl Tl Tl Tl 
milliwatt-cm=! deg 
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14.8 11.7 9.0; 
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57 20.3 16.3 12.6 
62.5 22.2 17.9 13.8 
68 24.1 19.6 15.0 
73.5 26.0 21.4 16.2 
79 28.1 23.3 17.5 
84.5 30.2 25.2 18.7 
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heat conduction and is fairly obvious from these figures 
and from Tables II and III, both the normal electrical 
and normal thermal conductivities of the alloys at a 
given temperature are lower than the corresponding 
quantities for pure indium at the same temperature 
and show a systematic decrease with increasing thallium 
content. However, the alloy data exhibit a feature which 
is not apparent in the pure indium curve, namely, that 
up to 4°K the normal thermal conductivity curve 
tends to turn upwards, away from the dotted line 
IoT/po, as the temperature is increased. This behavior 
is undoubtedly due to the importance of lattice conduc- 
tion in the alloy specimens owing to the rather low 
values of the electronic thermal conductivity. As 
already pointed out the first term in Eq. (3) is likely to 
be dominant at a few degrees Kelvin. Thus the total 
normal state thermal conductivity of our specimens 
may be expressed at least over part of the temperature 
range, as a sum of electronic and lattice terms of the 
form 


K,=T/6+T?/A. (7) 


To check this prediction it is convenient to plot 
K,/T versus T, and typical results of such a plot for 
three of our alloys are shown in Fig. 7. In each case, 
the experimental points below 4°K lie fairly close to a 
straight line, although the scatter is rather large for 
the 5 percent Tl specimen where the lattice conductivity 
is only a small part of the total conductivity. The 
intercept on the K,/T axis, 1/8, is compared in Fig. 7 
and in Table II with the Wiedemann-Franz value of 
the coefficient of electronic thermal conductivity, 
L»/po, calculated from the residual electrical resistivity. 
It will be seen that for the 5, 15, and 20 percent thallium 
specimens, all single crystals, 1/8 and Lo/po agree 
within 1 percent, which, together with the results 
already given for pure indium, provides a rather 
striking verification of the Wiedemann-Franz formula. 
The agreement is not so good for the 30, 38, and 50 
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percent thallium specimens, however, the difference 
amounting to nearly 30 percent in the sample of highest 
thallium content, for reasons which are at present 
obscure. 

Experimental values of the coefficient 1/A were 
obtained for the six alloy specimens from straight line 
plots such as those shown in Fig. 7, and are listed in 
the sixth column of Table II. From the work of Makin- 
son® the theoretical value of this coefficient may be 
expressed in the form 


1/A = (4.93K..)/(02N.2), (8) 


(see a, Sec. I). The observed values of 1/A and Eq. (8) 
have been used to compute the effective number of 
conduction electrons per atom for each alloy shown in 
the last column of Table II and in Fig. 8. In each case 
K., was derived from the slope of the high temperature 
electrical resistivity” using the Wiedemann-Franz 
formula and substituting the pure-indium 0 value, 
100°K. NV, appears to increase somewhat with increasing 
thallium content, but lies in the neighborhood of 
unity for all the specimens. On the basis of an extra- 
polation to zero thallium content, the effective number 
of conduction electrons per atom for indium*! itself is 
about 0.75, which is of the same order of magnitude 
as N, estimates obtained from specific heat measure- 
ments.” 

Before leaving the normal state data, it should be 
noted that Makinson’s theory indicates that the tem- 
perature range in which phonons are scattered chiefly 
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Fic. 7. Normal state thermal conductivity divided by the absolute 
temperature for three alloy specimens versus temperature. 


31 The electronic thermal conductivity of the pure metal is too 
high to — a direct determination of 1/A. 
( ty . Clement and E. H. Quinnell, Phys. Rev. 79, 1028 
193) 
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by electrons must be succeeded, at high enough tem- 
peratures, by a range in which impurity scattering 
is dominant. In order to check this possibility, the 
normal state curves for the 20, 38, and 50 percent 
thallium samples were determined somewhat above 
4,2°K, as shown in Figs. 4, 5, and 6. It was found that 
the rapid rise of lattice thermal conductivity for these 
samples below about 4°K was followed at higher 
temperatures by a region of nearly constant or even 
slightly decreasing lattice thermal conductivity. This 
behavior is illustrated more clearly by the plots of 
K,/T versus T for the 20 and 38 percent thallium 
specimens in Fig. 7, where above 4°K, the experimental 
points lie below the dotted line extrapolated from low 
temperatures. It was also observed that in the liquid 
hydrogen region, which could not be conveniently 
included in Figs. 2-7, the thermal conductivity of the 
15 and 38 percent thallium samples was approximately 
equal to 7/8, the value expected for electronic heat 
conduction alone. There can be little doubt, therefore, 
that in qualitative agreement with Makinson’s theory 
the lattice thermal conductivity of the present alloys 
passes through a maximum between liquid helium and 
liquid hydrogen temperatures. However our results 
above 4°K are not extensive enough to warrant a 
detailed comparison with the theory. 


B. The Superconducting State 


Experimental values of K,, the thermal conductivity 
of each of the seven specimens in the “virgin” super- 
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Fic. 8. Effective number of conduction electrons per atom, 
Na, and the lattice conductivity coefficient 1/A versus thallium 
content. 
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TABLE IV. Smoothed values of the superconducting state thermal 
conductivity at selected temperatures below T, 








In 5% 
watt-cm71 Tl 
deg 


0.225 
0.255 
0.353 
0.480 
0.65 
0.84; 20.3 
1.05 22,2 
: 24.1 
A 26.0 
28.1 
30.2 


15% 20% 30% 38% 50% 
Tl Tl T1 7s Tl 


° 


milliwatt-cm™! deg! 


14.2 7.35 
14.0 7.9 
13.9 9.0; 
14.5 10.2 
15.8 11.4 
17.8 12.6 
19.6 13.8 
21.0 15.0 
22.4 16.2 
23.9 17.5 
25.3 18.7 





10.9 
11.1 
11.4 
11.9 
12.3 
12.8 
13.4 
14.0 
14.6 


11.5 
105 
15 
11.6 
11.8 
12.1 
12.6 
13.2 


17.6 
17.4 
173 
17.6 
18.5 


32.7 
33.5 
35.5 
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conducting state, are plotted against temperature in 
Figs. 2-5, while the smoothed superconducting curves 
for the alloy specimens and a 10 percent thallium 
specimen investigated by Hulm*! are shown. together 
for comparison in Fig. 6. Values of K, taken from the 
smooth superconducting state curves for our seven 
specimens are listed in Table IV. With increasing 
thallium content two striking changes are observed, 
first a systematic decrease in the magnitude of K, 
similar to that previously noted for K,, and second a 
gradual change in the relative positions of the super- 
conducting state and normal state curves. Whereas 
the superconducting state curve lies below the normal 
state curve for the 0, 5, and 10 percent thallium 
specimens, it lies above the normal state curve for 
15 and higher thallium percentages, except for the 30 
percent specimen where the two curves are practically 
coincident. The observation that K, exceeds K, at 
high concentrations is in agreement with the results of 
de Haas and Bremmer” for the lead-thallium and lead- 
indium systems and those of Mendelssohn and Olsen” 
for lead-bismuth alloys, and seems to be a general 
feature of the behavior of binary alloys. 

In seeking a detailed interpretation of the present 
results, we consider first the behavior of pure indium. 
Here, as already noted, heat transport by electrons 
with scattering by impurities dominates when the 
specimen is in the normal state. The superconducting 
state curve may thus be expected to have a functional 
form resembling that of the second term on the right- 
hand side of Eq. (2), or in other words the ratio K,/K, 
should be representable by a characteristic function 
of the type of f(¢) for impurity scattering of electrons. 
In Fig. 9, experimental values of the ratio K../Ken 
obtained from the pure indium smooth curves® in 
Fig. 2 are compared with Hulm’s earlier data for a 
slightly purer indium sample. It is striking that the 


3 Because of the low values of K, at the lowest temperatures 
used, lattice conductivity (estimated from the alloy results) 
probably amounted to as much as 3 percent of the total thermal 
conductivity of the superconducting metal. The K,, data used 
in Fig. 9 were obtained by subtracting estimated Ky, values from 
the observed K,. Only the points below about 0.6¢ were affected 
by this correction. 
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Fic. 9. Ke./Ken for indium versus reduced temperature com- 
pared with Heisenberg’s function 2//(1+/4) and the empirical 
function 3#/(1+#). 


observed ratio values for the two indium samples are 
almost coincident. However, the experimental points 
lie markedly to the right of the function 2?/(1+¢) 
obtained theoretically by Heisenberg. By trial and 
error it was found that the indium data could be quite 
well represented by the empirical function 3//(2+/), 
shown by the chain curve in Fig. 9. The data seem to 
point to a positive temperature gradient of K../Ken 
at the transition temperature, in contrast to the zero 
value predicted by Heisenberg. 

In discussing our alloy data it will be assumed that 
both the electronic and the lattice heat conduction 
processes effective in the normal state are present in 
modified form in the superconducting state. After com- 
bining Eqs. (2), (4), and (7) and omitting the irrelevant 
terms, we obtain a total thermal conductivity for the 
superconducting state of the form 


K.=(Tf)Vb+(T2OVA, (9) 


where the first term on the right is due to transport by 
electrons with scattering by impurities and the second 
due to transport by phonons with scattering by 
electrons. Assuming that f(/) has the same form as for 
pure indium and substituting the observed values of 
K, and the parameters 8 and A (see Table II) in 
Eq. (9), we may obtain the function h(¢) for each 
specimen. Smooth curves of h(é) versus ¢ obtained in 
this fashion for the six alloy samples are compared with 
various negative powers of ¢ in Figs. 10 and 11. In 


* The function 2#/(1+#*) is only an approximation to Heisen- 
berg’s exact ratio function, f(#), based upon Koppe’s detailed 
calculation of the population of normal electrons in the super- 
conductor [H. Koppe, Ann. Physik (6) 1, 405 (1947)]. f( 
coincides almost exactly with 2#/(1+-¢4) down to 0.57., but de- 
creases in an exponential manner as the absolute zero is 
approached. 
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all cases h(t) exceeds unity in agreement with the 
hypothesis that electrons in the “superconducting 
phase” do not scatter phonons. 

The results for all six specimens are qualitatively 
similar in that the curves have the same general shape 
and do not follow a simple power law owing to a very 
steep rise of h(¢) just below the transition temperature. 
Quantitatively, however, it will be seen that whereas 
the lower concentration, single crystal curves lie 
between ¢* and ¢~* at lower temperatures, the high 
concentration, polycrystalline curves rise more steeply 
with decreasing temperature. These effects seem to be 
outside the limits of experimental error and would 
appear to invalidate the hypothesis that h(t) is the 
same characteristic function of temperature for all 
alloy specimens. It is not clear whether the marked 
difference between Figs. 10 and 11 is due to the change 
of composition or to the difference in crystal grain size, 
although it seems unlikely that the large grains of the 
polycrystals (~2-mm diameter) would appreciably 
affect the lattice thermal conductivity. Our results agree 
fairly well with rough estimates of h(t) obtained by 
Hulm” for indium containing 10 percent thallium 
(t-*) and by Olsen* for lead containing 10 percent 
bismuth (¢-°). 


C. Isothermal Magnetic Field Transitions 


To supplement the measurements for the pure 
normal and pure superconducting states already 
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Fic. 10. Ko2/Kon for indium-thallium single crystals versus reduced 
temperature compared with the functions ¢* and ¢~*. 


35 J. L. Olsen, Proc. Phys. Soc. (London) A65, 518 (1952). 
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described, the thermal conductivity of each specimen 
was studied as a function of magnetic field at several 
different temperatures below the superconducting 
transition point. Since the magnetic history of a 
specimen is particularly important in the case of 
alloys, which are subject to large trapped flux effects, 
each magnetic transition was begun with a virgin 
superconducting specimen, that is, a specimen cooled 
from above the transition temperature in zero magnetic 
field. The thermal conductivity was measured in both 
increasing and decreasing magnetic field so that the 
influence of the trapped flux could itself be investigated. 

Typical results in the form of curves of thermal 
resistivity versus longitudinal magnetic field for pure 
indium and for two representative alloy samples are 
shown in Figs. 12-14, inclusive. When the critical field 
is known accurately from induction measurements,” 
the abscissa is the reduced field H/H,. In order to 
facilitate comparison with the present results, Stout 
and Guttman’s induction and resistivity data are also 
plotted in reduced form in Fig. 13. Their data were 
obtained after the samples had been exposed to a field 
sufficient to destroy superconductivity. 

The full curve (a) showing the first increase in field 
for a virgin superconducting sample is in all cases 
different from the dotted curve (b) showing the return 
to the nonvirgin zero-field state. For pure indium, as 
expected, the thermal resistivity decreased sharply 
from the pure superconducting state value W, to the 
pure normal state value W, as the critical field was 
surpassed. A correspondingly sharp rise occurred with 





3 T T 


POLY CRYSTALS 











Fic. 11. Kgs/Kgn for indium-thallium polycrystals versus reduced 
temperature compared with the functions /~* and ¢*. 
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Fic. 12. Thermal resistivity of indium versus reduced longitudinal 
magnetic field at two temperatures below 7.. 


decreasing field, but the thermal resistivity reached a 
slightly different value, W,’, presumably due to the 
trapping of a certain amount of normal material. If 
x, is the volume fraction of this normal material, and if 
we assume, for reasons given later, that the super- 
conducting and normal regions provide parallel heat 
paths, then the final thermal conductivity should 
have the value 


1/W,! = (1-49) Ki +4nKn. (10) 


In Table V, typical observed values of W,’ are 
compared with values estimated from Eq. (10) by 
using K, and K,, data from Tables III and IV and x, 
values obtained from Stout and Guttman’s induction 
measurements.” The measured and calculated values 
of W,’ are in quite good agreement both for pure 
indium, and for indium containing 5 and 50 percent 
of thallium. There is, however, a discrepancy for 
intermediate concentrations of thallium. 

The alloy transition curves are typified by the upper, 
1.45°K, curves for the 20 percent thallium specimen 
in Fig. 13. On first increasing the magnetic field, the 
thermal resistivity rose quite sharply at the critical 
field value, as anticipated, but then unexpectedly 
continued to rise beyond W,, passed through a maxi- 
mum, and dropped down to the normal state value 
only at a field well above critical. Maxima of this type 
were observed for all specimens containing 15 percent 
or more thallium and became more pronounced as the 
temperature was decreased. 

From Fig. 13, it may be seen that each thermal 
resistivity maximum occurs at field strengths where the 
electrical resistivity remains zero but the magnetic 
induction has started to.rise. It may be inferred from 





RONALD J. SLADEK 





T he aa een ee. 
20% Tl 80% In SINGLE CRYSTAL 


LONGITUDINAL FIELD: 
(INCREASING —— 
(b) DECREASING - —— 


THERMAL RESISTIVITY (WATT~! CM. DEG.) 











lo 20 
Mie 


Fic. 13. Thermal resistivity of indium +20 percent thallium 
versus reduced longitudinal magnetic field at various temperatures 
compared with reduced magnetic induction and reduced electrical 
resistance data of Stout and Guttman.” 


the last two properties that part of the specimen 
remains superconducting at fields well above critical. 
Indeed, since the electrical resistivity is zero until the 
last vestige of field penetration has taken place, the 
superconducting regions are probably thin filaments or 
plates parallel to the longitudinal axis of the specimen. 
The existence of a ‘‘mixed state” of this type has long 
been known for superconducting: alloys, but is still 
not satisfactorily explained.** According to the present 
work, the thermal resistivity of a specimen in this state 
may greatly exceed that observed for either the pure 
normal or the pure superconducting states. Such 
behavior cannot be explained using a simple mixture 
formula of the type Eq. (10), whatever arrangement of 
superconducting and normal regions is assumed. It 
seems likely that the boundaries between these regions 
produce an increased thermal resistivity by limiting 
the mean free paths of the heat carriers. In order to 


36 See reference 1, p. 37, for details. 


decide which carriers are affected in this manner the 
electron and phonon mean free paths for a typical 
alloy specimen in the pure normal and pure super- 
conducting states are given in Table VI. 

From Table VI, we note that the electronic mean 
free path for the 20 percent thallium specimen at 
1.4°K, where the additional thermal resistivity was 
most pronounced, is not only much smaller than the 
phonon mean free path but is also less than the super- 
conducting penetration depth (~10-* cm). Since the 
superconducting filament or plate size is unlikely to be 
less than this penetration depth, the mean free path of 
the electrons is probably too small to be disturbed by 
the boundaries. However, the phonon mean free path 
is not only larger than the penetration depth, but is 
also much longer in superconducting material than in 
normal material. Thus, those phonons which start their 
paths in a superconducting region within a distance 
10~ cm from a normal boundary and cross the boundary 
will be scattered almost immediately in the normal 
matter owing to the smaller mean free path (7107 
cm). This gives rise to a superconducting layer of 
thickness about 10~* cm next to the boundary where 
the effective lattice thermal conductivity is less than 
Kgs, the bulk lattice thermal conductivity of super- 
conducting material. The effective lattice thermal 
conductivity will of course decrease continuously as 
the boundary is approached. By the same argument, 
we may expect the existence next to the boundary of a 
normal layer of thickness about 7X10~> cm with an 
effective lattice conductivity greater than Kgn, the 
bulk lattice thermal conductivity of normal material. 
Since the thickness of the anomalous superconducting 
layer is much greater than that of the anomalous 
normal layer, a net reduction in the average thermal 
conductivity must result. 

Although a rigorous calculation of the decrease in 
thermal conductivity due to boundaries is beyond the 
scope of the present work, it is clear that the observed 
decrease may only be explained using this model 
provided that the superconducting regions have an 
average thickness comparable with the mean free 

TABLE V. The thermal resistivity in the virgin superconducting 


state, W,, and after my peng of a magnetic cycle, W,’, at two & 
temperatures for most of our indium-thallium specimens. : 








Nominal 
composition 
atomic % Tl 


0 : : 3.35 
; k 0.84 
5 ; : 29.8 
i ; 27.3 
15 ; : 100 
68.5 
20 123 
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38 
50 
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path of phonons in the bulk superconductor, L,., which 
lies between 10~ and 10-* cm for the various alloy 
samples. Such thicknesses do not seem to be unreason- 
able, and the fact that the decrease in the thermal 
conductivity is more pronounced at lower temperatures 
is also consistent with the increase in L,, due to the 
decrease in population of “normal phase” electrons. 
Hitherto we have not discussed the return curves (b) 
for the high-concentration alloys (Figs. 13 and 14). 
These curves and Table V indicate that when the field 
was reduced to zero, the final thermal resistivity for 
most of the alloys was considerably greater than that 
estimated from Eq. (10) for a mixture of superconduct- 
ing and trapped normal regions in parallel. However, 
it is interesting that this discrepancy in thermal 
resistivity is greatest for the 15 and 20 percent Tl 
specimens, and decreases for higher thallium contents, 
even though the percentage of trapped flux increases 
(see reference 22). If, as seems probable, the anomal- 
ously high W,’ values are due to boundary effects of 
the type suggested above for the mixed state, it appears 
that the increase in percentage of trapped flux with 
increasing thallium content is accompanied by an 
appreciable increase in thickness of the superconducting 


| and the normal regions. 


So far, we have considered only the effect of magnetic 


| fields applied parallel to the cylindrical axis of the 


specimens. However, for most of our samples the 
thermal conductivity was also measured as a function 
of transverse magnetic fields at several temperatures 
below the superconducting transition point. In all 
cases, there was great similarity between the transverse 


| and longitudinal transition curves at the same tem- 
| peratures, as shown, for example, by representative 


curves for the 20 percent thallium specimen in Fig. 15. 
Although a sharp rise in thermal resistivity is observed 
at H=3H, in the transverse case, instead of at H=H,as 
in the longitudinal case, it will be seen that the heights 
of the thermal resistivity maxima and the final thermal 
resistivity values W,’ are practically the same in both 
cases. 

Little is known regarding the structure of the inter- 
mediate state in high-concentration alloys, and it is not 


»clear whether the destruction of superconductivity 


____ occurs by splitting of the specimen into laminae 
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perpendicular to the cylindrical axis, as in the case 
| of pure metals,*’ or by splitting into plates parallel to 


| Taste VI. Electron and phonon mean free paths in the In+20% 
| Tl specimen at 1.4°K, estimated from thermal conductivity data.* 








Normal state 


2X10-* cm 
7X10-5 cm 


Superconducting state 


3X10 cm 
1X10-* cm 





Electrons 
Phonons 











* The kinetic theory formula K =4CLs, where C, L, and » are the heat 
capacity, mean free path, and velocity of the heat carriers, respectively, 


was used. 


37 Reference 1, Chap. V. 
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Fic. 14. Thermal resistivity of indium +50 percent thallium 
versus longitudinal magnetic field. 


the cylindrical axis as is observed for the mixed state, 
or indeed whether both processes are involved. The 
similarity of the thermal resistivity maxima in trans- 
verse fields to those in longitudinal fields, as reported 
above, seems to suggest that quite small laminae 
(10-* to 10~* cm thick) occur parallel to the cylinder 
axis in transverse fields greater than critical. There may 
also be somewhat thicker laminae (~10-? cm) perpen- 
dicular to the cylinder axis at fields between 3H, and 
H,, as is observed for pure metals,®* since such laminae 
would be unlikely to influence the thermal resistivity 
of our alloys. 


IV. CONCLUSION 
A. Normal State Behavior 


For the seven specimens examined in the present 
work, the normal state thermal conductivity between 
1.3°K and 4.2°K apparently consisted of an electronic 
term K.» proportional to the absolute temperature, due 
to scattering of electrons by impurities, and a lattice 
term K,, proportional to T*, due to scattering of lattice 
waves by electrons. Comparison of K., with electrical 
resistivity data provided quantitative verification of 
the Wiedemann-Franz law for the single-crystal 
specimens, although not for the polycrystalline, high 
thallium content alloys. Since the electronic mean 
free path is much smaller than the grain size in the 
latter specimens and the theoretical derivation of the 
Wiedemann-Franz law does not appear to restrict its 
application to dilute systems, there is no apparent 


88 A. G. Meshkovsky and A. I. Shalnikov, J. Phys. (U.S.S.R.) 
11, 1 (1947). 
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Fic. 15. Comparison of thermal resistivity in longitudinal and 
transverse magnetic fields for indium +20 percent thallium. 
[H/H.-]max indicates the field at which the thermal resistivity is 
a maximum. 
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reason for the departure from this law exhibited by the 
high-concentration alloys. 

Our lattice thermal conductivity results for indium- 
thallium alloys yielded values for Na, the number of 
conduction electrons per atom, close to unity. We have 
obtained similar values of NV, from analysis of lattice 
thermal conductivity data on copper-nickel alloys.!®.18 
These values are reasonable in view of known electronic 
properties for the two alloy systems,*:*-® suggesting 
that Makinson’s theory® of heat conduction by phonons 
with scattering by electrons is quantitatively correct. 
This is in contrast with the case of heat conduction by 
electrons with scattering by phonons where the agree- 
ment is only qualitative (see Sec. I). 

Scattering of phonons by impurities became evident 
just above 4°K in the indium-thallium specimens 
whereas in copper-nickel alloys!*!® of about the same 
concentrations, the lattice thermal conductivity is 
proportional to J? up to 20°K, indicating that impurity 
scattering is only important at higher temperatures. 
Thus, it seems that a given amount of thallium in 
indium is more effective in scattering phonons than the 
same amount of nickel in copper. Impurity scattering 
arises from the disturbance of the solvent lattice by 
the solute atoms, which is due to the mass difference 
between solute and solvent atoms and partly to the 
difference between the solvent-solute and solvent- 
solvent atom interaction energies. The relative im- 
portance of these two contributions is not known 
definitely for the alloy systems under consideration, 
but it is significant that the mass difference is much 
greater in the indium-thallium system than in the 
copper-nickel system and thus is probably responsible 
for the enhanced scattering of phonons by impurities 
in the former case. 


% W. H. Keesom and B. Kurrelmeyer, Physica 7, 1003 (1940). 
# A. I. Schindler and E. M. Pugh, Phys. Rev. 89, 295 (1953). 
41C, Sadron, Ann. phys. 17, 371 (1932). 

“1H. Krutter, Phys. Rev. 48, 664 (1935). 
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B. Superconducting State Behavior 


A significant difference was observed between the 
electronic thermal conductivity ratio function f(é) fo 
pure indium and that for pure tin. This may be due ti 
the fact that the change in the electronic energy level 
density accompanying the onset of superconductivity 
is slightly different for different metals. Such a hypothe. 
sis may be justified as follows. According to Heisenberg, 
the thermal conductivity ratio is given by 


K./K,=C,L,/C,L» (11) 


(see Sec. I) where C and L are the heat capacity and 
mean free path of electrons, respectively. Since fo 
both tin and indium C,/C, is approximately equal to 
f, it is probably the mean free path ratio L,/L, which 
changes from one metal to the other. Heisenber 
suggested that when a metal is superconducting the 
probability of “normal phase” electrons with energie 
less than the Fermi energy being scattered is the same 
as that when the metal is normal, but the probability 
of “normal phase” electrons in excited states being 
scattered is reduced by a factor /. This results ina 
mean value 2/(1+#) for the ratio of the mean free 
paths. However, if it is assumed that, due to their 
smaller density, the excited states are only half a 
important for scattering as the states below the Ferni 
energy, the mean free path ratio becomes 3/(2+4#), 
This is combination with Eq. (11) gives the empirical 
ratio function actually observed for indium. It is 
possible that the differences in the extent of deviation 
of critical magnetic fields for different metals* from : 
parabolic law are also due to smal! modifications of the 
electron energy level densities such as suggested above. 

The superconducting state behavior of the six alloy 
specimens is consistent with the presence of an elec 
tronic thermal conductivity term similar in form ti 
that for pure indium, but greatly reduced in magnitud 
due to the increased impurity scattering, and a lattice 
thermal conductivity term much greater than that it 
the normal alloy due to the reduced scattering 4 
phonons by the smaller population of normal electrons 
Since according to the two-fluid model of super 
conductivity the effective number of normal electron 
when the metal is superconducting is usually assumet 
to be ¢ times the corresponding number for the norma 
state, it might be expected that the ratio of lattic 
conductivities, Ky.,/Kgn, would not only be a charac 
teristic function of the reduced temperature h(é) a! 
suggested by Hulm,® but would also be simply related 
to the population factor /4. However, since the experi 
mental values of K,,/Kgn (Figs. 10 and 11) do no 
lie on a single characteristic curve regardless of concen 
tration, we must conclude either that the abovj 
picture is too naive or that our analysis of the result 
is inadequate, perhaps owing to the presence of othe 


43 E, Maxwell and O. S. Lutes, National Bureau of Standard 
Report No. 3146, 1954 (unpublished). 
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terms in the lattice conductivity besides that due to 
scattering of phonons by electrons. The fact that the 
experimental ratio curves do seem to cluster around 
the simple power law ¢~* suggests that the estimated 
population factor of normal electrons is a dominating 
influence upon h(t). 

It should be pointed out that our analysis of the 
superconducting state data has ignored the possibility 
of an appreciable component of thermal conductivity 
of the type suggested by Ginsburg“ and Mendelssohn 
and Olsen” which is due to circulation of electrons in a 
manner analogous to the atomic circulation process 
responsible for the high thermal conductivity of liquid 
helium II. However, this term has been estimated**:*¢ 
to be less than 10~’ watt-cm™ deg, which is four 
orders of magnitude lower than the lowest thermal 
conductivity encountered in our experiments. 


C. Behavior in Magnetic Fields 


It is not surprising that the large percentage of 
normal material which may be trapped in a super- 
conducting alloy after a magnetic field cycle influences 
the thermal conductivity of the sample. However, 
when the observed thermal conductivity is lower than 
that of both the pure superconducting or pure normal 
state, as in many of our samples, it seems reasonable to 
conclude that an additional thermal resistivity is 
caused by the boundaries between superconducting 
and normal regions. This additional thermal resistivity 
also manifests itself when superconducting regions 
persist above the critical field. In this case, a maximum 
in thermal resistivity may be observed with both 
increasing and decreasing magnetic field. 

The additional thermal resistivity may be interpreted 
as a lattice effect, if it is accepted that the phonon 
mean free path in the pure superconducting state is 
much longer than that in the pure normal state, and it 
is assumed that the thicknesses of both superconducting 
and normal regions lie somewhere between these two 
mean free path values. In the indium-thallium system, 
the regions are required to be between 10~ and 10-* cm 
thick in order to produce the observed extra thermal 
resistivity. 

“'V.L. Ginsburg, J. Phys. (U.S.S.R.) 8, 148 (1944). 

45P, G. Klemens, Proc. Phys. Soc. (London) A66, 576 (1953). 


46P. M. Marcus, Proc. Schnectady Cryogenics Conference, 
1952 (unpublished), p. 100. 
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We first observed the additional thermal resistivity 
for cylindrical specimens in a longitudinal magnetic 
field, although we later found similar effects for the 
same specimens in transverse fields. It seems fairly 
definite that in the former case the boundaries between 
superconducting and normal regions are predominantly 
parallel to the cylindrical axis of the specimen and thus 
are parallel to the direction of heat flow. Our experi- 
ments seem to be the first ones in which parallel 
boundaries of this type give rise to an extra thermal 
resistivity. However, previous investigators have re- 
ported an increased thermal resistivity for cylindrical 
specimens in transverse fields, both for pure metals*’—® 
and also in some cases for dilute alloys.”*>.5 For 
pure metals these increases occur in the intermediate 
state, }<H/H,<1, and can be explained qualitatively™ 
by assuming that the mean free path of electrons is 
modified in the neighborhood of the boundaries between 
superconducting and normal laminae, which lie perpen- 
dicular to the cylindrical axis of the specimen. In any 
case, the thickness of the laminae** (~10-? cm) seems 
to be too large compared to the phonon mean free path, 
at least above 1°K, to allow the effect to be interpreted 
as a lattice mechanism. In the previous alloy experi- 
ments, however, the situation is not so clear-cut 
because of the smearing out of the transitions beyond 
H=H, in some cases and the fact that the additional 
thermal resistivity is larger than would be expected 
for an electronic mechanism of the above type. One is 
forced to conclude that an additional lattice thermal 
resistivity may also be operative in these experiments, 
although the relation of the boundary directions to the 
heat flow directions remains obscure. 
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The experimental K spectral regions of potassium and chlorine 
in crystalline KCl have a much more complex array of structure, 
both in emission and in absorption, than can be explained by the 
conventional energy level diagram for the solid state. The perti- 
nent spectral region is that which involves the valence and conduc- 
tion bands of the solid. The difficulties seem to arise from a 
theoretical preoccupation with one-electron transitions. 

Consideration of the various probable electron configurations 
of the many-electron solid system shows several additional initial 
(is vacancy) and final (outer vacancy) states. The charge density 
in the outer electron bands, suddenly confronted with the problem 
of screening the excess positive charge attending a 1s vacancy 
(or any inner vacancy), redistributes itself, distorting the bands 
and establishing one or more local discrete levels below each band. 
With the most probable filled discrete level below the 3 band, 
the narrow intense Kf; line is explained but it is necessary to 
account somehow for the very narrow final state (3p vacancy). 

An obvious conclusion is that the 3p valence band itself is 


therefore very narrow in energy, only 0.33 ev wide. However, if 
it is indeed wider than this, as is commonly believed in the lore 
of solid state physics, the K®; emission must be restricted by 
some (unknown) mechanism to a small energy region within the 
band. In this event, x-ray emission involving the entire broad 3p 
band may be part of the observed faint emission on the high- 
energy side of the Kf; line, and, if ‘so, the restricted energy 
position just mentioned must be at the bottom of the band. 

Also a consequence of the 1s vacancy are several normally 
empty discrete levels below and in the conduction band of KCl. 
With these levels, the narrow intense K absorption lines are 
explained. 

The discussion given is primarily experimental and _phe- 
nomenological. The qualitative agreements are perhaps compatible 
with either a narrow or a wide 3 band for both potassium and 
chlorine in KCl, but show a preference for the wide 3p band. 
Either conclusion dictates the need of a new quantitative theoreti- 
cal treatment. 





INTRODUCTION 


N x-ray spectroscopy of the solid state it has been 
generally presumed that the outer “levels” primarily 
involved are the energy bands characteristic of the 
unperturbed solid as a whole.!:? The emission spectrum 


near a series limit and the absorption spectrum near an 
absorption discontinuity are presumed to give directly 
the energy position and width of the valence and 
conduction bands, and indirectly the density of states 
in these bands. 

As an example, the pertinent transitions in the K 
spectra of crystalline potassium chloride are indicated 
in the conventional energy level diagram sketched in 
Fig. 1. The 1s, 2s, and 2p states are narrow in energy. 
The full width at half maximum of the 1s state (width 
due to the lifetime of the state) is about 0.45 ev for 
chlorine and about 0.73 ev for potassium.* The 3s and 


* Supported in part by the Office of Naval Research and in part 
by the U. S. Air Force through the Office of Scientific Research 
of the Air Research and Development Command. 

1E.g., see H. W. B. Skinner, Trans. Roy. Soc. (London) 
A239, 95 (1940); H. M. O’Bryan and H. W. B. Skinner, Proc. 
Roy. Soc. (London) A176, 229 (1940); Y. Cauchois, Les Spectres 
de Rayons X et la Structure Electronique de la Matiere (Gauthier- 
Villars, Paris, 1948); and H. Niehrs, Ergeb. exakt. Naturw. 23, 
359 (1950). 

2 Some exceptions have been made to this general presumption 
for absorption spectra; e.g., see R. Landshoff, Phys. Rev. 55, 
19 (1939), and Y. Cauchois and N. F. Mott, Phil. Mag. 40, 1260 

1949). 

3 Direct measurement of the 1s width for metallic potassium 
[J. Platt, Phys. Rev. 69, 337 (1946) ] gives 0.75 ev or 0.73 ev after 
correction for the resolving power of the spectrometer. The cor- 
rected 1s width for gaseous argon [L. G. Parratt, Phys. 56, 295 
(1939) ] is 0.58 ev. These two 1s widths are in excellent agreement 
with the theoretical prediction of proportionality with the square 
of the energy of the state. (The metallic potassium absorption dis- 
continuity is apparently free from perturbing unresolved fine 
structure.) For chlorine we extrapolate and obtain the 1s width 
as 0.45 ev. The width of each of these three 1s states is believed to 
be correct within about 0.05 ev. 


3p states are presumed to be much broader because of 
the effect of overlapping electronic wave functions of 
neighboring atoms in the solid. The 3p valence band 
at half-maximum of the density-of-states curve is 
estimated theoretically to be about 2-ev wide.t The 
continuum consists of all the overlapping normally 
empty bands (4s, 3d, 49, etc.). 

Transition arrows in Fig. 1 are presumed to give 
directly the energy released or absorbed as the system 
changes radiatively from the initial to the final state. 
The width and shape of the 1s—>3p (or KM) emission, 
when corrected for the resolving power of the spec- 
trometer and for the 1s width, are presumed to give 
essentially the width and shape of the density-of-states 
curve for the valence band if the transition probability 
is uniform over the band. The difference in the energy 
position of the high-energy side of the (corrected) 
emission, and of the low-energy side of the (corrected) 
absorption edge, has been presumed to give the energy 
gap between the 3 band and the continuum. And, also, 
the shape of the absorption discontinuity and the 
position and shape of any component structure in the 
absorption spectrum should presumably tell us the 


4The authors do not know of a reliable calculation of the 
theoretical widths of the 3p bands in KCI]. However, W. Shockley, 
Phys. Rev. 50, 754 (1936), calculated that the chlorine 3p band in 
NaCl is about 4.4 ev wide, and P. Léwdin, A Theoretical Investi- 
gation into Some Properties of Ionic Crystals (Almqvist and 
Wiksells Boktryckeri AB, Uppsala, 1948), calculated the spatial 
extents of the electronic wave functions for both KCl and NaCl. 
From these considerations, we tentatively conclude that the 
chlorine 3f and potassium 3 bands in KCl are about 4.4 and 
3.4 ev wide, respectively. These widths refer to the “‘base” of the 
density-of-states curve. The theoretical shape of the density-of- 
states curve rises perhaps as E! near the bottom, reaches a maxi- 
mum, then descends more steeply on the high-energy side. Hence, 
the theoretical width at half-maximum of the chlorine and potas- 
sium 3p bands may be about 2 and 1.5 ev, respectively. 
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X-RAY SPECTROSCOPY OF THE 


density of energy states (multiplied by the transition 
probabilities) in the continuum. 

In the present paper these relations are studied 
quantitatively for potassium and chlorine in crystalline 
KCl. We find that we must add to Fig. 1 (and to the 
conventional ,interpretations') “impurity-type’’ levels 
(and states) ,which arise as a consequence of the 1s 
vacancy.® We conclude either (a) that the density-of- 
states curve for the valence band Cl- 39 is very narrow 
(0.33 ev) at the half-maximum and not greatly different 
from the classical dispersion or Lorentzian shape, or 
else (b) that some (unknown) mechanism operates to 
restrict the energy of the final state in 8; emission to be 
localized at the bottom of the 3 band. Neither of 
these two conclusions is in agreement with conventional 
beliefs about crystalline KCl. Then, we discuss the 
narrow absorption lines in terms of the discrete norm- 
ally empty levels below and in the conduction band. 
From the energy positions of the 6; emission line, of 
the first absorption line, and of the absorption peaks 
in the ultraviolet absorption, evidence favors the (b) 
conclusion but it does not decisively exclude the (a) 
conclusion. 

EMISSION SPECTRA 


The observed emission spectra for chlorine and for 
potassium in crystalline KCl are shown as part of Fig. 2. 
The strong emission line in each case is known as the 
KB; line; the less intense structure on the high-energy 
side of each ; line has been called by the noncommittal 
name of “satellites”. 
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Fic. 1. Conventional x-ray energy level diagram (schematic) 
for crystalline KCl. The arrows point from the initial to the final 
states. This diagram is incomplete, see text. 


5L. G. Parratt and E. L. Jossem, Phys. Rev. 84, 362 (1951); 
85, 729 (1952); and J. Friedel, Phil. Mag. 43, 153 and 1115 
(1952). See also reference 2. 


SOLID STATE: KCI 





Chlorine 


A, 
43943] 
Xu 


K@ Emission a 
K Absorption 
laa | 


-1388-147 -413-0310 Electron Volts 


| | 


Potassium 


























—l0ev— 


-32 0 036 Electron Volts 














K sceetind 





1 i 
-2463-2091 -12.96 


Fic. 2. Experimental emission and absorption spectra in KCl, 
involving the valence and conduction bands as shown in Fig. 1. 
The complexity of the spectra requires additional states which are 
not shown in Fig. 1. The zero of the ev scale is somewhat arbitrary 
as discussed in the text. 


The KCl curves were recorded with a focusing 
crystal spectrometer’ and also with a two-crystal 
spectrometer.’ Excellent agreement was obtained 
between the curves recorded with the different x-ray 
tubes and spectrometers. 

With each spectrometer, a proportional counter 
system including a single channel discriminator, served 
very satisfactorily for measuring intensity. This 
system also discriminated effectively against back- 
ground intensity (higher-order Bragg reflection, 
scattered photons of appreciably different energy, 
etc.), a feature of great importance in accurate studies 
of extremely faint intensities. 

With the focusing instrument, a bent mica crystal 
was used in third order reflection for chlorine and in 
fifth order for potassium. With the two-crystal instru- 
ment, calcite crystals* were used in the (1,+1) position. 

The x-ray tube target, with each spectrometer, 
consisted of a layer of KCl condensed by vacuum 
evaporation on a water-cooled nickel substrate (or 
copper or aluminum—no effect of the substrate was 
found). The evaporation and condensation were 
carried out at a pressure always lower than 10-* mm 
Hg, in the same vacuum as used in the x-ray generation. 
Except during this evaporation, the x-ray vacuum was 

6 E. L. Jossem and L. G. Parratt, Phys. Rev. 79, 210 (1950). 

7L. G. Parratt,-Phys. Rev. 54, 99 (1938), and references. The 
absorption curves of Fig. 2 are reproduced from J. W. Trischka, 
Phys. Rev. 67, 318 (1945), and the wavelength positions and 
shapes of their essential features have been checked recently with 
the two-crystal instrument and also with the focusing spec- 
trometer. 

8 These crystals were calibrated as to their reflectivities and 
designated A4B, by L. G. Parratt, Rev. Sci. Instr. 6, 387 (1935). 
After 1935, they deteriorated somewhat upon standing in atmos- 
pheric air, and were again ground, polished and etched in 1939. 
Since 1939, they have again become somewhat imperfect [the 
(1,—1) widths are a little wider than in 1935] but are still ‘‘Class 
I crystals.” 
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Fic. 3. Emission intensity in the 6 region. The components 
remaining after subtraction of the @; line are shown in the dotted 
curves. 8; was assumed to be symmetrical about the observed 
peak intensity. The classical dispersion (Lorentzian) shape, 
Eq. (1), matched at the peak and at the half-maximum points, is 
indicated by the solid circles on the low-energy side of 6:1. These 
curves were recorded with the two crystal spectrometer. 





always less than 3X10~’ mm Hg. With most of these 
targets, an irregular decrease of intensity with time 
was observed for both the chlorine and potassium 
emission, and this time-dependence introduced an 
uncertainty of a few percent in the relative intensities 
of various regions of each curve.during, say, a two-hour 
run.’ To minimize this uncertainty, many curves were 
recorded and averaged. 

With 14 kv across the x-ray tube, and with 5-ma 
tube current, the counting rate at the peak of the 
chlorine §; line with a fresh thick target was about 500 
counts per second with the detector slit of the focusing 
spectrometer set at 0.0065 mm (0.1 x-units) in width. 
Under the same conditions (including the absorption 
path) the counting rate with the two crystal spec- 
trometer was 900.” 


® The time-dependence of the intensity, usually a few percent 
per hour, may have been caused by a target deterioration (strip- 
ping of the KCl from the substrate or of Cl from the KCl by 
electron bombardment and consequent local heating) or by a 
target contamination layer of either (a) decomposed oil from the 
diffusion pumps or other ‘‘vacuum”’ residues, or (b) tungsten 
evaporated from the filament. An effort was made to reduce the oil 
backstreaming from the pumps, as already described by L. G. 
Parratt and E. L. Jossem, Rev. Sci. Instr. 23, 188 (1952), and a 
liquid-nitrogen-cooled bulb was suspended in the vacuum chamber 
of the x-ray tube. The x-ray tube filament consisted of a “soda 
straw” spiral ? in. long and ¢ in. diameter formed from a tungsten 
ribbon . in. wide, 0.002 in. thick and about 3 in. long. The 
large surface for electron emission allowed operation at a com- 
paratively low temperature to reduce the tungsten contamination 
on the target. A run with a good metal target (palladium or 
antimony, whose La; line was used as a secondary wavelength 
reference) gave constant La; intensity within 0.5 percent for 
more than a few hours, so we believe that the irregular decrease 
with KCl is caused by target deterioration rather than by 
contamination. 

10 The lower luminosity of the focusing spectrometer is accounted 
for by the very narrow slit used. The resolving power was only 
slightly reduced by increasing the slit width from 0.1 xu to 0.35 
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In Fig. 3 the strong §; line has been subtracted from 
the observed emission contour. The shape of the £, 
line was assumed to be symmetrical about the observed 
intensity peak. 

The shapes of x-ray lines are often compared with 
the Lorentzian curve 


: P 
~14+(AE/W))? 


(1) 


where AE, the incremental energy abscissa, is zero at 
the peak intensity P and equal to W, at half-maximum 
intensity. The solid circles on the low-energy side of 
A; in Fig. 3 are plotted from Eq. (1). The observed 8, 
shape in this region is typical of x-ray lines in general. 


Experimental Width of the Final State in 6, 
Emission 

With the focusing spectrometer, the “observed’”" 
full width at half-maximum intensity of the 6, line 
is 1.68 ev for chlorine and 1.33 ev for potassium. 
With the two-crystal spectrometer, the “observed” 
widths are 1.20 ev and 1.30 ev, respectively. To deduce 
the width of the final state in this emission, corrections 
must be made for (a) the resolving power of the spec- 
trometer and (b) the width of the initial 1s state. 

The “spectral window” of a focusing spectrometer is 
determined by a combination of the crystal diffraction 
pattern, the focusing defects, and the width and height 
of the detector slit. This combination is unknown. 

The resolving power of the two-crystal spectrometer 
is much better understood. With this instrument the 
width correction is given by the formula 


W=Wo-2.9W 2", (2) 


where W, is the width of the (1,—1) curve, Wo is the 
observed width of the line whose true width is W; (all 
widths in xu).!”3 For the chlorine 8, line, corrected for 
the overlapping 8:, Wo=1.87, W.=0.414, and W; 
computes to be 1.22 xu or 0.78 ev. Likewise, W; for 
the potassium £; is 0.95 ev. 


xu; with the wider slit the counting rate was increased to about 
1600. However, the opening at the bent crystal limited the 
maximum perpendicular cross section of the beam to 1.5X0.4 
cm whereas the beam of the two crystai spectrometer was some- 
what smaller in cross section, 0.8X0.6 cm. On a basis of equal 
area and of equal resolving power, the luminosities of the two 
instruments are comparable. 

11 These widths are measured after the small correction for the 
Bz or the 6” complex, as illustrated in Figs. 2 and 3 for curves re- 
corded with the two crystal spectrometer. 

2, G. Parratt, reference 8. In case W.S (2/3)W,, this formula 
is not valid. 

13 The numerical resolving power, \/AX, of the focusing spec- 
trometer can be approximated as follows: From the observed 
Wo for Cl- 6; and the known W; from the two-crystal measure- 
ments, W, is deduced from Eq. (2) as 0.64 xu. Taking AA=W., 
we find \/A\=6870 for the chlorine 8; wavelength in third-order 
reflection. The same procedure gives \/AA= 11 500 for the potas- 
sium wavelength in fifth order. 

With the two-crystal spectrometer, \/AA= 10 600 and 12 200, 
respectively, for the chlorine and potassium #; wavelengths in 
first order. 





= © re MDM FH as So 


| ol 


X=RAY SPECTROSCOPY OF THE SOLID STATE: 


The correction for the width of the initial 1s state 
is easy if we make the assumption that the shape of the 
8; line and the shape of the 1s state are each given by a 
Lorentzian curve, Eq. (1). In this case, the observed 
line width is the simple sum of the widths of the initial 
and final states. The observed {; line is very nearly 
Lorentzian in shape on the low-energy side where there 
is no obvious unresolved structure; on the high-energy 
side the structure prevents a comparison below near the 
half-maximum.!® Theory predicts that any singlet 
atomic state is Lorentzian in shape. It is believed that 
no great error is made in taking the width of the final 
state as the simple difference between W; and W,,.' 
Then, 

W3p=0.78—0.45=0.33 ev for chlorine 


W sp=0.95—0.73=0.22 ev for potassium 


with an uncertainty of less than 0.1 ev in each case. 

The obvious conclusion from these narrow final 
states is that the 3p bands are indeed much narrower 
than is commonly believed.*:!” 

Perhaps Shockley’s calculation‘ is not reliable, and 
the 3p states are essentially atomic in character— 
narrow and of Lorentzian shape. However, we do not 
wish to pass this judgment on the calculations without 
first attempting to reconcile the observed narrow final 
states with broad 3 bands in an unperturbed crystal. 
In this attempt, we propose that the #; emission 
cannot be represented by the transition arrow in Fig. 
1 if the arrow terminus is allowed to range throughout 
the broad 3p band. We therefore re-examine the emission 
process. 


Emission Process: Many-Electron System 


In a free gaseous atom, the energy of the ground 
state is taken to be zero. This, incidentally, is the 
initial state for x-ray absorption. The ejection of an 
inner, say, a 1s, electron causes the atom to shrink— 
all the outer electrons, now in a stronger electrostatic 
field, move to positions closer to the nucleus. This is the 
initial state for emission and is also the final state for 
absorption. The energy of this 1s state must, of course, 
take into account the new positions of a// the electrons. 


4 E.g., see Richtmyer, Barnes, and Ramberg, Phys. Rev. 46, 
843 (1934), and L. G. Parratt, reference 7. 

16 Confidence is established in the above use of Eq. (2) by the 
fact that the observed @; contour except for the region of overlap 
is essentially the same as the a; shapes for which the formula was 
specifically devised. 

16 We cannot safely conclude, however, that the shape of the 
3p final state in 6; emission is also Lorentzian by this argument. 

17 Previous measurements of the (; line (e.g., J. Valasek, Phys. 
Rev. 53, 274 (1938)], with lower resolving power and with the 
less accurate photographic method of intensity measurement, 
have also implied a similar width discrepancy. O’Bryan and 
Skinner, reference 1, give a calculated “Sommerfeld band width” 
of 4.2 ev for the chorine 3s band in KC] (expected to be much less 
wide than the 3p band, see reference 4) and discuss an observed 
23s chlorine line of width 0.65 ev. No particular point, however, 
has been made of this ag ge? heretofore, perhaps because of 
unsatisfactory accuracy in the width measurements. 


KCl 919 
Upon emission of an x-ray photon, the inner vacancy is 
filled and another vacancy is produced farther out in 
the atom. All the electrons again move to new positions, 
and the energy of the final state must take into account 
all the new final positions. 

When the atom is part of a solid, the wave functions 
of its electrons interact with those of neighboring 
atoms. The system which must now be considered 
includes, in principle, ail the electrons of all the atoms 
in the solid. Fortunately, interaction between the inner 
electrons of neighboring atoms is usually negligible, 
and, for those atoms not suffering the 1s vacancy, only 
the outer electrons are seriously involved. 

When an inner vacancy occurs in an atom in a solid, 
the electrostatic field of the unscreened nuclear charge 
is felt not only throughout the atom suffering the 1s 
vacancy, but extends a few atomic diameters away 
from the vacancy site. This field decreases roughly as 
e/ (eer?) where ¢,, the effective dielectric constant, varies 
with r, the distance from the vacancy, and has a value 
probably between unity and some bulk “high-fre- 
quency” value.!® This “Coulomb” field is superposed, 
of course, on the periodic field of the crystal lattice. 
The radial or energy position of any electron depends 
upon the net field in its locale. 

The theoretical description of the system containing 
an inner electron vacancy depends upon the model used. 
The difficulty with almost all treatments to date is 
that they have been based essentially upon the one- 
electron approximation. This approximation, invalid 
in principle even for the treatment of x-ray spectra of 
gaseous atoms, may be seriously misleading when 
applied to solids. 


Heitler-London Model 


One theoretical description is offered by the Heitler- 
London model. When an inner electron vacancy occurs 
in an atom, those electrons (and levels) previously 
contributed to the normal unperturbed solid-state 
bands by that atom (and by a few neighboring atoms) 
may be extracted from the normal solid-state bands 
and occupy local, discrete levels. These new levels are 
probably just below the “mother” bands.” At distances 


18 The constant e, is less than the usual optical or high-frequency 
value 2.13 [N. F. Mott and R. W. Gurney, Electronic Processes 
in Ionic Crystals (Oxford Press, 1948), second edition, p. 85] if 
the effective electron density within the orbit of the electron 
under consideration is less than the bulk KCI electron density. 
The question may be asked whether the usual optical frequency 
is high enough in view of the extremely short lifetimes of the 1s 
states. For chlorine, this lifetime (reference 20) corresponds to a 
frequency of about 4/AT=2.7X10" cps, or to a radiation wave- 
length of about 1100 A. For potassium the corresponding wave- 
length is about 680 A. Evidently the optical frequency is not high 
enough but the proper “high-frequency” value probably differs 
from the optical value by a negligible amount. 

19 The atom containing the inner vacancy is, so far as the outer 
electrons and neighbors are concerned, an impurity-type atom of 
nuclear charge increased by about unity. 

Calculations similar to those of B. Kockel, Z. Naturforsch. 
7a, 10 (1952), have been made here with a one-dimensional 
Kronig-Penny model of the crystal. These calculations show 
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Fic. 4. Outer electron energy levels for normal atoms and for a 
chlorine atom with a 1s vacancy in a KCI crystal. At the equi- 
librium lattice spacing, 6.23 A, levels a,b,c, . . ., and A,B,... 
arise when one 1s electron has been removed. A different set of 
a,b,c, ... and A,B, ... levels (not shown) arises if the 1s 
vacancy is in a potassium atom. The energy separations are not 
intended to be quantitative. 


greater than several atomic diameters away from the 
vacancy site the solid-state bands remain essentially 
unperturbed. 

Some clarification of this model (not without danger 
of oversimplification, however) may be afforded by the 
following argument. Consider an otherwise normal 
KCI crystal to have a very large lattice spacing. In 
this case, the wave functions of the electrons of 
neighboring atoms have negligible mutual interactions 
and the corresponding energy levels of all the like- 
atoms are of essentially the same energy value. Suppose 
now that one of the atoms loses a 1s electron. All the 
energy levels of this atom then lie below their previous 
normal positions. For such a case, if it is a chlorine 
atom which suffers the 1s vacancy, the outer levels are 
sketched qualitatively in Fig. 4. If now the lattice 
spacing is reduced” to the normal crystal spacing, 
6.23 A, the 3p ionization level (marked a in Fig. 4) 
persists below the normal 39 level, even as the normal 
level broadens into the solid-state band. And, in 
addition, new ionization levels (marked } and c for 
chlorine) are shown “peeling off” the bottom of the 3p 
bands of both chlorine and potassium. 

The 6, c levels may be thought of as near-neighbor 


unambiguously that local discrete levels do indeed split off the 
bottom of the band as a local square-well potential perturbation is 
introduced. The discrete levels also return to the bottom as the 
perturbation is removed. 

Similar n-type impurity levels are discussed by J. C. Slater and 
W. Shockley, Phys. Rev. 50, 705 (1936); G. H. Wannier, Phys. 
Rev. 52, 191 (1937); J. C. Slater, Phys. Rev. 76, 1592 (1949); 
H. W. Leverenz, An Introduction to Luminescence of Solids (John 
Wiley & Sons, New York, 1950); E. N. Adams, II, Phys. Rev. 
85, 41 (1952); G. F. Koster and J. C. Slater, Phys. Rev. 95, 1167 
(1954); and by others, e.g., reference 5. 

% The lattice spacing must be reduced in a time short compared 
with the lifetime of the 1s vacancy (but with adequate time for the 
bands to form). The 1s lifetime is 1.510 second for chlorine 
and 9X10~* second for potassium, as deduced from the un- 
certainty relation AEAI~h/2z. 


levels that arise because the field of the excess positive 
charge extends to neighboring atoms. 

Included in Fig. 4 is a level marked A which may be 
occupied (perhaps by the previous 1s electron in an 
absorption process) or it may be unoccupied.”! Since 
the electron in level A is still essentially bound to the 
atom, this level is indicated as an excitation level.” In 
this model, the A, B levels are actually two of several 
series of levels, 4s, 5s, . . .. 4p, 5p, . . ., 3d, 4d, . . ,, 
etc. ; for simplicity, only two levels are shown, A and B, 
presumably the 4 and 5¢ if the one-electron transition 
dipole selection rules apply.” 

Also, as has already been implied and notwith- 
standing the suggestion in Fig. 4, the limit or head of 
the a, 6, . . . series or especially of the A, B,... 
series may possibly lie within the “mother” band rather 
than at its bottom edge. 

Since the orbital radius of the electron in an A level 
may be of the order of an atomic distance, this level 
may also be thought of as a near-neighbor level. It is 
immaterial at this time whether the A and B levels are 
thought of as the 4p and 5¢ levels, or as near and next- 
near neighbor levels, or as the first and second “exciton” 
hydrogenic levels? in which the electron is bound simply 
to the relatively immobile 1s hole. 

Another rough sketch of these possible electronic 
configurations is shown in Fig. 5, again not without 
danger of oversimplification. The regions of large 
amplitude of the electronic wave functions are pre- 
sumably those where the heft or darkness of the level 
or band is large. In positioning the A and B orbits in 
Fig. 5, some consideration has been given to the elec- 
tron attraction and repulsion of the potassium and 
chlorine atoms, respectively. 


Collective Electron Model 


The configuration of the outer electrons attending 
a 1s vacancy is probably much more complex than is 
indicated in the previous section. For example, the 
Heitler-London model would have six 3 electrons in 
each of the a,b,c levels. In the collective electron model, 
perhaps one or two electrons drop into the discrete 
a level in the system’s effort to screen the bared nuclear 
charge, with the remaining screening accomplished by a 


*1 Tf the A level is occupied, the screening of the excess nuclear 
charge (bared by the 1s vacancy) is slightly altered and all the 
discrete levels, especially B, ..., are shifted somewhat in 
position. 

2F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
ee Inc., New York, 1940), p. 413, and Wannier, refer- 
ence 19. 

*% The radiative selection rule, AL=1, where L is the angular 
momentum of the system (assuming Russell-Saunders coupling), 
is interpreted in x-ray spectra as Al=1, where / is the angular 
momentum of the inner electron vacancy. 

Actually, in the x-ray spectra of solids, it is conceivable, since 
many electrons are involved in the radiative transition, that the 
angular momentum of the photon can be absorbed by one of the 
outer electrons rather than as a consequence of the change of 
parity of the inner vacancy. However, the authors know of no 
— example in which the usual interpretation does not 
apply. 
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X-RAY SPECTROSCOPY OF THE SOLID STATE: KCI 
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Cl 3p 


Kt 3p 


K* 1s Vacancy 


Cl’ 1s Vacancy 


Fic. 5. Rough sketch of generalized electron configuration for crystalline KC] with a 1s vacancy in either potassium 
or chlorine. Possible distortion of the bands is not indicated. 


local distortion of the bands themselves. It is possible, 
for a metal (or any cénducting solid), that, for some 
combinations of atoms and inner vacancy, no electrons 
drop into the discrete level below the valence band, 
the screening at this distance from the center of the 
atom being accomplished entirely by the altered 
charge density in the valence band.™.> Especially, 
with a good metal, the redistributed charge in the 
valence band may screen so completely that the A,B 
levels do not form.? 

In the case of an ionic crystal, such as KCl, the charge 
flow in the bands is probably not very great and at 
least the a and A,B levels are of real significance. 
But, it should be pointed out, the wave-function 
symmetry of these levels is not simple: Each level is 
some linear combination of all levels or bands near it 
and has a mixed wave-function symmetry. We are 
interested now in only the p-symmetry part of each 
level as it interacts radiatively with the 1s wave 
function. 

Initial Energy State 


It is properly inferred from the above discussion 
that several different electron configurations are 
possible with a 1s vacancy, and hence the 1s state may 
have several different energy values. For example, 
the A level for chlorine may lie sufficiently close to the 
valence band that, in the scramble of electrons attend- 
ing the formation of the 1s vacancy, a valence electron 
may jump to the A level with a probability such that 
the jump may occur for some atoms and not for others. 
Or the number of electrons dropping into the a level 
may be statistically different. We don’t know these 
relative probabilities. However, it can be definitely 
concluded experimentally”® that, if more than one 1s 
energy state exists so far as intense emission is con- 

* J. Friedel, reference 5. 

2 This may be involved in the success of the conventional 
interpretations (reference 1) of emission spectra of metals for the 
very soft x-ray wavelengths, e.g., the Z1,111 “bands” of Na, Al, 
and Mg. However, see reference 29. 

26 The 1s vacancy state is the initial state for emission of the 
Kou,2 lines whose structure and widths have been accurately 


measured. Each of these lines is essentially a singlet whose width 
is not a very sensitive function of atomic number or physical 


cerned, they are extremely close together. We shall 
assume that only one 1s state is of any importance for 
emission although we cannot at this time definitely 
describe its electron configuration. 

Figure 6 shows schematically six possible electron 
configurations, two of which include a 1s vacancy. A 
characteristic energy state exists for each configuration. 
We have chosen one of the two K(1s) states as the 
significant 1s state for emission.”” 


Final Energy State 


We now turn to the final energy state which exists in 
KCl after a radiative transition in the 6 spectral 
region has occurred. Since the 1s vacancy is no longer 
present, the discrete levels, a,b,c and A,B, no longer 
exist, and the final electron configuration is one with 
a vacancy in the 3p band.?® We suggest that the vacancy 


state of the target of the x-ray tube. (E.g., see L. G. Parratt, 
Phys. Rev. 50, 1 (1936), Table VI, and references. Also, see the 
comparison of the 1s width of metallic potassium with gaseous 
argon, reference 3). The small dependence of width on the chemical 
or physical state of the target, observed in some instances, is 
probably caused by effects in the Zy1,11 final states rather than 
in the K(1s) state. 

27 The other 1s state shown in Fig. 6 might be produced in any of 
several ways. For example, the electron which was ejected from 
the 1s level might settle down in the A level. Alternatively, if the 
valence and conduction bands were so distorted locally by the 
1s vacancy that the A level in the dip in the conduction band were 
close to or actually lower than the top of the unperturbed valence 
band, it is likely that one or more valence electrons would jump 
into it. We may distinguish between A levels having s- and p-type 
symmetry, viz., A, and A». In the formation of the 1s state, the 
ejected 1s electron may take with it whatever angular momentum 
is required to allow occupancy of either or both of the A, or Ap 
levels. But in the x-ray emission, a transition filling the 1s hole, 
only one unit of angular momentum is taken out of the system 
by the photon. (The short time involved in the rearrangement 
of the many-electron system, ~10~ second, probably prevents 
phonon interaction.) Hence, the electron rearrangement may end 
with an A, electron in the conduction band, giving a photon 
energy some 10 ev less than it would have if all the A electrons 
jumped back to the 3p band. However, an argument from the 
widths of the emission and absorption lines allows us to conclude 
that such a state does not play a significant role in the emission 
process (see reference 36). 

28 Associated with the hole in the 3p band are new A,B levels, 
new in the sense that an electron in such a level is bound to the 
3p hole rather than to the 1s hole. The 3p hole and its bound 
electron constitute a Frenkel mobile exciton. 





L. G. PARRATT AND E. L. JOSSEM 


MS WSS SS Cont. 


A 


3p 
re) 


3s,2p,2s 
Omitted 


Electron Configurations 


uv absorptior 
* tte 
continuum 


fe 9.46 ev 


A band 
emission 


uv absorption 
— 


first peak 
re ae 


x-ray absorption 
A, emission 


first peak 
2814.9! ev “continuum” 2824.66 ev 


2828.79 ev 


Energy States and Transitions 


K (1s) 


Fic. 6. Emission and absorption for chlorine in KCl]. For 
simplicity, the B,..., and 6, ..., levels (and many others) are 
omitted. Two 1s (or K) states are indicated; only one is signifi- 
cantly involved in x-ray emission, but many more than the two 
shown are involved in absorption. Only two 3p (or Mn,m1) states 
are shown here in x-ray emission and two in ultra-violet absorp- 
tion. The energies listed are for chlorine, referred to the 61 wave- 
length 4394.91 x-units (Valasek, reference 17). “Continuum” 
absorption refers to the “bottom of the conduction band,” per- 
haps as indicated by the zero of the energy scale in Fig. 2. 


position in the band, and the energy and width of the 
final state, depend upon whether the electron that 
jumped to the 1s hole came from, say, an a level or 
from the 3p band itself. 

If the electron came from the p-symmetry part of the 
3p band, the final hole may be anywhere in the band, 
the statistical position being determined by the product 
of the transition probability and the density of states 
in the band. In this event, the 8 emission should be 
broad, as discussed earlier, Fig. 1. It is suggested that 
this transition may give part of the observed faint 
unresolved structure on the high-energy side of the 
8; line for either chlorine or potassium, Fig. 3, but not 
the strong (; line itself. The 3p band emission corre- 
sponds to a transition in Fig. 6 from column three to 
column two. ‘ 

If the electron came from the p-symmetry part of the 
a level, the final hole in the 3p band is located at that 
part of the band (or bands) from which the p-type 
part of the a level was extracted during the formation 
of the initial 1s state. The energy represented by the 
extraction of the a level and a electron(s) must be 
essentially the same for all atoms suffering the 1s 
vacancy, since this extraction is an inherent part of the 
formation of the 1s state and since the 1s state is 
known experimentally to be sharp.*:6 We conclude, 
therefore, at least phenomenologically, that the final 
state in “1s—a” emission must be very narrow. 


Suppose that this transition, 1s—a, yields the ob- 
served ; line. Then, if the band radiation is part of the 
8, or B” complex structure shown in Figs. 2 and 3, the 
energy position of the final state in 8; emission is at the 
lower limit of the broad energy smear corresponding to 
the 3p band. It should be noted that experimentally 
there is no apparent unresolved structure on the low- 
energy side of the 6; line. We conclude that the final 3 
vacancy in the 1s—a transition is not only sharp in 
position but must be at the bottom of the 3p band” 

The probability that an outer electron will jump 
into the 1s vacancy is proportional to the overlap of 
the outer electron wave function with the 1s wave 
function. For a photon polarized in the x-direction 
the’ transition probability P:,,. is proportional to 


2 


e f Yetnprdr| . 


Because the wave function of the a level electron is 
localized about the 1s vacancy site, the overlap of 
Wa. and ¥, is relatively large, and perhaps, therefore, 
Pisa is larger than P1s43p bana- If so, it is in agreement 
with the observed strong #: line. (The ratio Pi,4./ 
P5-43p bana Tefers, of course, to areal intensities, not to 
peak intensities.) 


Complex Structure Accompanying 6, 


We have already stated that the 3p band emission 
may be part of the high-energy structure accompanying 
B;. Perhaps also in this structure is the line arising 
from a 6 (or c) electron jumping to the 1s vacancy, 
but this transition is believed to be relatively improbable 
and the line to be rather faint at best. It seems likely 
that one or more “satellite” lines—double inner ioni- 
zation lines, e.g., 1s3s—a3s—are superposed on the 
3p band emission and are more intense than the b,< 


2In a metal, the final vacancy in the valence or conduction 
band, following a transition from the a level to the deep inner 
hole, may “bubble up” toward the top of the band by a series of 
radiationless transitions in which a conduction electron is raised 
to an empty conduction level in each transition step. [See P. T. 
Landsberg, Proc. Phys. Soc. (London) A62, 806 (1949)]. In a 
filled band, however, in either a metal or an insulator, the bubbling 
is prevented. 

If, in a metal, the bubbling process is moderately fast compared 
with the time of the radiation process itself, it is proposed that 
the energy of the photonfin a-type emission may be increased 
because of the new position of the hole in the band. Such an 
a-type transition, involving an intermediary state, results in 
the same photon energy as in a conventional band emission but 
gives a different transition probability and, hence, shape of the 
emission band. This proposed effect of a bubbling hole is in 
addition to Landsberg’s effect, and the two mutually exclusive 
effects may be thought of as in competition, both effects changing 
the shape of the emission for the metal. 

If the bubbling is sufficiently fast that the hole arrives at the 
top of the band before the radiation process is essentially com- 
plete, a peak may be observed on the high-energy side of the 
emission band. Such a peak is actually observed in the Zy,1 
emission. [E.g., see W. Cady and D. H. Tomboulian, Phys. Rev. 
59, 381 (1941)]. Other explanations of this have been 

roposed by Skinner (reference 1) and by Friedel (reference 5) 
see also Y. Cauchois, Acta Cryst. 6, 352 (1953)]. 
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X-RAY SPECTROSCOPY OF THE SOLID STATE: KCl 


lines. Satellites in this region have been reported for 
several neighboring elements, and for various com- 
pounds.” Our knowledge of satellites (at least 
K-series satellites) is very meager, both experimentally 
and theoretically.*? Most K®@ satellite studies for low 
atomic numbers have been with badly overexposed 
photographic plates, studies carried out for the purpose 
of detecting and measuring wavelength positions only. 

We cannot yet distinguish clearly between the 
supposed broad 1s—>3~ band emission and the satellites. 
However, if we ascribe an appreciable fraction of the 
observed intensity to the 3p band emission, then, to be 
consistent with our interpretations, we must readjust 
the background in Fig. 3 to decrease the 6; component 
intensity at its peak, shift its peak slightly to lower 
energy, and thereby leave some 3 band intensity to 
overlap the §; peak position by half the width of the 
1s state. Then, the suggested line very close to ; is 
considerably more pronounced and, if symmetrical, is a 
narrow component, perhaps a 3 line or a satellite. This 
background readjustment, which could leave the width 
and shape of 6; unaltered, has not been done because of 
an unknown relative intensity and shape assignment 
for the 3p band emission. 

The potassium §; line as shown in Fig. 2 may be a 
satellite line. This line is found at an energy position 
11.68 ev higher than the #8; peak and —12.96 ev from 
the continuum, as indicated in Fig. 2. Its numerical 
subscript implies that it is the quadrupole line 1s—3d 
as traced down from elements of higher atomic number. 
Valasek!” suggested that this 8s line may arise from a 
cross transition Kt 1s—Cl- 3p, but the transition 
probability for this is expected to be low. As viewed 
by the K+ 1s hole, the Cl- 3p wave function has a 
complicated symmetry. We do not now propose an 
interpretation of Kt 8s. 

Many £; “satellite” lines (8 or more for potassium 
and 12 or more for chlorine) have been reported by 
various observers using overexposed photographic 


%” E.g., H. Tazaki, J. Sci. Hiroshima Univ. A3, 321 (1933); 
A4, 185 (1934); A6, 299 (1936); and Al0, 73 (1940); and O. R. 
Ford, Phys. Rev. 41, 577 (1932). 

51 E.g., J. Valasek, reference 17. 

® The current view [e.g., see F. R. Hirsh, Revs. Modern Phys. 
14, 45 (1942)], although only qualitatively substantiated for 
only some satellites, favors the double inner ionization theory. 

The competing theory, the Richtmyer “simultaneous double 
electron jump,” is expected to be more favorable as the coupling 
between inner and outer electrons gets stronger, as with decreasing 
atomic number. The wavelength position of a “double jump” 
satellite would seem to be the more sensitive to variations in the 
solid state, and if the second jump involves a broad band of 
states (e.g., 1s3s—ra3p or 1s3p->a3p’ where 34’ is a hole higher in 
the band than the initial 3p hole) the satellite line should be 
broad. Satellites as reported appear to be only slightly broader 
than the parent lines [e.g., see L. G. Parratt, reference 26, and 
C. A. Randall and L. G. Parratt, Phys. Rev. 57, 786 (1940) ], 
but this appearance may well be a mere consequence of the 
arbitrariness in the number of and position of the resolved 
components. 

%Q’Bryan and Skinner, reference 1, also discuss cross transi- 
tions and point out the “symmetry-interchange” effect. However, 
the emission bands they attribute to cross transitions have an 
amazingly high relative intensity for such transitions. 
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plates. The interpretation of most if not all of these 
lines is in some doubt. Many of them may not be 
double-ionization satellites but, rather, may involve 
the characteristically solid-state states, both narrow 
and broad, of which we have mentioned only a few. 


ABSORPTION SPECTRA 


The experimental absorption curves are shown in 
Fig. 2. We have already implied an interpretation of 
the first absorption peak as the transition indicated in 
Fig. 6, viz., the one in which the 1s electron goes to 
the A level.* Also, it appears reasonable that the second 
strong absorption peak comes about when the 1s 
electron is placed in the B level. 


Widths of Final States 


To check these assignments, we first examine the 
final state widths. In each case, if the absorption 
contour is resolved into two component absorption 
lines and a complex continuum, the full width at half- 
maximum of the first line is about 2 ev before correction 
for the spectrometric resolving power, and about 1.6 
ev after correction. This 1.6-ev width, which also 
includes the 1s width (0.45 ev for Cl- 1s and 0.73 ev 
for K+ 1s) in some fashion not presently resolvable,** 
is too narrow for the A level to be just a conventional 
band in the continuum.** The A level, and probably 
also the B level, must be discrete and localized. 


The Continuum 


The position of the bottom of the continuum is 
not recognizable in the observed contour for either 
chlorine or potassium, Fig. 2, but we would like to 
know this position in each case.*7 The theoretical 
calculation of the energy difference between the 1s 
states in which the electron is (1) in the A level or 
(2) at the bottom of the continuum (i.e., the energy 
states of the third and fifth columns of Fig. 6) is not 
an easy one. 

In an effort to avoid this calculation, we might 
consider the A,B, .. . levels for potassium as the 
vestiges of the optical 4p,5p, . . . levels.** In this 


4 The association of the first absorption peak with a discrete 
exciton-type level is not new; e.g., see reference 2. 

35 We cannot simply subtract the 1s width as we would if we 
were dealing with the integrated product of two Lorentzian 
curves; here, at best, we are dealing with the sum of two curves, 
but the situation is more complicated as is indicated later. 

36 Most of the 1.6 ev width of the final state is due to the A 
level, and this part of the width is so great that it cannot be 
contained in the width of that 1s state which is the initial state 
for 6; emission (e.g., column five of Fig. 6). 

37 Identifying the bottom of the continuum is a common 
problem in x-ray spectroscopy of the solid state, and too often 
investigators have ignored the difficulty of the task. : 

This problem is also deeply involved in the interpretation of 
the critical x-ray absorption edges, e.g., in beta-ray spectroscopy. 
E.g., ~ Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 

1952). 
' 88 There is no corresponding optical atomic configuration for 
the case of a 1s vacancy in chlorine in KCI. 





924 L. G. PARRATT AND /£.\L.: JOSSEM 


event, they may bear some relation to the levels in 
singly ionized calcium (as in the analysis for gaseous 
argon, reference 3). From the optical atomic spectro- 
scopic data, the Cam4p—5p separation is 4.36 ev, 
4p—O6p is 6.08 ev, and 4p—~p is 8.7 ev. The first 
three observed separations from the first absorption 
peak for potassium in KCl are 3.5, 6.9, and 9.0 ev. 
Although the separations agree within 1 ev in each case, 
this is probably sheer coincidence; otherwise we might 
conclude taat the dielectric constant is essentially 
unity and that there are no solid-state effects. 

It is clear, however, from the work of Kiyono® 
on the K absorption spectra of potassium in potassium 
compounds, and from recent (unpublished) data 
obtained in this laboratory on the K absorption 
spectra of chlorine in other monovalent chlorides, that 
the lattice does have an important role in determining 
the spectrum. Therefore, any such simple “atomic” 
interpretation which neglects completely the solid- 
state effects will be quite inadequate.” 

The simplest, qualitative theoretical calculation 
may be made from the hydrogenic relation as follows 


m, R 13.58 
AFA, )=— ——= =3 ev, (3) 
mene? (2.13)? 


where m, is the reduced mass of the coupled 1s hole 
and the A electron, m, the electronic mass, R the 
Rydberg, m=1 for the lowest hydrogenic state, and 
€9=2.13 the high-frequency dielectric constant. For 
the B electron, n=2, and then AE?,,2=0.75 ev. Each 
of these calculations presumes the spatial extent of 
the A or B wave function is large, sufficient to justify 
using the normal bulk value of the dielectric constant.!® 
The wave-function extent, as indicated in Fig. 5, is 
not this large, especially for the A electron. With a 
limited A orbital size, the effective ¢ is probably a 
little closer to unity, and AE4,_; is correspondingly 
larger than the calculated 3 ev. In this connection, we 
note that the observed difference between the A and B 
absorption peaks is 3.9 ev for chlorine and 3.5 ev for 
potassium, in qualitative agreement with this type 
of adjustment in e.“! 


8S. Kiyono, Science Repts. Tohoku Univ. First Ser. 36, 1 and 
236 (1952). 

# Another empirical “atomic” approach to this problem has 
been reported by Narbutt, Vainshtein, and Barinskii, Doklady 
Akad. Nauk S.S.S.R. 87, 381 (1952). They propose that two 
superposed series of energy levels (one associated with the potas- 
sium ion and the other with the chlorine ion) are involved in the 
absorption spectra of both potassium and chlorine in KC]. The 
observed separations of the absorption lines arbitrarily resolved 
are used to calculate quantum defects which allow each series of 
levels to be described by a simple hydrogenic formula with a 
common series limit. These authors attach considerable signifi- 
cance to predictions made from these levels and to “confirmations” 
in the ultraviolet absorption spectrum of KCl, but the method 
appears to be rather ad hoc and to ignore the differences in the 
wave-function symmetries of the ultraviolet and x-ray absorption 
transitions. 

41 Equation (3), applied to the case of the A electron coupled 
with a 3p hole (column six in Fig. 6), gives AE4,1= 1.8 ev, if the 
ratio m,/m,=3/5 which seems reasonable for the mobile exciton 


The simple treatment of Eq. (3), however, does not 
distinguish between s- and p-type symmetry and 
assumes a highly questionable dielectric constant. An 
attempt was therefore made for potassium to divide the 
region in which the electron is localized into two parts: 
(1) the impurity cell and (2) the region outside the 
impurity cell. In the impurity cell the radial wave 
functions for the potassium core are used to estimate 
the phase of the radial function near the edge of the 
impurity cell. The potassium core is presumed to 
resemble closely that of Ca** for which the quantum 
defects can be deduced from the optical spectra of 
Cat by the method of Kuhn.” Outside the impurity 
cell an additional field term A/r? is used to make the 
potential continuous at approximately the Goldschmidt 
radius r from the center of the impurity. With the inner 
and outer regions thus joined, assuming again that 
m,=me, the calculation gives AE4,.2=1.5 ev. But, 
even with the A/r* term, we have probably taken the 
effective value of € too large. 

Morita® has reported a similar sort of calculation for 
KCl. However, he assumes that the second absorption 
peak represents the bottom of the continuum and he 
also neglects possible electronic polarization of the 
crystal. He obtains a value of 2.7 ev for the separation 
of the A and B peaks as compared with the observed 
3.5 ev. 

Nevertheless, these calculations, although still in- 
adequate, are believed to be much better than the 
one of Eq. (3) for the 1s hole, and we conclude that 
the hydrogenic calculation is not to be taken very 
seriously. 

It may also be pertinent to remark that the bottom 
of the continuum in crystalline KCl is normally 
thought of as the bottom of the 4s chlorine band. The 
potassium 1s electron may go happily (by the selection 
rules) to the bottom of this band because of the sym- 
metry-interchange effect, but the chlorine 1s electron 
may prefer to go to a higher level having p-type 
symmetry near chlorine and perhaps s- or d-type near 
the potassium sites. (In general, the symmetry types 
in a band become mixed as one progresses up from the 
bottom, but at and near the bottom of an s-type 
band, the symmetry remains pure s-type.“) Hence, we 
may expect the 1s absorption continuum for potassium 
to be a little lower than for chlorine, and the shape 
of the absorption to be different in the two cases. 
This symmetry effect is believed to be important in 
accounting for the reversed ratio of intensities of the 


(assuming that the same dielectric constant applies). This AZ 
agrees with the separation between the peaks observed in ultra- 
violet absorption for KCl (Mott and Gurney, reference 18, 
page 97). However, the extent of the A wave function associated 
with the 3p hole is not the same as with the 1s hole, and we should 
not derive much confidence from the simple, qualitative calcula- 
tion of Eq. (3). 
- @T, S. Kuhn, Phys. Rev. 79, 515 (1950). 

4 A, Morita, Science a. Tohoku Univ. 36, 256 (1952). 

“ F, von der Lage and H. A. Bethe, Phys. Rev. 71, 612 (1947). 
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A,B absorption lines for potassium as compared with 
chlorine. 

The energy position of the bottom of the continuum 
is arbitrarily taken as 4.13 ev and 3.2 ev as measured 
from the first absorption peak for chlorine and for 
potassium, respectively, as indicated in Fig. 2. 

This choice in each case, we might say, also helps 
make palatable the observed relative intensities of the 
A and B absorption lines. The relative height of the 
second line for potassium is reduced, as a component 
line, when the continuum background is subtracted. 

The chosen energy position for the bottom of the 
continuum does not agree in either case with any 
previously reported position of the K absorption 
edge.** Although fine structure has been commonly 
observed near the edge, there have been very few 
satisfying attempts to interpret it.*” The usual prag- 
matic definition of the position of the edge places it 
about halfway up the first abrupt absorption rise 
regardless of the kind or amount of fine structure 
present. 


Shape of Absorption Line 


A careful look at the shape of the first absorption 
line for either chlorine or potassium shows it to be very 
unusual. The low-energy side of the line falls much 
farther below the Lorentzian shape, matched at P and 
W;, Eq. (1), than does any “reasonable” x-ray line. 
Furthermore, the shape near the peak of the chlorine 
absorption line is strangely asymmetric and strongly 
suggests multiplet structure. This asymmetry is not 
very evident on the scale of Fig. 2, but is very marked 
when the scale is enlarged. 

Three possible causes of multiplet structure are now 
mentioned : 


(1) The A level has p-type symmetry and is therefore 
split into a spin doublet. It is extremely difficult to 
calculate the expected spin-doublet separation. For 
the potassium case, we note from optical spectra for 
Cam that 4p;,—4p;=0.03 ev, a negligible splitting, 
but the assumption here of optical terms is, of course, 
not quite valid. 

(2) The A level must have p-type symmetry with 
respect to the 1s vacancy, but, as viewed by neighboring 
atoms, its symmetry is more complicated. Perhaps the 
interactions with the neighboring atoms cause the A 
level to be split into several discrete levels. 

(3) The thermal vibrations of the lattice result in an 
apparent splitting of the A (or B) levels. Although the 
lifetime of the 1s vacancy is very short compared with 
the time of a vibration cycle, each atom having a 1s 


45 E.g., Y. Cauchois and H. Hulubei, Longueurs d’Onde des 
Emissions X et des Discontinuites d’Absorption X (Hermann & Cie, 
Paris, 1947), and A. E. Lindh, Handbuch der Experimental Physik, 
Rontgenspektroskopie (Akademische Verlagsgesellschaft m. b. h., 
Leipzig, 1930), Vol. 24, Part 2. 
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vacancy is caught in a different part of the cycle but 
most likely at either end of its vibration motion. The 
amplitude of vibration is different in different directions 
in the crystal. Hence, the A level is really a band of 
infinitesimally closed spaced levels. But the band may 
appear experimentally “‘flat-topped” or with a minimum 
in the central region. 

Splitting, as mentioned above, may justify an 
arbitrary resolution of the A and B absorption lines 
into, say, two components each of which has a reason- 
able width and shape and whose sum equals the 
observed contour. Such resolution is not indicated in 
Fig. 2, however, because of the uncertainty of the 
appropriate absorption line component structure and 
the uncertainty of the bottom position and shape of 
the continuum. 


Base Width of the 3f Valence Band 


In ultraviolet absorption, two peaks are observed 
with KCl, one at 1620 A (7.65 ev) and the other at 
1310 A (9.46 ev). The first peak is interpreted as corre- 
sponding to the transition indicated in Fig. 6, the second 
to the transition in which the 39 electron is ejected to 
the continuum. (It has been assumed that the ultra- 
violet B level, i.e., associated with a 3 hole, is at the 
exciton series limit (Mott and Gurney, reference 18) 
and at the bottom of the continuum (Wannier, refer- 
ence 19). The 3 hole in the final state is taken at the 
maximum of the density of states, a position about 
3 of the way along the base width of the band as 
sketched in Fig. 6. 

Then, if the energy contribution of the ultraviolet 
A level can be taken arbitrarily as about 1 ev less 
than that of the chlorine x-ray A level, we can deduce 
an approximate value for the base width of the valence 
3 band by the following relation, using energies given 
in Figs. 2 and 6, 


8W yp 13.88—4.13—7.65+1.0, 
W sp=4.2 ev (base width). 


This value is in good accord with the expected width‘ 
although both values contain some rather poorly 
evaluated guesses. 


CONCLUSION 


Many points in the interpretation of x-ray emission 
and absorption curves in the spectroscopy of the solid 
state have been discussed. Crystalline potassium 
chloride has been used as an example. The processes of 
emission and absorption involve discrete local ‘“im- 
purity-type” levels associated with the solid state 
bands, both filled and unfilled. 

Perhaps the most significant conclusion is the 
following: With curves accurately recorded (with a 
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precision intensity scale and very high, known resolving 
power), we find that the strong emission line involving 
the valence band electrons probably does not in general 
give much information about the normal unperturbed 
valence band itself. This conclusion, contrary to the 
most fundamental postulate in x-ray spectroscopy of 
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the solid state, is more or less tentative. If this con- 
clusion is wrong, we seem obliged to believe that the 
valence band in KC] is only 0.33 ev wide at the half- 
maximum of the density-of-states curve. Resolution of 
the question awaits a more precise theoretical treatment 
than has yet been made. 
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The nature of the spin coupling in MnO is discussed, the details of the discussion being based on a very 
simplified three-center system. The coupling between magnetic ions whose charge densities interact with an 
intervening nonmagnetic ion but not directly with each other is described as the result of the polarization of 
the nonmagnetic ion. The configuration interaction representation of this polarization is treated by non- 
orthogonal orbitals, orthogonal orbitals, and by a method due to Kramers. These three approaches are 
applied to a numerical example. It is concluded that a reliable description of the simple three-center problem 
is more complicated than generally believed due to the importance of highly excited states of the system 
which have been neglected in previous treatments of the problem. 


INTRODUCTION 


HE problem of the spin coupling of paramagnetic 
atoms or ions whose outer charge densities overlap 

an intervening nonmagnetic atom or ion, but do not 
directly overlap each other, is of.considerable interest in 
understanding antiferromagnetism. Such a situation is 
met in MnO, an antiferromagnetic oxide of simple cubic 
structure. The magnetic ordering has been determined 
by neutron diffraction.! The (111) planes consist alter- 
nately of Mn** ions and O= ions. The spins of the Mntt+ 
ions on a given plane are coupled ferromagnetically but 
the coupling between neighboring planes of Mnt* ions 
is antiferromagnetic as shown in Fig. 1. The distance 
between Mn** ions on adjacent planes appears to be so 
large that no important direct overlap, hence interac- 
tion, exists. The antiferromagnetic spin coupling be- 
tween planes seems to arise in part through an inter- 
action involving the Om ions. A detailed analysis of the 
actual situation in the crystal would be very difficult. It 
seems reasonable, however, that an examination of an 
Mn*+—O=—Mn?** unit lying on a-straight line con- 
necting three planes, as shown by the dotted lines in 
Fig. 1, may explain the role of the oxygen ions in the 
spin coupling of the Mn** ions. The energies of various 
spin orientations of the system must be found and 
compared. As the energy differences involved will be 
small, a meaningful result can be obtained only by a 
fairly complete configuration interaction investigation. 
Even the Mnt+—O=—Mnt* problem is a very hard 


* The research in this document was supported jointly by the 
Army, Navy, and Air Force under contract with the Massachusetts 
Institute of Technology. 

1 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 


model to treat, and to further simplify the situation we 
will consider a three-center system containing four 
electrons. Here we have two magnetic ions A and A’ 
separated by a nonmagnetic atom B as illustrated in 
Fig. 2. This situation was first investigated by Kramers’ 
and more recently by Anderson.’ It is the purpose of 
this paper to re-examine the problem in detail and to 
point out some of the requirements for an adequate 
description of the spin coupling. 


THREE-CENTER SYSTEM 


The ground configuration of our three-center system 
will be taken to be that in which there is one electron in 
a localized orbital #4 or u4: about the magnetic ions A 
and A’, respectively, and two electrons with opposite 
spin occupying a single orbital , localized about the 
nonmagnetic center B. We speak of A and A’ as being 
magnetic centers since they have a net spin associated 
with them in their lowest state. B is called a non- 
magnetic center as it has a closed shell structure for its 
ground state. Clearly the energy of the ground con- 
figuration of the system will be independent of the spin 
orientation of the electrons about A and A’ if the 
localized orbitals about these centers do not directly 
overlap since an undistorted closed shell ion does not 
care how the spins of its neighbors are situated. In order 
to get an energy separation for the states of different 
spin we must break up the structure of the intervening 
nonmagnetic ion. We wish, therefore, to find the 
answers to the following questions: First, when we have 
included the necessary configurations to describe this 


2H. A. Kramers, Physica 1, 182 (1934). 
3 P. W. Anderson, Phys. Rev. 79, 350 (1950). 
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system, will the spins of the electrons about A and A’ 
tend to set themselves parallel or antiparallel? Secondly, 
what are the excited configurations which must be 
considered to answer the first question? 

The presence of the Mn** ions in MnO will distort 
the charge distribution of the O= ions. A consequence of 
this polarization will be a spin coupling of the Mntt 
ions surrounding the oxygen. Hence we could approach 
this problem by trying to find the best method of ex- 
pressing the distortion of the O= ion and then the spin 
coupling would fall out automatically. In order to 
translate these ideas to the three-center problem, we 
must consider excited states in which electrons about the 
nonmagnetic center B are either excited into higher- 
lying orbitals about that center or are transferred from 
the B center to the adjacent magnetic centers. Following 
Anderson’s’ treatment of the three-center problem, we 
will restrict ourselves to excited states where electrons 
have been transferred to the magnetic centers ; these can 
be called the superexchange configurations. The problem 
will be discussed in terms of nonorthogonal orbitals, 
orthogonal orbitals, and by a method due to Kramers 
for the purpose of bringing out some of the limitations of 
each approach. 


Fic. 1. Coupling of spins for MnO structure. 
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Fic. 2. Arrangement for the three-center system containing 
four electrons. A and A’ are magnetic ions separated by a non- 
magnetic atom B. 


NONORTHOGONAL ORBITALS 


The configuration interaction which describes the 
coupling of the magnetic ions in the three-center problem 
is quite straightforward when carried out in terms of 
nonorthogonal orbitals. The excited configurations in 
which an electron has been removed from the non- 
magnetic center B and placed on A or A’ leaves an 
unpaired spin in #g and on one of the A centers leading 
to a spin coupling due to the direct overlap of these 
charge densities. The localized, nonorthogonal orbitals 
will be denoted by #4, #s, ua and are assumed to have 
the following overlap matrix: 


ua Up 
1 d 0 
@d 1 4 
Ua’ a 


UA’ 





(1) 


where d is the overlap integral between ug and 4 or ta’. 
The various electron assignments for the three con- 
figurations are shown in Table I. When singlet and 
triplet states are set up for each configuration, reflection 
symmetry being taken account of, we get a 2X2 secular 
equation for each multiplicity. The interaction of these 
states results in an energy separation between the 
lowest singlet and triplet. The method of nonorthogonal 
orbitals is examined more closely in the following nu- 
merical example. 


ORTHOGONAL ORBITALS 


The orthogonal orbitals will be taken to be 


Va=UA, 
Var=Ua, (2) 
vp={up—d(uatua)}/(1—2¢?)}. 


In terms of orthogonal orbitals our ground configuration 
is that in which an electron occupies v4, one in v4’, and 
two in vg. The excited configurations are those in which 
an electron is transferred from vg to v4 or v4’. These 
configurations are indicated in Table II as well as an 
additional excited state where both electrons are re- 
moved from the B center and put on the A centers. We 
now encounter a very interesting and an important 
feature of the orthogonal orbital approach. Jt can be 
shown, regardless of the nature of the orthogonal orbitals, 
that there is only one possible result that can be obtained if 
we do not include the last configuration of Table II. This 





928 GEORGE W. 


TABLE I. Electron assignments for three configurations of 
nonorthogonal orbitals. 








UB 











is that the lowest singlet cannot possibly lie below the 
lowest triplet. To show this, we set up the Hamiltonian 
matrix for the triplet states plus a difference matrix D: 


H s.0= Hs-1+ D. (3) 


The singlet states are 


A 
Yo= {v4 (a)vp(a)vB(6)04-(6) 


v2(4!)3 
—v4(8)ve(a)vp(8)v4-(a)}, (4) 


and 


A 
y= {v4 (a)v4(8)vz(a)04-(6) 
2(41)! 
—v4(a)v4(8)02(8)04-(a) 
+04 (a)vp(8)v4-(a)v4/(8) 
—v4(8)vp(a)v4/(a)v4/(8)}, (5) 


where A is the antisymmetrizing operator and the 
singlets are even under reflection in a plane perpen- 
dicular to the internuclear axis through the nonmagnetic 
center B. For the sake of simplicity, it will be assumed 
that under this symmetry operation v4 goes into v4, in 
the entire discussion of the three-center problem. The 
triplet states made up of the first three configurations of 
Table II are 


A 
xo=——{v4 (a)vp(a)vB(8)v4-(a)}, 
(4!)3 
A 
x1=——{4 (a) .4(8)0B(a)v4/(a) 


(4!)*v2 
+4 (a)vp(a)va’ (a)v4/(8)} ’ (7) 


and these states are odd under reflection. By straight- 
forward methods it can be shown that the form of the 
difference matrix D is . 


(6) 


(8) 


0 
10 Des 


TaBLE II. Electron assignments for three configurations of 
orthogonal orbitals. 








vB 
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where De» is 


Do= 2{v (1)2(2) | Hie | va(1)v4- (2)} 
+2{04(1)08(2)|Hi2]v8(1)04(2)}. (9) 


It is easily established that D2: is positive definite using 
familiar inequalities and the fact that exchange inte- 
grals are positive definite. If @o is the eigenvector 
corresponding to the lowest-lying energy Eo of Hs», 
then from (3): 


(o| H so] ®o) = (Bo| Hs_1| 0) + (@o| D|&o), (10) 


Ey= Sort Do. 


But &) is surely > E,, the lowest-lying triplet energy; 
hence, 
(11) 


Knowing that D has no negative eigenvalues, we have 
Doo=0; consequently, 
Eo> Fi. (12) 


Therefore, the lowest singlet cannot lie below the 
lowest triplet if we do not include in our configuration 
interaction the last configuration of Table II. By 
omitting this higher excited state all the physical 
meaning is lost. The vital character of the highly excited 
states was first pointed out by Slater,‘ in his analysis of 
the hydrogen molecule. In this case one finds that if we 
do not mix in ionic states when using orthogonal orbitals, 
the singlet state analogous to the Heitler-London ground 
state does not even show binding. One is forced to the 
conclusion that when using orthogonal orbitals, we will 
almost certainly arrive at meaningless results unless 
adequate configuration interaction is carried out. In the 
three-center problem it is the highest-lying state which 
completely determines how the spins prefer to be 
aligned, parallel or antiparallel. 


Eo> E:+ Doo. 


KRAMERS’ METHOD 


Kramers’ developed a unique method of handling 
configuration interaction problems and first applied it to 
the interaction between magnetic atoms in a paramag- 
netic crystal. It has been the basis for several discussions 
of superexchange interaction and, in particular, for 
Anderson’s treatment of the three-center problem. The 
idea of this method will be indicated briefly here, the 
reader being referred to Kramers’ excellent paper for 
further details. 

Suppose we have a system consisting of 2m A-type 
centers and n B-type nonmagnetic centers. Let the 
localized orbital associated with the ith A center be v4; 
and that associated with the jth B center be vg;. We 
consider here a 4n-electron problem and assume the 
orbitals v4, g to be orthonormal. The ground configura- 
tion is defined to be that in which each vg; is doubly 
occupied and each 2,4; singly occupied. With no loss of 
generality we can limit ourselves to only those states 


4J. C. Slater, J. Chem. Phys. 19, 220 (1951). 
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with total m,=0. The ith state corresponding to the 
ground configuration is distinguished by the spin as- 
signment made to the one-electron orbitals and is 
represented by the antisymmetrized product: 


(13) 


There will be (2m)!/(m!)? states y; corresponding to the 
ground configuration. The excited state 7. corresponds 
to a configuration in which one or more electrons have 
been transferred from the nonmagnetic atoms B to the 
magnetic atoms A and nq will be represented by an 
antisymmetrized product of the v4, »’s with a particular 
spin assignment. The lowest eigenstate of the system 
will be of the form: 


=D i AigitDa Bana. (14) 

The coefficients A and B satisfy the set of equations: 
Li Ai(ge*Hei)+ Lia Bal gx*Hne)=ArE, (15) 

Li Ai(n*Hei)+D0a BalnsHne)=BsE. (16) 


It is possible to eliminate the coefficients B, from (15) 
by expressing them in terms of the A,,’s in the form 


Ba=dim CanA a: (17) 
We then get the equation 


Lim AmL{ (ge*H gm) 
+Za Cam(¢x*Hna)} — Edxm]|=0. 


Pi=A {041 00B) AVB; BUA2B---}. 


(18) 
The matrix 


Vim= (gx*H om) + doa Cam(ox*H na) 


is defined as the effective Hamiltonian, allowing us to 
express our problem as 


a Vim— Edim}Am=9. 


Léwdin' has given a very clear treatment of this general 
procedure and shows that 


Ball on 
E—Haa 


(19) 


Vim= Hiemt+ 20 





ial «gH gm 
axp (E- Hua) (E- H 5) 


We have now reduced our original configuration 
interaction problem to a secular equation whose order is 
only the number of states yg; rather than this number 
plus that of all of the excited states. Even though the 
effective energy operator U contains the unknown 
energy E in it, very often approximations can be made 
which will minimize this difficulty. The excited states no 
are treated as a perturbation of the states g;, the 
perturbing Hamiltonian being 


Bulls A moH apH pr 
lie. 


1 2+H,, o8(2—8,)(E-Hy) 
5 P. O. Léwdin, J. Chem. Phys. 19, 1396 (1951). 


(21) 
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One of the essential features of this approach is that the 
secular equation is kept to a minimum order and in 
many respects our insight into the problem is enhanced. 
The spin coupling between the nonoverlapping mag- 
netic atoms first appears in the third-order term in Umn. 
This is simply another statement of the fact that it is the 
higher-order terms which completely determine the 
nature of the energy dependence on the spin. The im- 
portance of the third-order terms has been well known 
for a long time, but they appear to have been incorrectly 
treated. If Un» for m¥n is negative, then Hund’s rule 
will apply and we have a ferromagnetic coupling. If 
Umn for m¥ m is positive, then the center of gravity of 
the singlet energies lies lowest and the average energy 
of the states of a given multiplicity increases with the 
multiplicity. For a system containing a large number of 
electrons these average energies will be very closely 
spaced. We can never get an antiferromagnetic coupling 
out of this procedure in the sense that, if the system is 
divided into two sublattices, all the spins on one 
sublattice point in one direction and all those on the 
other sublattice point in the opposite direction. Such a 
state is not an eigenfunction of S? and, unless the 
Hamiltonian contains an interaction which destroys S? 
as a good quantum number, all we can properly talk 
about are magnetic or nonmagnetic states. The three- 
center problem, however, is a special case as it is possible 
to speak of parallel or antiparallel orientations with a 
spin-independent Hamiltonian. Our approach to anti- 
ferromagnetism is thus one of first finding the stationary 
states of the system with S? regarded as a good quantum 
number, and then to use these states to treat the spin- 
dependent interactions by perturbation theory. In the 
case of antiferromagnetism, presumably the solution to 
the spin-independent problem will be that in which Uma 
is positive so that the spins prefer not to line up as in a 
ferromagnetic. We would expect that the various non- 
magnetic states would be very closely spaced in energy 
so that a rather small spin-dependent interaction could 
cause a relatively large splitting. Therefore, a knowledge 
of the role of the nonmagnetic ions and the spin- 
independent solution is of fundamental importance 
although polarization effects as treated here cannot 
produce the actual antiferromagnetic spin-ordering. 
Let us apply the Kramers approach to the three- 
center problem. The two unperturbed ground states are 


gi= (4!)-44 {04 (a)0p(@)vp(8)v4-(8)}, (22) 
go= (4!)-44 {0.4 (8)va(a)08(8)v4/(a)}. (23) 
The excited states are 
m= (4!)4A {04 (a)v4(8)08(a)v4/(8)}, 
n= (4!)-44 {04 (a)04(8)02(8)2v4-(a)}, 
ns= (4!)-44 {04 (a)v2(8)04-(a)04-(8)}, 
n= (4!)-*A {0.4 (8)0n(@) 04: (a)v4/(8)}, 
ns= (4!)~4A {v4 (a) 04 (8)04/ (a)v4/(6)}. 


(24) 
(25) 
(26) 
(27) 
(28) 
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The zero of energy is taken as Ui,;=U22.=0, or 
(g:*|H| o1) = (¢2*| | ge) =0. Ui is given as 


2d?(J+g) 


(E—F,)? 
4hdg 


” (E-E))(E-E:)’ 


Uy»= (gi*| Hess! ¢2)=— 





where 


i— (v4|Hi|ve)+ (vaB | A»| Yada) 


+ (vpvp|Hi2|0504)+ (vava'|Ai2| 2404), (30) 
(31) 


(32) 


J = (vp0,4|H12| 2408), 
g= (vpv4|Hi2| 04-08), 


h= (v4| | 05) +2(v4vB| Hie] 0404") 
+ (vpv4| Hi2|040a). 


Here E,; and E» in (29) are the energies required to 
transfer one and two electrons, respectively, to a mag- 
netic center from the nonmagnetic ion B. 

If U;2 is less than zero, then the triplet lies below the 
singlet. The first term of Ui2, which involves only the 
excited states m, through m4, is negative definite. This 
is in accord with the fact that the exclusion of the doubly 
excited state ms precludes the singlet lying below the 
triplet. The second term of U12 must, therefore, be large 
enough to reverse the sign of the matrix element if a 
third-order theory is to be adequate to show a non- 
magnetic coupling. This condition leads to the in- 


equality: 
J+g E-—E; 
in| > i(—)( | 
2g E-E, 


Anderson’s* treatment of the three-center, four- 
electron problem is an application of Kramers’ method. 
Excitations of two different types are considered, that in 
which an electron is taken from the nonmagnetic center 
and put in an occupied orbital on one of the magnetic 
ions, and that in which the transferred electron goes into 
an unoccupied orbital about one of the magnetic ions. 
These two types of excitation were considered sepa- 
rately. In the first case, where the excited electron goes 
into an occupied orbital, it has been-proved above that 
we must include the excited configuration in which both 
electrons are removed from the nonmagnetic ion. Since 
Anderson has not included this doubly excited state, his 
results for this type of excitation cannot properly 
describe the nature of the spin coupling. 

In the case where the excited electron goes into an 
unoccupied orbital about a magnetic ion, the proof of 
the necessity of doubly excited configurations no longer 
holds. The two ground states are as in (22) and (23). 
Let the excited electron go into an orbital v¢ or ve about 
one or the other magnetic ion. A typical excited state 


(33) 


(34) 
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would be 
(4!)-4A (vaavcav Bv,/B). 


There will be twelve such excited states all with four 
electrons in four different orthogonal orbitals and each 
state with total M,=0. If we were to diagonalize the 
spin and the symmetry operation, we would find two 
singlets, three triplets, and one quintet each of which 
can be either even or odd under reflection. If we apply 
Kramers’ method to this problem and restrict ourselves 
to a third-order theory, it turns out that there is a good 
deal of cancellation and only four of the twelve excited 
states enter. Apparently the third-order theory will not 
give a very complete description of the effect of these 
excited states in the configuration interaction unless the 
series expression for the effective Hamiltonian (20) is 
very rapidly convergent. 


NUMERICAL EXAMPLE 


The use of nonorthogonal orbitals, orthogonal orbitals, 
and Kramers’ method has been discussed. It is of 
interest to illustrate the remarks made concerning these 
various approaches by a numerical example. In the case 
of nonorthogonal orbitals it is possible to give a satis- 
factory description of the spin coupling by using only 
those configurations listed in Table I. Let us examine 
the three-center problem by this method. To this end 
we take the following model. The magnetic ions A and 
A’ will be Het-like ions and the nonmagnetic ion B of 
Fig. 2 will be a neutral He-like atom. Let the AB dis- 
tance be 2.5 a.u. (1 a.u.=h?/me?) and all the orbitals be 
s-like Gaussians with a half-width factor of unity. The 
separation of centers has been chosen such that 
ua(x)ta-(x) will be taken as zero for all x. The only 
overlap integral appearing is d4g=d,’z, and for this 
case it is 

d4p=0.0439. 


The nonorthogonal orbitals are 


ua=(2/m)' expl—(r+Ra)*], 
up= (2/m)' exp(—r’), 
ua'= (2/m)* expl — (r—Ra)?]. 
The ground configuration has a singlet and a triplet 
associated with it, as do the two excited configurations 


in which an electron is transferred from “g to “4 OF Ua’. 
The ground singlet is 


(asp (a a’(8 
oral wurtal eg 


(2—4d?+-4d*)! 


(35) 





arty 


The ground triplet is 


__A {1a(a)ua(a)un(6)ua-(a) 
(ayil (1-242)! 





Xo (37) 
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The singlet corresponding to the excited state of the 
same inversion symmetry as Yo is 





y “EDA amy Ft Ose ona) 


— 4 (8)up(a)ua-(a)u,-(8) 
+ (a) (B)up(a)us(8) 
—uUa(a)ua(8)up(B)us(a)}. 


The triplet corresponding to the excited state of the 
same inversion symmetry as xo is 


(38) 


{164 (cc) 44 (8)Up(a)1,4- (a) 





(4D i224) 
+14 (aun (a)u4- (a)u4-(8)}. 

The results of the configuration interaction are given in 
Table III. The overlap integral between the ground and 


excited singlets was the same as that between the ground 
and excited triplets 


(WoW) = (Xo,x1) = — 0.062. 
The lowest roots of the two secular equations were 
Es~0= —90.139, 
Es-1= —0.129. 


(39) 


Clearly in this example the superexchange interaction 
does lead to a description of the system in which the 
spins of the electrons about the magnetic atoms A and 
A’ prefer to set themselves antiparallel. The calculation 
has been carried out with no overlap integrals or three- 
center integrals neglected. 

Since the point of interest here is the energy difference 
between two spin orientations in a weakly coupled 
system, some of the approximation methods often used 
with nonorthogonal orbitals may not be valid. For 
example one often neglects the square or higher powers 
of the overlap integral and also three-center integrals. 
Such an approximation is thought to be reliable in those 
situations where the overlap integrals are small as is 
true in this problem. If this is done here, the energy 
separation turns out to be 


Es-o—Es-1= —0.014, 


as compared to the accurate value of —0.010. Although 
we are led to the same qualitative result, the percentage 
difference in the answers is rather large. Another ap- 
proximation is to treat the nonorthogonal orbitals as 
though they were orthogonal and to find the matrix 
elements of the Hamiltonian on that basis. However, in 
order to account for the fact that the orbitals are not 
actually orthogonal, whenever an exchange integral 
appears in the formalism, it is set equal to a Heisenberg 
exchange integral J’. The energy difference between the 


TABLE III. Results of the configuration interaction. 








Singlets 


Hoo=0.000 
Ho= 1.182 
Hy=0.163 


Triplets 


Ho= 0.000 
Hu=-—1.181 
Hn= 0.197 











two spin orientations will be a function of J’. When one 
follows this procedure and uses the exchange integral J’ 
which is 


= {4 (x1) 5 (x2) | H+ H+ HAis| up (a1) (x2)} 


the energy difference is 
Es.0— Es-1= — 0.016. 


In all of the numerical work a sufficient number of 
digits was retained so that the results could be expressed 
with three significant figures. In this problem where the 
overlap integral is quite small, which means that our 
orbitals are very nearly orthogonal, an error of ap- 
proximately 50 percent in the final energy separation is 
incurred by the effective exchange integral treatment. 

The use of nonorthogonal orbitals introduces many 
complications in an actual calculation, as is well known. 
Furthermore, the results of these calculations appear to 
be rather sensitive to any approximations made which 
would simplify the nonorthogonality problem. There- 
fore, it seems that an approach based on orthogonal 
orbitals is more suitable. If we take the results obtained 
from the calculation by using the nonorthogonal «’s and 
expand them in terms of the orthogonal 2’s, we find that 
all of the configurations listed in Table II are necessary. 
The result of such an expansion is to determine the 
coefficients with which the orthogonal configurations 
enter. However, if we were to do the problem entirely 
over starting with the v’s and find the lowest singlet and 
triplet states, we would find a singlet with an energy at 
least as low as that found in terms of the nonorthogonal 
orbitals and that the lowest triplet energy would be 
unaffected for this case. Therefore, the energy separation 
of the two spin orientations would be at least'as great as 
that found by the calculation using nonorthogonal 
orbitals. 

Let us now apply the method of Kramers to this 
system. We have to evaluate U2 as given in (29). To 
determine whether the 'third-order approximation is 
adequate, the behavior of the inequality (34) must be 
examined. For this numerical example the values turn 


out to be 
(2 t8 E-E, E-E, 
se) 
E-E, 


E-E, 
|h| =0.1717. (41) 


The inequality (34) is not satisfied and, therefore, for 
this problem the third-order theory is not sufficient to 
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describe the true state of affairs. The convergence 
properties of Kramers’ method are not well known and 
they may turn out to be a serious limitation to the 
usefulness of this approach. 


CONCLUSION 


Two problems have been discussed here. First, the 
role of the oxygen ion in MnO in determining the spin 
coupling of the surrounding Mnt* ions. The polarization 
of the O= ion by the Mnt* ions breaks up the closed 
shell structure of the O= ion and an energy dependence 
on the spin orientation of the Mn** ions appears. This 
idea, originally due to Kramers, has been examined by 
considering a drastically simplified three-center model 
by configuration interaction where the excited states are 
those in which electrons are transferred from the non- 
magnetic ion to the adjacent magnetic ions. A numerical 
example has been worked out giving the singlet or non- 
magnetic state as of lowest energy. 

The second problem considered has been the examina- 
tion of various methods of carrying out the configuration 
interaction. The approaches of nonorthogonal orbitals, 
orthogonal orbitals, and Kramers have all been applied 
to the three-center problem. The use of nonorthogonal 
orbitals as opposed to orthogonal orbitals has the 
advantage that generally fewer configurations have to 
be considered and the choice of these configurations has 
a more direct physical motivation. However, in dealing 
with nonorthogonal orbitals the very serious problems 
created by nonorthogonalitys make the use of these 
orbitals impractical. In the type of problem discussed in 
this paper involving the energy separation of states in a 
weakly coupled system, the usual approximations made 
using nonorthogonal orbitals can introduce large errors. 

It has been emphasized that when using orthogonal 
orbitals, it will almost always be essential to use 
configurations which would appear entirely unnecessary 
when thought of in terms of nonorthogonal orbitals. 
Thus one suffers the disadvantage of larger order secular 
equations but enjoys the enormous simplifications intro- 
duced by orthogonality. The advantages of selecting 
configurations using nonorthogonal orbitals can be 
combined with the advantages of orthogonal orbitals in 
a rather obvious way. Suppose our nonorthogonal 
orbitals are 1, U2, + -%». Let the orthogonal orbitals be 
21, V2, ** *¥w With N>n. Usually the v’s are related to the 
u’s so that “4, corresponds most closely to v;. Or, if we 
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write 
Un= Do 5 (4,05) 05, 


then (2,,0,) is nearly unity and the other coefficients are 
nearly zero. Let us assume the v’s have been chosen in 
this way and that the number WV of orthogonal orbitals 
is chosen such that (#;,0741) is negligible for all 7. If we 
have an m electron problem, m<n, then a state corre- 
sponding to a given configuration will be a linear 
combination of Xm determinants. Each determinant 


A (uit; + -U) 
can be expressed in terms of the v’s as 


A{Xia Lr . 


The leading term in the summation is for g=1, r=j, 
---s=/, the other terms becoming smaller the greater 
the deviation from these values of g, 7, ---s. Knowing 
how the factors (1#,,v,) fall off for gh one can estimate 
the number of terms in the summation which must be 
carried. Each term retained corresponds to a different 
configuration in terms of the v’s. Therefore, by ex- 
amining all of the configurations written in terms of the 
nonorthogonal orbitals in this manner one can arrive at 
the number and type of orthogonal configurations 
necessary. 

Kramers’ method is a simplification of configuration 
interaction using orthogonal orbitals where the order of 
the secular equation is reduced by using an effective 
Hamiltonian. It has generally been assumed that the 
third order theory is adequate to describe spin coupling 
of nonoverlapping paramagnetic ions. Since the third- 
order term, 


Doe (Us,0q) (5,0) + + + (UbtjVe) DqVe* + *Ve}. 


HmaH apH on 
ya ; 
axp (E— Haq) (E— He) 





can at best take into account configurations differing by 
two orbitals from the ground configuration, and because 
the third-order term will usually not completely account 
for the effect of configurations differing from the ground 
configuration by only one orbital, one can conclude that 
higher-order terms will be necessary in most problems. 
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Difficulties in application of the orthogonalized plane wave method of determining energy levels in solids 
may arise under two conditions: If (1) the potential around an atom in the crystal is appreciably different 
from that of a free atom; or if (2) the wave function for a valence electron state is orthogonal by reasons of 
symmetry to all core states. Ways of treating these problems are discussed, and applied to two eigenvalues in 


iron. 





I, INTRODUCTION 


HE orthogonalized plane wave method of calcu- 
lating energy level in crystals was introduced by 
Herring in 1940! and has subsequently been applied to 
lithium,?* beryllium,‘ diamond,’ and germanium.° It is 
perhaps one of the most accurate of the available 
methods for determination of wave functions in crys- 
tals.’ It possesses two important advantages over the 
cellular method,® in that (1) it is not necessary to make 
the assumption of spherical symmetry of the potential 
within an atomic cell, and (2) it is not necessary to 
apply boundary conditions explicitly; the symmetry 
properties of the crystal are included in the form of the 
wave function.. The investigations mentioned above 
have demonstrated the power and accuracy of the 
method when carefully applied. There seem to be two 
situations however, where an uncritical application of 
the method will lead to difficulty. These will be discussed 
in turn. 

The first of these occurs when the potential in the 
atomic cell of the crystal is appreciably different from 
the potential of the free atom: One wishes to orthogo- 
nalize the crystal wave function for the valence electrons 
to the wave functions for the core electrons, which will 
generally be Bloch functions formed from Hartree free 
atom functions. The potential in which the valence 
electrons move may be different from the free atom 
potential of which the core functions are the solutions. 
The charge density is in general contracted in passing 
from the free atom to the crystal; it may be desired to 
include an exchange potential in the study of the 
valence electrons although the core functions were found 
without exchange; and if the core functions are solu- 
tions of the Hartree equations, each core state will 
pertain to a slightly different potential. In other words, 
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1C. Herring, Phys. Rev. 57, 1169 (1940). 

°C, Herring, Phys. Rev. 55, 598 (1939). 
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the core states are not eigenfunctions of the assumed 
crystal Hamiltonian. 

Second: At a general point of k space, the wave 
function of a valence electron can be represented as a 
summation of (all) spherical harmonics times radial 
functions. Thus, if also the valence function is given as 
an expansion in plane waves, this expansion will not be 
orthogonal to the Bloch core orbitals of the same k, and 
must be made so by the process given by Herring.! But 
at certain symmetry points, as for example, the center 
of the Brillouin zone, the wave function can be classified 
as belonging to an irreducible representation of the 
point group of the crystal. Some of these representations 
may be orthogonal to all the Bloch core orbitals. For 
example, at the center of the Brillouin zone for the body- 
centered cubic lattice, the representations I':5, and T's2 
which will be formed by the wave functions for the 3d 
electrons in the free atomsare orthogonal to the core Bloch 
functions formed from s and # atomic orbitals. Similar 
situations may occur for other symmetry points. But if 
the wave function for this representation varies rapidly 
near a nucleus; the plane wave expansion for that state 
may not converge readily; this will result in a secular 
equation of very high order. 


II. DIFFICULTY OF THE CRYSTAL POTENTIAL 


Because of the fundamental periodicity of a crystal, 
a natural way to approach the problem of determining 
wave functions and eigenvalues in crystals would seem 
to be through expansion in Fourier series. Unfortunately, 
the convergence of such an expansion is likely to be 
poor. The wave function of a valence electron in a 
crystal will in general contain some mixture of s, , 
and/or d states: states which have rapidly varying 
wave functions close to any nucleus. To describe these 
wave functions, plane waves of short wavelength and 
high kinetic energy will be required; consequently a 
Fourier expansion will not converge readily. 

Herring has shown that by using orthogonalized plane 
waves, the convergence of the expansion of the wave 
function may be improved.! An orthogonalized plane 
wave is defined as a plane wave which has been made 
orthogonal to Bloch waves for lower-lying core states by 


9 A. Sommerfeld and H. Bethe, Handbuch der Physik (Springer, 
Berlin 1933), Vol. 24, Part 2. 
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the Schmidt process. If we start with plane waves e**', 
then the corresponding orthogonalized plane wave is 


eik-r 
x= 


Qt 


~E mx ®j(0), (1) 


ety 9? 


where ®; is the Bloch orbital for the core state “7, 
formed in the following way from the normalized atomic 
function u;: 


$;(r) =) on e*™*¥u;(r—ry), (2) 


where ry runs over all atomic sites. The quantity Q is 
the volume of the unit cell. The coefficients x; are given 


as 
m= f etu;*(e)dr / Od. (3) 


i} 


It then follows that 
[x@e,odr=o, (4) 


for all k and j. It is easy to show that if we expand the 
wave function for a valence state, which we classify as 
belonging to the ith irreducible representation of the 
wave vector k, 


x(t) = Lim' Bi, m'Xk+m(F), (5) 
and form the expression 
(Wu, Ay’) =Euive'), (6) 


[the parenthesis in (6) indicates scalar product ] we will 
obtain the secular equation 


det[ (Xm,HXx)—E(Xm,X x) ]=0. (7) 


This is quite general. We must now elucidate some of 
the details. 

Because it is at present impractical to perform a self- 
consistent field calculation for a crystal, the crystal 
potential will be chosen on the basis of some plausible 
physical argument. We are asking for the energy levels 
of a valence electron in this potential. In order for the 
orthogonalized plane wave procedure to lead to a solu- 
tion of the Schrédinger equation, the ; of (2) must be 
the core states for this potential. In principle, one should 
integrate the one-electron Schrédinger equation for the 
assumed crystal potential to find the core states. In two 
of the calculations using this method this has been 
done.?* The “; are usually taken to be the solutions of a 
self-consistent field problem for the free atom. For the 
reasons mentioned in the Introduction, the potential to 
which these atomic functions belong is usually different 
from the crystal potential. A certain error will be com- 
mitted by orthogonalizing to the wrong functions; a 
bound for this error is given in Eq. (1) of reference 1. If 
the crystal potential differs radically from that used to 
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find the «;, this error may not be small. If, however, the 
error is small, it can be treated by second-order per- 
turbation theory. 

If the difference between the crystal potential and the 
free atom potential is not too large, we can expect that 
the orthogonalized plane wave method will yield good 
results. It is now of interest to write down the matrix 
elements (Xm,HX,) and (Xm,Xx) of (7) for the case 
where the u; are not eigenfunctions of the crystal 
potential, under the assumption that the core functions 
on adjacent atoms do not overlap. (The case of 
overlapping cores is treated in reference 1.) For the 
orthogonalized plane wave given by (1), we have 


(XmHX x)= (m,Hk) — Dj tm ;* (uj,Hk) 
— 2 ux;(m,Hu;) 
+205, 7° (Uj;HUj)uxjumy*. (8) 


[If the sum >>y e™-*¥/M=S(m) is different from 1, 
then the last three terms of (8) must be multiplied by 
it. Mis the number of atoms in the crystal. ] Here 


1 
(m,Hk)=— femnemsdr, 
Qo 


and similarly for the other terms. 
Suppose now the 4; satisfy 


A y;= Eu; (9) 


(where H; may be the Hartree Hamiltonian operator 
for the state 7: if this is so, then the #; will not be 
orthogonal). The crystal Hamiltonian H will be written 
for the state 7, as 


H=T+V=Hj+Vj. 
The quantity (m,Hk) is now 
(m,Hk) = RS ixm+ V (x—m), 


(10) 


(11) 


where ' 
Viu-m) =— fe i(m—k) -r 7 (r)dr. 
Q 

We now obtain 
(Xm,HX x) = h*6icma+ V (4m) — 2 205 E jpn * ei 

=D fm s* (uj, V sk) +m (mm, V 5) J 

+403, LE; (u;',uj) 

+ (uj, V jj) \uxjumy*. 


(12) 


In the simple case V;=0, (u;,uj)=8;, Eq. (12) 
simplifies to 


(Xm,HX x) = 6 1m+ V (e—-m) — 205 Ej j* inj. 


Equation (12) will now be written out in terms of radial 
integrals and spherical harmonics. We replace the index 
j of the core states by n, 1, m, where these have the usual 


(13) 


10 The assumption is also made that we may choose the same 
Hamiltonian for each valence state. 
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meaning. Then by expanding e**- in spherical harmonics 
we obtain 


-( 4r (l—|m|)! 
Meo \ (2141) (4 | m))! 





4 : Tint 
) P im(cos6,)e~ ™*?k ——, (14) 
Qo? 


0 


where k, 0, and yy are spherical coordinates of the wave 
vector k with respect to the axis of quantization, Pim is 
an associated Legendre function, and 


Taar= f Rua) jabra (15) 


Rn is the radial wave function for the state nl, nor- 
malized so that 


fi Ral|2Aan=1. 


(j, is a spherical Bessel function.) Define in a similar 
manner _ 


Vanr= f Ras(0) ull) V aula, 


(Ry VniRus)= f Rerl)Res()V (rer 
Then, by the use of the addition theorem for spherical 
harmonics, we finally have 


(XmHX x) = R6 m+ V (x—m) 
Ar 
= ¥|— (21+ 1)P, (ose) 
LL 


X (Xin Darel ntmLEni— (RaV niRni)] 
AT ntmV nitTneV nim 
2 LEni(Rnt,Rni) 

eo es 


Here Oxm is the angle between the wave vectors k and m. 
For the case Vnr=0, (RniRni) =Snn’, Eq. (16) becomes 


(XmHX x) = k*S m+ V (x—m) 


(16) 


4 
~ EF MHA)P i(cosbtm) Emil nil nt (17) 
o nl 0 
In a similar manner one obtains 
4r 
(Xm,X k) =bum— 5a 1)P (cose) 
ULM 


“iF Taul atm— hs (RatRw In ul nim]. (18) 


n¥n’ 


As an example, suppose one wishes to obtain energy 


TABLE I. Energy of the level © in iron, in rydbergs. 








+0.3 
—6.9 
—2.8 
=i 


(1) Without exchange 

(2) With exchange, using (17) 
(3) With exchange, using (16) 
(4) Cellular method 








levels for valence electrons which include the effect of 
exchange, while orthogonalizing to Hartree functions 
which do not; then it is certainly not correct just to add 
the Fourier coefficients of exchange potential to (17). 
This sort of error can lead, for instance, to the wrong 
order of levels at a symmetry point. 

After the appropriate secular equation has been 
solved, the correction due to orthogonalizing to the 
wrong function is given by Herring! as 


E,*(corrected) = (£;*)’ (uncorrected) 
| (Yui(H— Ex”) 93) |? 
i (Ex')'—E; 





» (19) 


in second-order perturbation theory. The procedure 
outlined above will be successful only if the deviation of 
the «; from the core functions in the crystal potential is 
small; otherwise it will be necessary to integrate the 
Schrédinger equation for the core states, as mentioned 
previously. 

The effect of orthogonalizing to the wrong core states 
is to give an energy that is too low. This is because the 
wave function found by orthogonalizing to the wrong 
states contains some admixture of the correct core 
states which have low energy. As an example, in the 
course of an investigation of the band structure of iron, 
a crystal potential was used consisting of the field of 26 
electrons in the atomic sphere plus an exchange po-: 
tential constructed according to Slater’s free electron 
approximation" for a fictitious unmagnetized state. The 
“4s” level, T'1, at the center of the Brillouin zone was 
determined by the orthogonalized plane wave method 
(first thirteen waves). The core functions were those 
given by Manning and Goldberg.” Table I gives the 
energies of this level found by this method and for 
comparison, without exchange, and as found by the 
cellular method.® 

It is seen that inclusion of the exchange potential 
produces a drastic effect. The eigenvalue obtained by 
the cellular method is presumably correct. The values 
(2) and (3) found with the orthogonalized plane wave 
method are not convergent and will go lower as more 
functions are included in the expansion (5). The error is 
apparently too large to be corrected by perturbation 
theory even if convergent expansions are obtained. Since 
the expectation value of the exchange potential for the 
(core) 3s state whose eigenvalue is —7 is —1.9 rydbergs, 
the exchange potential will cause drastic modification of 


J. C. Slater, Phys. Rev. 81, 385 (1951). 
12 M. F, Manning and L. Goldberg, Phys. Rev. 53, 662 (1938). 
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TaBLE II. Energy of the level Tz in iron, in rydbergs.* 








— 1.603 
— 1.638 
—1.721 


(1) First order: function u only 
(2) Second order: function u plus 12 plane waves 
(3) Seventh order: function « plus 78 plane waves 








® Note: The relation of this energy to that of the level T:1 is not sig- 
nificant. 


the core functions. It would be necessary to determine 
the core functions of the crystal potential in order to 
utilize successfully the orthogonalized plane wave 
method. 


III. ORTHOGONALITY BY REASONS OF SYMMETRY 


For certain symmetry points in the Brillouin zone, the 
number of independent coefficients in the orthogonalized 
plane wave expansion (5) can be reduced by group 
theoretical arguments. In fact, for plane waves of a 
particular type, (say aab) ; the ratios of the coefficients 
for all these waves are determined by group theory for a 
particular representation of a particular wave vector. 
Some of these representations are orthogonal to all the 
core states: this is manifested by the fact that in (17) 


* 


BxBm 
~ —— © (2/+1)P (cos im) = 0. 
m, k |Bx| |Bm| t 


In order still to obtain rapid convergence of the wave 
function, the form of the expansion (5) must be modi- 
fied. Because the difficulty with the expansion comes 
from the rapid variation of thé wave function near the 
nucleus, it has been suggested!*-“ that a function be 
added to the plane wave expansion which will represent 
the behavior correctly near the nucleus. This function 
can be chosen so as to go to zero with all derivatives zero 
at the boundary of the cell. For such a state, let us write 


Vx'=ax! Dw e*¥u(r—tw) +m Bu,m'et™*, (21) 


In (21) a Bloch wave formed from the suitably chosen 
function u(r) has been added to the Fourier series. Be- 
cause the Fourier series contains a complete set of states 
we should in principle use a set of plane waves orthogo- 
nalized to the function u(r) [similar to (11) ]. However, 
if in practice we only use a few plane waves plus the 
Bloch wave, the Fourier series will not have converged, 


(20) 


13F, Herman, Ph.D. thesis, Columbia University, 1953 (un- 
published). Herman found that with plane waves only, it was 
necessary to use a 16th secular equation to obtain reasonable 
convergence for such a level. 

4 R. H. Parmenter, unpublished investigation of the energy 
bands of chromium. 


and this problem is not serious. As before, we have to 
compute 


(Wu Ayx') = Ex (Vuh e'). 
It is apparent that we will be led to a secular equation of 
the following schematic form: 
(u,Hu)—E----(k,Hu)— E(k,u)---- 


s+ (H)—Boas 120. (2 


It is easily shown that 

(k,Hu) — E(k,u) = (k?—E)(k,u)+(k,Vu), (23) 
where 
4a (l—|m|)! 


k = pone mcainenbehiineenen 
(k,Vu) (an 


t 
) P,'™! (cos0,)e~ ier 


x f Rin jleVOrar. 024 


6, is the polar angle between the wave vector k and the 
axis of quantization. (k,u) is similar to (k,V). Here « 
has been written 


u(r) =Ri(r)V im(6,¢), 
where 


fRe@rar- : 


and the angular dependence has to be chosen by group 
theory to be in accord with the representation concerned. 

This approach has been applied to certain of the 3d 
levels in iron, with considérable success in obtaining 
convergence, as is shown in Table II. By perturbation 
theory, the seventh-order result is estimated to be 
convergent to 0.01 rydberg. 

The angular dependence of « for this case was chosen 
to be (Y2?+ Y3-*)/v2, which is like x*—’. 

The results presented in this paper have been obtained 
in the course of a continuing investigation of the energy 
band structure of iron, which will be presented in more 
detail at a later date. 
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A rather complete solution for the fine-structure problem in the 
oxygen molecule is given in the framework of the Born-Oppen- 
heimer approximation. The reduction of the effect of the electronic 
state on the fine structure to an effective Hamiltonian, involving 
only the resultant electronic spin in addition to rotational and 
vibrational quantum numbers, is demonstrated. In this Hamil- 
tonian the parameters \ and uw measure the effective coupling of 
the spin to the figure axis and the rotational angular momentum, 
respectively. The contributions to these parameters which are 
diagonal in electronic quantum numbers, namely )’ and yp’, are 
evaluated by using an expression for the electronic wave function 
as a superposition of configurations. It turns out that ’ gives 
almost all of A, whereas y’ gives only 4 percent of u. The second- 
order contributions of spin-orbit coupling and rotation-induced 
electronic angular momentum to \ and y, and the electronic con- 
tribution to the effective moment of inertia are related to each 


other and to certain magnetic effects to be given later. This inter- 
relation enables them all to be essentially evaluated experi- 
mentally. 

The effective Hamiltonian is diagonalized through terms in 
(B/hw)? and the eigenvalues compared with the experimental 
spectra. The fitting establishes the constants: u=252.67+0.05 
Mc/sec; As=59 386420 Mc/sec; \1=[RddA/dR].= 16 896+150 
Mc/sec; A2=[[(R?2/2) (d2A/dR?) Je= (S22) X10! Mc/sec; Aere(v=0) 
= 19 501.57+0.15 Mc/sec. The transformation that diagonalizes 
the Hamiltonian is given with respect to both Hund case (a) and 
case (b) bases. These transformations are applied to matrix ele- 
ments of Sz. The results are tabulated and applied to calculate 
the exact intensity factors for spectral lines. This calculation shows 
slight deviations from the usual case (5) results for allowed lines 
and predicts quite sizeable intensities for the “forbidden” AK =2 
lines. 





I. INTRODUCTION 


LTHOUGH the general principles are well estab- 
lished, there exist few cases in which the Born- 
Oppenheimer! approximation has been carried through 
to give a complete solution for the eigenfunctions and 
eigenvalues of a molecule. The recent publication of a 
reasonably good and analytically convenient solution 
for the * electronic ground state of O2 by Meckler? 
and the existence of precise microwave® and infrared‘ 
data on the energy levels make the oxygen molecule a 
particularly attractive one for study. Interest was 
increased by the presence of a spin-dependent fine 
structure which showed some discrepancies from earlier 
theoretical predictions. To develop certain internal 
theoretical relations between parameters, and because 
of the great diversity of existing treatments, we shall 
give a unified systematic treatment that incorporates 
the new results and indicates their connection with 
previous work. It is hoped that this treatment will 
serve aS an example that shows the relation between 
the wave mechanical electronic theory and the tradi- 
tionally matrix mechanical fine structure theory. It 
will also show how far the calculation can be carried 
in an actual case. 
The over-all problem can be stated as that of deter- 
mining the eigenvalues and eigenfunctions of the 
Hamiltonian operator 


H=Keait Vauet Tauet Hoot Hest Iris. (1) 


In this 3.) is the electronic energy operator used by 


* This work was supported in part by the Signal Corps, the Air 
Materiel Command, and the Office of Naval Research. 
t National Science Foundation Predoctoral Fellow. 
1M. Born and J. R. Oppenheimer, Ann. Physik 84, 457 (1927). 
2A. Meckler, J. Chem. i. 21, 1750 (1953). 
onan” Anderson, Smith, and Gordy, Phys. Rev. 79, 
1950 
‘H. Babcock and L. Herzberg, Astrophys. J. 108, 167 (1948). 


Meckler which includes the electronic kinetic energy, 
mutual repulsion energy, and the attraction to the 
nuclei; Vnue is the Coulomb repulsion of the nuclei, 
and Tue is the kinetic energy of the nuclei that can be 
decomposed into vibration, rotation, and center-of- 
mass motion; 5so is the spin-orbit energy, and Jz. is 
the spin-spin energy resulting from the magnetic dipole 
interaction between the electronic spins; 3Cp. is the 
interaction of nuclear magnetic dipole and electric 
quadrupole moments with their environment. 

The eigenfunctions will be functions of space and 
spin coordinates of the electrons, separation and angles 
of orientation of the nuclei, and center-of-mass co- 
ordinates of the molecule. In general, we would also 
have nuclear spin coordinates entering, but since O'* 
has no spin these terms do not concern us here. Those 
eigenfunctions must be antisymmetric on interchange 
of electrons and symmetric on interchange of the O'® 
nuclei. The essence of the Born-Oppenheimer approxi- 
mation is that we can express the total state function 
to a good approximation as 


v= Veit ibWrotWnue spinWtransy (2) 


and that this approximation can be improved by use of 
perturbation theory between functions of this sort. 
In determining these functions, we can approximately 
compute each y; by considering the ¥; corresponding to 
other energy terms and coordinates to be fixed, or at 
least reduced to parameters. Thus Meckler solved for 
Wei by considering the nuclei fixed and neglecting the 
terms Truc, Iso, Hss, aNd Foss. His result is an energy 
E.,(R) and an electronic wave function ye1(r;,8;|R), 
with the internuclear distance R entering as a parameter 
and with no dependence at all on the other “lower- 
energy”’ coordinates. 

In solving the rest of the problem, we should take 
this E.,(R) as the effective potential for vibration and 
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use this ¥.1 to evaluate such things as the spin-spin 
coupling constants. In practice, we shall approximate 
E.1(R) by a two-term power-series expansion about the 
minimum. This is justified, since we are only concerned 
with the two lowest vibrational levels. (For study of the 
higher vibrational levels, more terms would have to be 
taken or else recourse be made to a Morse curve or 
other analytic approximation.®) Thus our vibrational 
Hamiltonian is taken to be 


KRyin=Pr?/2M+3Mw2RZE+F, (3) 


where = (R—R,)/R., R- is the equilibrium internuclear 
distance, and M is the reduced mass. The rotational 
Hamiltonian is 


KHrot= N?/2MR?= B.(1—2§+-3%)N’, (4) 


where N is the angular momentum of nuclear rotation 
and B, is the reciprocal moment of inertia of the nuclei 
at R,. The expansion in £ allows for the change in mo- 
ment of inertia with centrifugal stretching and vibration. 

The effect of 3Cs.+5s5 in determining the fine struc- 
ture can be reduced (see Sec. II) to an effective 
Hamiltonian, 


Kepin= 3 (ActAré+A2%) (3S2— S’) +uS ‘ S, (5) 


where § is the resultant electronic spin vector, and 
and uw are spin coupling constants to be determined 
from y.1(r;,8;|R). The term in » will be seen to come 
largely from the interaction pf rotation-induced elec- 
tronic angular momentum with the spin through the 
spin-orbit coupling. We shall also see that the principal 
part of the term in \ comes from the diagonal spin-spin 
energy in the electronic ground state. It is noteworthy 
that if one tried to estimate \ from the simple model of 
two interacting spins with one concentrated at each 
center the values obtained for A, and (A:/A,) would 
even have the wrong sign. Thus it is clear that our 
more accurate calculation is necessary to explain the 
observed behavior of \. In this calculation, exchange 
effects, inclusion of ionic states, and the rapid change of 
configuration mixing coefficients with R play the leading 
roles. 

In (O"*)2 we have J=0, allowing only the one state, 
Wnue spin=1. Thus there can be no hyperfine effects. 
The translational motion of the center-of-mass is of 
no interest to us here, but Wirans would be simply a 
plane wave satisfying appropriate boundary conditions. 
This motion will be neglected throughout the rest of 
the paper. 

Our solution of the fine structure problem, 


(HR, ib +KHrott+Hep in E\WwirvrotPep a 0, (6) 


is by purely matrix methods. (Here, Yspin describes the 
state of the resultant electronic spin that enters into 


5 For details, see G. Herzberg, Spectra of Diatomic Molecules 
° Van Nostrand Publishing Company, Inc., New York, 1950), 
ap. ITI. 
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Hspin.) The matrix components of the Hamiltonian are 
readily obtained (see Sec. III) in a Hund case (a) 
basis® characterized by the quantum numbers », J, M, 
S, and 2, where J is the total angular momentum of all 
kinds, and 2=S,. This matrix is then diagonalized to 
high approximation, yielding E(v,K,J) and the corre- 
sponding eigenvectors. These eigenvalues E fit the 
microwave results satisfactorily to their limit of ac- 
curacy (approximately 1 in 105), explaining the dis- 
crepancy mentioned above. This fitting establishes the 
constants A. Ai, and Az for comparison with the calcu- 
lated values found in II. The eigenvectors are listed 
with respect to Hund case (a) eigenfunctions and also 
with respect to Hund case (6) eigenfunctions, in which 
R? rather than S, is diagonal. 

With these eigenvectors, the intensities of both 
allowed and “forbidden” transitions are calculated in 
Sec. IV. This reveals small corrections to the usual 
Hund case (6) values for the allowed transitions, and 
quite appreciable intensities for AK=2 transitions. 
The latter are made possible by the breakdown of the 
rotational quantum number § in the presence of the 
spin-spin coupling energy. 


Il. DEDUCTION OF THE EFFECTIVE HAMILTONIAN 


The coupling of angular momenta in molecules and 
the general methods of establishing an effective fine 
structure Hamiltonian have recently been reviewed by 
Van Vleck.” The calculations of this section are an 
application of those general methods to a specific case 
which can be carried particularly far. Our choice of 
angular momentum notation generally follows that 
given by Van Vleck. One slight extension is the use of 
N for the true instantaneous nuclear orbital angular 
momentum. R=N+L=J-—S differs from N only by 
“high-frequency” off-diagonal elements of the elec- 
tronic orbital angular momentum. We shall introduce 
K in Sec. III as the conventional label for the final 
eigenfunctions; it has the magnitude of & for the pure 
Hund (8) state which is dominant in the eigenfunction. 

The basis functions in terms of which we shall de- 
scribe the state of the molecule are products of the 
form (2). In this form the y.1(r;,8;|R) are solutions to 
5%. for the case in which the nuclei are not rotating 
and are “clamped” a distance R apart. When the mole- 
cule rotates, the coordinates r; are referred to the axes 
fixed in the molecule, but the wave function still de- 
scribes the system with respect to a fixed frame. The 
¥vi» are harmonic oscillator eigenfunctions of the inter- 
nuclear distance R for the angular frequency of oscilla- 
tion we; the Prot are symmetrical top eigenfunctions 
for a linear rotor with internal spin angular momentum.’ 


6 F, Hund, Z. Physik 36, 657 (1926). These coupling cases are 
also discussed in reference 5, Chap. V. 

7 J. H. Van Vleck, Revs. Modern Phys. 23, 213 (1951). 

87. H. Van Vleck, Phys. Rev. 33, 467 (1929); F. Reiche and 
H. Rademacher, Z. Physik 39, 444 (1926) ; 41, 453 (1927). 
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As stated above, Waue spin is trivial for 7=0, and Wirans is 
suppressed. 

In the lowest order Born-Oppenheimer approxima- 
tion, one takes a single product of these eigenfunctions 
as the total eigenfunction and takes the diagonal value 
of the complete Hamiltonian over it as the energy eigen- 
value. This would give the sum of the unperturbed 
electronic energy £,”, reasonable approximations to the 
vibrational and rotational energy, the diagonal spin- 
spin energy in A, and the small diagonal contribution 
to » coming from the magnetic coupling of the elec- 
tronic spins in the field of the rotating nuclei. However, 
it fails to include any electronic spin-orbit effects 
because the *2 ground electronic state has no net orbital 
angular momentum,® and it fails to account for the 
coupling between electronic, vibrational, and rotational 
motions such as centrifugal distortion. These latter 
effects are found by going to a_ second-order 
approximation. 


A. First-Order Contributions 


These terms are to be evaluated by finding the 
diagonal values of the perturbative term over the elec- 
tronic wave function. We start with the spin-spin con- 
tribution to the parameter A, defined in (5), which 
measures the effective coupling of the spin to the z 
(internuclear) axis. 


Spin-S pin Contribution to d 


Since Van Vleck gives no formulas for the coefficient 
\ and since Kramers” treatment is in terms of per- 
mutation group theory rather than in the framework 
of the usual determinantal method, we must develop 
our result from the basic Hamiltonian," 

Hos= BB" Dd) ((8;- Se) ri? —3(8;- tin) (Se tix) rin, (7) 

k>i 

where fj,=1j;—fx. By simply expanding into com- 
ponents and regrouping, this can be written 


Sx jRV ik 
Hss=— >| . (SjeSky+SiySkz) 


k>j Vik 
Pian ik 
(SjySke+Sj2Sky) + 


rj 


325% Lik 
(Sj2Sk2+Sj2Ske) 
ri® 


3 x57 — V5 1 325? —7512 
+- ssl aid SiuSey) +> iw ae 


5 


2 Vik Vik 


Xx (35;2Sk2— S;° s)}. 


Ps Of course, one could start with electronic eigenfunctions for 
oe including spin-orbit interaction. These, however, 
could not have A,Z as good quantum numbers. As usual, all 
“~" in-coupling effects are neglected in Meckler’s solution. 
mers, Z. Physik 53, 422 and 429 (1929). 
UW. Wicees Z. Physik 39, 514 (1926). 
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The symmetry of the molecule causes all except the 
last term to vanish when integrated over the electronic 
state. All of these spin functions are of the forms which, 
as Van Vleck points out, have matrix components pro- 
portional to corresponding elements of S. (This can be 
proved by direct multiplication of the matrix elements 
of a vector of the type T.”) Thus all elements of 
(3s;5k2—8;"S,) are proportional to those of (357 
— $?), and the proper dependence-of the interaction on 
S is shown. To evaluate \, it is convenient to compute 
the diagonal element of 3C,, for the state S,=2=1, and 
to note that the diagonal part of d is given by 


d’(é) =\/+ AV E+ P= 3 Es | T= (9) 


The & dependence enters because ¥.1 depends para- 
metrically on R (or &). 

The electronic wave function given by Meckler? is 
expressed as a superposition of configurations, 


Ya= XC bu; (10) 


where each ¢, is a determinant or linear combination 
of determinants which is a spin eigenfunction with 
S=1 and 2=0. The corresponding eigenfunctions for 
2=1, obtained by applying S;,/v2 to Meckler’s eigen- 
functions, have been given by Kleiner.’ They are 
more convenient here because the dominant configura- 
tion is then a single determinant. The coefficients C, 
are given for several values of R. Near the equilibrium 
distance R,, one configuration (u=c) is dominant, 
|C.| being of the order 0.97. The next largest has C, 
of the order 0.1. Since the C’s are real, the diagonal 
energy is simply 

Es= Qo uu'CuC uA yy. (11) 


It is clear that we make an error of the order of only 
one percent if we neglect terms that do not involve the 
dominant configuration. Since other sources of error 
are larger, we shall make some simplifications of this 
kind. Our problem then is to compute the matrix 
components of 
—_ 262 

Hss= z 


3252— rie 





(12) 


5 


SiS, rts =8 *] 
wie 
2 ki Vik L 
(where 5;;=5j;2-i5;,) between these configurations. 
These matrix components are reduced to sums of 
2-electron integrals in terms of single electron orbitals 
by the usual methods developed by Slater. The spin 
part of (12) gives a factor of ++} depending on whether 
the two spins involved are parallel or antiparallel. 
Thus, in summing to get the diagonal elements, all 
integrals involving paired spins cancel out. For the 
diagonal element over the dominant configuration, for 


122, U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, London, 1951), p. 59 ff. 

18 W. H. Kleiner, Quarterly Progress Report No. 9, Solid- State 
and Molecular Theory Group, Massachusetts Institute of Tech- 
nology, July 15, 1953 (unpublished). 

4 Reference 12, p. 171; J. C. Slater, Phys. Rev. 34, 1293 (1929). 
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example, this leaves just 


= 282 3212°— 112" 
(Hos) cc=Hee= ri (f fx (1)x- ne ia 


Xx4(1)x_(2)drrdra— f f x4*(1)x*(2) 


3212°—112" 
x(x Qdrudra), (13) 


T12 


where x, is Meckler’s notation for the 2p7,+ symmetry 
orbitals. The subtracted term is, of course, the exchange 
integral. To evaluate the integrals, we insert Meckler’s 
LCAO molecular orbital functions using Gaussian 
atomic orbitals. As we shall see, these Gaussians make 
it possible to evaluate the integral exactly. After some 
reduction, (13) becomes 


— 64¢°6°b°K* 
i —_— f f [71 sin; exp(—br,’) sinhbRz, ? 


X [re sin?s exp(—br.”) sinhbR2e P 
(14) 


This resembles the classical average of the interaction 
between two identical electron clouds, each of which is 
concentrated in two toroids of charge encircling the 
axis of the molecule at the two nuclei. The axis is a 
nodal line and the perpendicularly bisecting plane is a 
nodal plane because of the pm, nature of these x4 
orbitals in which the unpaired spins are most apt to be 
found. However, the factor sin?(g2— 1) gives a corre- 
lation in position tending to concentrate the two inter- 
acting electrons in perpendicular planes through the 
axis. This correlation is a direct result of the exchange 
integral and hence of the antisymmetry of the wave 
function. Also noteworthy is the fact that there is a 
large chance of both electrons being near the same 
center. This is the result of having ionic states given 
equal weight with nonionic states in a simple molecular 
orbital treatment. The principal contribution to the 
integral then comes when the two electrons are on the 
same center [because (3212’—11:7)/rio5 is large then] 
and in perpendicular planes. Also, viewed in this way, 
the seemingly anomalous sign of \ is explained. Thus 
the characteristic distance of separation for the inter- 
action is the atomic radius, not the internuclear 
distance. 

Evaluation of (14) is made possible by changing 
variables to 


Xsin*(g2— ¢1) (3212? — 112") /rie°dr1d72. 


#=x+%, 
1 =yity2, 
oe = git Zo. 


E=%12= %1—X2, 
a haa dt saa ee 
$=212=21—22, 


Pa Pt pt Pans, 


(15) 
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The integral then becomes 


— g°6°K‘b® exp(—bR?) 


2n* 
x f f exo(- 00 (=—*) (&n’— ¢'n)? 


Xexp(— bp”) [coshbR¢’—coshbR¢ Pdrdr’. 


cc 





(16) 


If one replaces these Cartesian coordinates by cylin- 
drical primed coordinates and spherical relative co- 
ordinates, the integration can be carried out analyti- 
cally. Power-series expansion is required for the last 
integration. The result is!® 


exp(— dR?) 





+2 exp(—2bR?) 


1 
Hec= 9°8°b12K 4x4} —+ 
30 


—b 2 
xsor)—- s.r}, (17) 





co 2n—1 (* * 
re Ta 5... <i 


K*=[1—exp(—bR?/2)}. 


(18) 


and 


We note that this is the product of a characteristic 
energy g°6’b! depending on the atomic scale factor } 
times a dimensionless factor which is a function only 
of bR?, that is, of the degree of overlap of the two atomic 
orbitals. The latter is true, since exp(—)dR?) is the 
amplitude of one Gaussian orbital at the center of the 
other. Computation shows that the dependence on dR’ 
is very weak. The total range R varying between zero 
and infinity, is only 30 percent; and since the region of 
interest is near a minimum, it is very nearly constant 
there. Thus the principal dependence of H.- on the 
molecular wave function is on the degree of concentra- 
tion of the atomic orbitals as measured by b!~(1/r’). 
This result should be independent of the detailed 
choice of wave function. 

Kleiner” has noted that the Gaussians used by 
Meckler give a very poor value for (1/r*) because of 
their failure to rise rapidly near r=0. In view of these 
remarks, it seemed best to fit the d in the Gaussian to 
give (1/r*) for the atomic orbital equal to that com- 
puted from the Hartree-Fock wave function of the 
oxygen atom.!® This gave b= 1.696, as opposed to the 
value 6=0.8 (atomic units) chosen by Meckler from 
consideration of overlap. Numerical results are given 


18 Following Meckler’s notation we use J, K, L, and M to 
denote normalization constants in electronic wave functions. No 
confusion with the usual angular momentum quantum numbers 
should result. 

16 Hartree, Hartree, and Swirles, Trans. Roy. Soc. (London) 
A238, 229 (1939). A very useful analytic fitting as the sum of 
a _——* is given by P. O. Léwdin, Phys. Rev. 90, 120 
(1953). 
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with this higher value of 6 used in the 5! factors, but in 
the overlap factors, bR? has Meckler’s value. 

Other matrix elements computed in a similar way are 
given in Appendix A. Using these results, the numerical 
values of the matrix components were evaluated for 
R=2.236 and R=2.372 atomic units, corresponding to 
bR?=4.0 and 4.5. These values bracket the equilibrium 
distance R,=2.28. The coefficients C, were determined 
for these same values of R by interpolating between 
Meckler’s given values. The nonvanishing results are 
given in Table I, with energies expressed in kMc/sec. 
From these energies, the spin-spin contribution to A 
was computed, and the results are compared with the 
experimental values (obtained in Sec. III) in Table II. 

In view of the crudeness of the Gaussian approxima- 
tion, these calculated results must be considered un- 
reliable despite the adjustment made in b. This is 
illustrated by the fact that even for the Hartree-Fock 
function (1/r*) is 29 percent less than the “experi- 
mental value” obtained from the magnetic hyperfine 
structure in O'80!" by Miller, Townes, and Kotani.'’ 
Although the uncertainty of interpretation of the latter 
makes it unwise to make a further adjustment of 8, it 
does indicate that our calculation is apt to under- 
estimate the true magnitude. 

We thus conclude that the spin-spin interaction pro- 
vides the major part of the coupling constant \. This 
conclusion is supported by the estimation of the con- 
tribution of second-order spin-orbit effects given later 
in the paper. 

Inspection of Table I reveals that the R dependence 
of A, which determines \1, comes almost entirely from 
the change in the configuration mixing coefficients C,, 
the values of the matrix components being relatively 
constant. Presumably this behavior would also hold if 
a wave function constructed from better atomic orbitals 
were used. This presumption is strengthened by the 
fact that Ishiguro has obtained similar configuration 
mixing coefficients in a treatment now in progress 
using better orbitals.!8 This mechanism for the change 
in \ again shows that a rather detailed examination of 
the electronic wave function is necessary for explaining 
the observed values of X. 


TABLE I. Contributions to the spin-spin energy 
as given in Eq. (11). 








Combined 
coefficient 


4.0 4.5 


Contribution to 
energy kMc/sec 
4.0 4.5 


Ayy! 


bR? 4.0 4.5 





Hee =Hee 
Hua =H yy 
Hea = Hey 
He = —Her = —Hei 186.22 191.10 


27.656 27.286 0.9620 0.9526 
20.370 20.148 0.0165 0.0210 
39.434 38.998 —0.2494 —0.2788 
0.0321 0.0436 


26.606 25.992 
0.335 0.423 
—9.820 —10.866 
5.974 8.324 


23.095 23.873 








1 Miller, Townes, and Kotani, Phys. Rev. 90, 542 (1953). 
18 E. Ishiguro (unpublished). 
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TABLE II. Comparison of calculated and experimental 
values of \ (kMc/sec). 








Cale. 


35.0 
19.6 


Exp. 





Xe 
= (dd/dé). 








Nuclear Contribution to p 


Van Vleck’s’ Eq. (37) gives the magnetic interaction 
energy of an assembly of electron spins with each other 
and with the electronic and nuclear orbital motions. 
The only terms giving diagonal contributions in a 2 
state are the spin-spin energy evaluated above and the 
terms having nuclear rather than electronic velocities 
as factors. Separating out the latter, we have” 


—— 
Hy in Le = Fiik vx]: S;. 


C KWT;K 


(19) 


The velocities and coordinates are measured in a fixed 
frame but referred to gyrating axes. As Van Vleck 
points out, it is permissible to replace vx by wXrx or 
(R/MR?)Xrx, since the difference between the true 
nuclear angular momentum N and & is only the oscilla- 
tory electronic orbital angular momentum which aver- 
ages to zero in this sort of an interaction. We assume a 
rigid nuclear frame, so the rx are constant vectors of 
+4Rk, where & is a unit vector in the z-direction. 
Also &,.=0, since we have a diatomic molecule. Finally, 
symmetry causes terms which are odd in x; or y; to 
vanish. By using these facts, expansion of H; in com- 


ponents reduces to 
—4Z gBBn —R/2 
PS =] RK. 
R [> 7 15K 


i= 





(20) 


Here, Z is the atomic number, A is the atomic weight, 
By is the nuclear magneton, and r;x is |r;—3Rk]. 

Matrix components of the bracketed operator are 
reduced to single electron integrals by the method of 
Slater.” Since .=0, we have only terms in s, and Sy, 
which are both nondiagonal in 2. Thus we seek ele- 
ments that are diagonal in orbital quantum numbers 
but off-diagonal in 2. Using Meckler’s? dominant 
configuration c, namely, ([+J,)/v2, for 2=0, and 
Kleiner’s derived configuration ¢, for 2=1, applica- 
tion of the general methods yields 


(co =0|5,|cZ=1) 
= aL x8 | 81] x-2)-+ (x48 5C1] x40)]. 


The single electron spin operators s;, and s;y in 3C; yield 
contributions which are just 1/v2 times the matrix 


19 Correcting the trivial omission of rjx~* in his more general 
Eq. (39). 
Reference 12, p. 169. 
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elements of S, and Sy. Also, |x_|?=|x4]?, so that the 
two orbital integrals can be combined. This reduces the 
element to 


(c2=0|3;|cZ—=1) 
—4Z gBBn 


eeu |" Ce 


A R 


z—R/2 
x1) @-Say'B-S, (21) 


rjx* 


This effective Hamiltonian form shows that this term 
gives a cosine-like coupling of the spin in the magnetic 
field of the rotating nuclei. 

The final problem is to actually evaluate the co- 
efficient ux’ by integration over the electronic x4 orbi- 
tals. To carry this out, we transform to spherical 
coordinates about the nucleus at z=R/2. The integra- 
tion then proceeds just as in the evaluation of the spin- 
spin energy and leads to 


—4Z g6B: 2 \3 
Vimeo “n(—) exp(—bR’) 
A R \xbR 


XLSs(2R*)—§ exp(—OR?)Ss(8bR’)], (22) 


where 


_> ehh ae in 
a rarer 


(23) 





Noting that this depends on d enly through the overlap 
parameter bR? and not on the atomic scale factor 5 
separately, this should be evaluated by using Meckler’s 
b=0.8 atomic unit, not the value obtained above by 
fitting (1/r*). If this is done, the result is u’=+10.0 
Mc/sec, compared to a total experimental value of 
a= —252.7 Mc/sec. This shows that the magnitude of 
the first-order contribution is only 4 percent of the 
total value, the rest being from the second-order effects 
of spin-orbit coupling discussed in the next section. 

To make the physical nature of this first-order term 
clear, we note that simply calculating the energy of the 
electron spin in the magnetic field at one nucleus due 
to the rotation of the other about it would give a 
coupling constant of 2(Z/A)(g88n/R*) or about +8 
Mc/sec. The increase in magnitude from 8 to 10 Mc/sec 
is the result of distributing the eléctron over a region 
of radius ~R/2, giving an increase in ((2—R/2)/r;x*). 
From this picture, we see that the dependence of yu’ on 
the detailed electronic wave function is of secondary 
importance. Further, u’ makes only a small contribution 
to uw. Finally, there are no off-diagonal elements of 3; 
between the dominant ¢, configuration and the others 
in Meckler’s wave function. Thus any contributions 
from the other configurations would be second-order 
effects of the order of one percent of y’ or 0.1 percent 
of u. In view of the other more serious sources of error, 
it was not considered worth carrying this calculation 
further in order to evaluate these corrections, 
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B. Second-Order Contributions 
Perturbation of the Electronic State 


As our first step in improving the zeroth-order eigen- 
function and first-order energy, we find the modification 
of the *2 ground state by spin-orbit and rotational 
effects. We assume the conventional approximate form 
AL-S for the spin-orbit coupling energy rather than 
try to handle the rigorous microscopic Hamiltonian in 
terms of coordinates, velocities, and spins of the in- 
dividual electrons." The rotation-electronic coupling is 
through the term —2BL-8 in the rotational energy 


rot = BN?= B(R—L)? 


= BR’—2BR-L+B(L2+L,7). (24) 


This cross term is precisely the effective perturbing 
term that appears in the electronic problem if the time- 
dependent problem of motion with respect to a classi- 
cally rotating set of force centers is reduced to finding 
a wave function that is stationary with respect to the 
rotating frame.” If we assume that electronic excited 
states lie reasonably high, we can take account of these 
effects by first-order perturbation theory with the 
result that 
(n| AL-S—2BL-&|0) 
Yo=Wr—L Yr. 
n E,—Eo 





(25) 


The indicated matrix elements are quadratures over 
orbital functions. Since the operators S and S& are 
independent of the orbital wave functions, they may be 
simply taken out and treated as numbers at this stage. 
We note that elements of L, are diagonal in A and pro- 
portional to A and thus vanish for the 2 state with 
which we are dealing. Further, in a field of axial sym- 
metry, we have the relation™ 


(A|L,|A+1)=+i(A|L,|A+1), (26) 


all other elements vanishing. Thus the perturbed *2 
wave function has only w states mixed in, and the 
mixing is proportional to the matrix elements of elec- 


*t This rather phenomenological replacement is supported by 
the considerable success it has had in application to molecular 
spectra by Van Vleck [Phys. Rev. 33, 467 (1929) ] and others. It 
is theoretically insecure in that even for the one electron case the 
form I-s is rigorous only in a central field. For the case of many 
electrons, it is necessary to consider a form at least as general as 
2;a:1;- 8; to get the possibility of matrix elements between states 
of different multiplicity [R. Schlapp, Phys. Rev. 39, 806 (1932) ]. 
Despite these objections, we adopt the assumption as the most 
reasonable one-parameter form, since more rigorous calculation 
with the exact interaction is precluded by computational difficulty 
and the lack of reliable wave functions for excited states. 

The B in this expression is the half reciprocal moment By 
of the bare nuclei, the electronic contribution to the rotational 
energy being given explicitly by the cross terms. To simplify no- 
tation, we simply write B here. It is included in the quadrature 
because it is still an operator. We would only neglect the higher 
order effects of vibration on the electronic motion through the 
rotation by replacing B by the constant B, without any  de- 
pendence. 

% G. C. Wick, Z. Physik 85, 25 (1933) ; Phys. Rev. 73, 51 (1948). 

% See reference 7, p. 219. 
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tronic orbital angular momentum perpendicular to the axis. 


(n| AL, | 0)S,— (n| 2BL,|0)Ko . 





vz=r"-—2, DL 


n= g=2,y 


Yn- 


En— Eo 


Effect on Energy 


Next we find the contribution of these perturbation terms to the energy. This is 


E'=-EY 


L[(n| AL,|0)S,— (n| 2BL,|0)X, IL (n| AL, |0)*S,.*—(n| 2BL,'|0)*Ry*] 


(28) 





n gq’ 


Using the property (26) of the matrix elements of L, 
we see that xy terms drop out, and this reduces to the 
form 
E”=3\"[3S?—S(S+1)] 

+yu"R-S—B"R?+const, (29) 
where 


(n| AL,|0)|2 (n| BL,|0)|2 
yay! | # pres! | BL.| is 
© Ba~K » Merl 
Ree (0| AL.|n)(n| BLz|0) 


n E,—Eo 





These results are the same as those found by Hebb” 
except for a factor of two stemming from the fact that 
he counts each mw state once whereas each appears twice 
(as A=-+1) in our expression. The term in \” is the 
second-order effect of the spin-orbit energy and turns 
out to be small. The term in yw” gives the spin-orbit 
coupling energy to the electronic angular momentum 
of the x states admixed by the rotation. B’” lowers the 
effective reciprocal moment of inertia from the nuclear 
value, By, essentially by the addition of electronic 
mass to the rotating frame.”® 

Since the actual matrix elements required cannot be 
calculated in the absence of wave functions for the 
states, these sums cannot be evaluated from first 
principles. However, to a reasonably good approxima- 
tion these may be simplified by treating A and B as 
constants rather than as functions of the configuration. 
In particular, B can be considered to have the value 
observed in the electronic ground state and the order 
of magnitude of A can be estimated from the multiplet 
separation of the w states. With A and B removed, all 
the sums become the same, namely, 


(n|Lz|0)? L(L+1) 
= a 





(31) 


2M. H. Hebb, Phys. Rev. 49, 610 (1936). 

*6 It is interesting to note that the diagonal value of H,, itself 
is raised by precisely B’ §? due to the increased momentum of the 
electrons with respect to the fixed frame. The nuclear energy is 
lowered by 2B’’R? because the added mass reduces its share of the 
quantized total angular momentum. The net effect is the lowering 
of energy quoted above. 


E,— Eo 





The right member is merely symbolic, but if we use 
Van Vleck’s “hypothesis of pure precession’”’ it could 
be used to infer the characteristic energy separation 
hv. This sum then becomes a single disposable pa- 
rameter, and theoretical relations between the various 
quantities become possible. This feature is greatly en- 
hanced by the fact that the theory of the interaction 
of the molecule with a magnetic field (to be given in a 
subsequent paper) reveals two other experimentally 
accessible quantities of this same form. By combining 
all of these, a remarkably complete separation of effects, 
with some internal checks, becomes possible. 


C. Analysis of Results 


If we now collect the terms that depend on other 
than electronic coordinates, we have the effective 
Hamiltonian for vibration, rotation, and spin orienta- 
tion. It is 


Hets= Pr’/2M+-3Mw2REP +2 
+ BSR?+2d(352—S?)+uR-S, (32) 
where 
B=By—B”", X\=N+N, w=u't+n”. — (33) 


Because they enter in exactly the same form, d’, \”’; 
pu’, w’’; and B, B”’ will be indistinguishable in the eigen- 
values of this operator. They can be separated, however, 
if one uses the results of the theoretical calculations and 
of the Zeeman-effect experiments. 

With the known experimental value of w=yp’+y” 
(see Sec. III), and the value of yu’ calculated in the 
previous section, we can determine »” to be —262.7 
Mc/sec. Taking B=43.1 kMc/sec, this implies that 
AL(L+1)/hv is —1.52X10-* which is consistent with 
reasonable values of A, L(Z+1), and hy. In particular, 
the minus sign checks with the plus sign for A in the 
a states of O2* according to Van Vleck’s general theory.”* 
Using the value A = — 21 cm“ indicated by the Zeeman- 
effect studies, we find \” to be 465 Mc/sec, leaving 
58 920 Mc/sec of the experimental value to the first- 
order spin-spin mechanism. This establishes the previ- 
ous statement that the spin-spin contribution domi- 
nates. In fact, the second-order contribution is so small 
that errors in its estimation will not introduce much 


27 See reference 8, p. 488. 
28 See reference 8, p. 499. 
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uncertainty in the correct value for the spin-spin part. 
Therefore \ serves as a reliable check on the quanity 
of the wave function. The facts are that the calculated 
value was 40 percent low even after adjusting 5 to 
give a better approximation to the Hartree-Fock atomic 
orbital near the nucleus, and it was 80 percent low 
with Meckler’s choice of 6. We must conclude that 
wave functions chosen to minimize the electronic 
energy cannot be expected to give good results for a 
quantity which has a dependence on coordinates that 
differs from that of the electronic energy. On the other 
hand, if a wave function did give a good result for \ as 
well as for the electronic energy, there would be grounds 
for believing that it is a superior approximation to the 
true eigenfunction. 

Using the same values for B and L(L+1)/hv, we 
compute B’’=17.3 Mc/sec, which is a correction of 400 
ppm (parts per million). The usual procedure of using 
atomic rather than nuclear masses reduces this correc- 
tion by 270 ppm, leaving 130 ppm. Since the experi- 
mentally quoted values for B from infrared data are 
presumed to be accurate to 10 ppm (being quoted to 
1 ppm‘), it is clear that this rather sizable correction 
should be applied in inferring the internuclear dis- 
tance from B,.; and the atomic masses. This correction 
decreases the computed R by 65 ppm. Recalculation,” 
using Herzberg’s value for (Bet:)e and the newly ad- 
justed atomic constants, yields Re= 1.207415 A. 


Ill. SOLUTION OF THE FINE-STRUCTURE PROBLEM 
A. Energy Levels and Spectrum 


As outlined in Sec. I, our problem is to find eigen- 
values and eigenvectors for the Hamiltonian operator 
KH=KvintHrtt+Hspin. Since we will solve this in a 
Hund case (a) representation with v, J, M, S, and = 
diagonal, we eliminate & from (32) by noting that 
R=J—S. This leads to 


5C= Px2/2M+4Mw2R2P+bP4+ BP+2S2 
+ (u—2B)J-S+ (B—u—D)S*, 


B= B(1i-— 2§+3#), 
A=AcHALE +A. 


The expansion of B to allow for the nonrigidity of the 
molecule is well known. The first two coefficients in the 
expansion of \ have been estimated theoretically in 
Sec. II but all three are treated as parameters to be 
evaluated by fitting the experimental data. No & de- 


(34) 
where 


(35) 


®t is significant to note that the recommended lease-squares 
fitted value of (Nh/c)*, which enters in the conversion, has in- 
creased by 76 ppm between 1947 and 1952 [J. W. M. Dumond 
and E. R. Cohen, Revs. Modern Phys. 20, 82 (1948) and 25, 691 
(1953) ]. By chance, this almost exactly cancels this new theo- 
retical correction for the electrons. Thus it is clear that the last 
decimal places of quoted values for R, are significant only when a 
precise allowance can be made for the electronic contribution and 
even then only to the limit of our knowledge of the fundamental 
constants. 
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pendence has been given » because the same value 
sufficed for both »=0 and v=1 states as observed in 
the infrared spectra* whereas a change in A was 
required. 

The required matrix components are (suppressing 
quantum numbers in which the element is diagonal and 
which have no effect on its value, and suppressing /) : 


(J| P| )=JU+)), 
(SZ|S,|SZ)=z, 
(JSZ| J-S| JSD’) =3 [J (J+1)—2(2+1)}! 
XLS(S+1)—2 (241) }¥6z,241+-2%z, 2, 
(o| |v’) =e (0+1)¥5,-, 41+ 045y,, 1], 
(v| 2| 0”) = el (o+1)}(0+2) by, ope + (20+1)5,,» 
+0} (v—1)45,-, 2], 
(v| | 0) = ell (o+1)4(0+2)#(0+3) '5y-, os 
+3(0+1)%5y., o41 +3045, 1 
+o! (v—1)*(0—2)46,, 3], 


where e= B./hw,=h/2MRZw, and 6,,, is the Kronecker 
symbol. The elements of J-S are obtained by noting 
that J satisfies the “reversed”? commutation relation’ 
in the gyrating frame and that J,=2 since N,=0. 
Since S obeys ordinary commutation relations, we have 
the result given above. The elements of # and # are 
obtained by matrix multiplication of the familiar 
matrix elements of £ for the harmonic oscillator. 

Using these elements, the Hamiltonian matrix is 
readily written explicitly. Since all elements are di- 
agonal in J, M, and S, we can write the elements 
simply as (22|3C|v’’). Since the vibrational level 
separation is so large, compared to rotational and spin 
energies, we can apply the Van Vleck transformation 
to reduce this matrix to an effective Hamiltonian 
matrix for the structure within each vibrational level.” 
Using 


(36) 


(0 | Her|22° . (oD |3C| v'D”) (v’'D”’ |5C| vd’) 
v eff) Va )=— ) 
wr! E,—E, 





(37) 


we obtain a 3X3 matrix between the >=-+1,0 states 
for a given vibrational (and total angular momentum) 
state. Including terms of order é,®* these reduced ele- 


% In some excited states, such as the 82, state, uw is an order of 
magnitude larger than it is in the ground state, and its & de- 
pendence can no longer be overlooked [P. Brix and G. Herzberg, 
Can. J. Phys. 32, 110 (1954) ]. Inclusion of this dependence 
would involve no difficulty. However, for the high vibrational 
states observed in the *2,~ state our simple approximation to the 
vibrational potential would have to be greatly extended. We 
avoid these accumulating complications by confining our treat- 
ment to the ground state. 

31E. C. Kemble, The Fundamental Principles of Quantum Me- 
chanics (McGraw-Hill Book Company, Inc., New York, 1937). 

® Detailed consideration shows that a somewhat more accurate 
treatment in this case of the anharmonic oscillator is obtained by 
replacing «=B,/hwe by ¢€'=Bio)/hwn, where hwo=Eo(v=1) 
— E (v=0). This has been done in the numerical evaluations. 
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ments are 
w=(vJ1| Hett|vJ1) = B,J (J+1) 
- *[ (8B—8)3)J (J +1) +4Bs2(J+1)] 
x= (vJO| Hete|vJ0) = — (2+) +B, (P?+I+2) 
- [4B (J?-+J+2)?+16BJ (J+1) 
+16\1(J?+J+2)/3+4A7/3B], 
y= (vJO| Hete|vJ1)=[J(J+1)/2}! 
X {u-2B,+e[16B(J?+J+1)+81/3]}, 
s= (v1 | Hest|vJ — 1)=—&8BJ(J+1), 


(38) 


where 
B,=B{1+(20+1) (3e+12beB-) |, 


(39) 
Av=Aet (20+-1) (CA2—6bEBD)). 


We note that large vibration-dependent terms can be 
taken out by defining v-dependent constants A, and B,. 
This is the first-order Born-Oppenheimer approxima- 
tion. However, there are higher-order centrifugal dis- 
tortion terms that cannot be eliminated in this way. 
In these terms the distinction between B, and B, is 
unnecessary and the subscripts are dropped. (Numerical 
evaluation was actually made with the use of B,.) The 
diagonal elements given here are such that the zero of 
energy is 
Ey(v) = (v+- 3) hore 

= 308*E (hve) (P+-0+11/30)+3r.—w. (40) 

Application of the Wang* symmetrizing transforma- 

tion to the Hamiltonian matrix with the elements (38) 
yields a factored secular equation by separating sym- 
metric and antisymmetric states. This allows an exact 
solution, the eigenvalues being 
E-E,(v)=w—z, 

} (wats) + {L(w—x-+2)/2P+2y%). 


The results can be stated concisely as 
E(J=K)—£)(v)=w—z 
= (B,+8e)1/3)K (K+1)—4BéK?(K+1)%, (42) 
v.(K)=E(J=K)—E(J=K—1)=),+u/2+B,(2K—1) 
+4¢[B(—4K*+6K*—6K+2) 
+ (A1/3)(3K°-+K+4+)1/2B) ] 
3 
~«{Z A,K"(K— 1)"}, (43) 
n=0 
v,(K)=E(J=K)—E(J=K+1)=),+u/2—B,(2K+3) 
+4¢[B(4K*+ 18K*+30K-+ 18) 
+ (A1/3) (3K?+5K+6+A1/2B) ] 


#1E Al(K+1)(K+2)"9, (44) 


(41) 


3S. C. Wang, Phys. Rev. 34, 249 (1929); King, Hainer, and 
Cross, J. Chem. Phys. 11, 27 (1943). 
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vi(K)t¥, (K-2)-118 750.7MC/SEC 








Fic. 1. Comparison of theoretical and experimental depend- 
ence of the sum »_(K)+v,(K—2) on the rotational quantum 
number K. 


where 
Ao=[(Av+u/2—B,)+2(8B+16d1/3+2\12/3B) P, 
A,=[u—2B,+€(16B+8)1/3) P+ &(16B+8A1) 

XD+u/2—B+ e(8B+16\1/3+2A2/3B], 
Ao= &{32B[ (u—2B)+€(16B+2A;/3) ] 


+e2(8B+4)1)}, 
Ay= €256B?. (45) 


J=0 is a special case in which the secular equation 
reduces to a linear one. The results are 


E(J=0, K=1)—Ep(v)=— (20 +n) 
+2B,—42(4B+8)1/3+A12/3B) 


and 
v_(1)=2d,+u+16e[Ai+A2/12B]. (43’) 


These results are labeled using K as the rotational 
quantum number to conform to the usual practice. 
Because of the spin coupling, ? is not a rigorous con- 
stant of the motion, but K describes the dominant 
value of & when the eigenfunctions are expanded in a 
Hund case (0) representation. The fact that the state 
function of (O'*), must be totally symmetric on inter- 
change of nuclei requires that only states with odd K 
exist. This restriction does not exist with O'8O!” or 
016018, 

In fitting the spectrum it is useful to note that 
v_(K)+,(K—2) 

= 2. t+ut+8eAi (K?—K+2-+A1/6B). (46) 
The precision with which this parabolic form fits the 


experimental data is shown in Fig. 1. By considering 
sums of this sort, one readily determines (2\,+,) and 
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TABLE III. Experimental spin coupling constants (Mc/sec). 








Ae=59 38620 
Ai = 16 896+150 
A2= (52) X 104 


Ao) =5§9 501.57+0.15 
Aa) =59 730.00+-40 
w= 252.67+0.05 








Xi. With these constraints, u and \, are separately fixed 
by considering individual frequencies, using (43) and 
(44). Because the results are so insensitive to B, b, and 
we, the precise infrared values were used rather than 
attempting a fitting from the microwave data. In 
making the conversions, the velocity of light was taken 
to be 2.99790 10" cm/sec. Some of the derived con- 
stants are Bo)=43.1029 kMc/sec, b= —32.012 kMc/ 
sec, and e= B«o)/hai=0.92384X 10. 

To determine 2 it is necessary to use data from an 
excited vibrational state. For this purpose, the infrared 
data of Babcock and Herzberg‘ for the »=1 state of 
(O'*). were fitted with (46) to determine A(—1). This 
fitting gave a result agreeing within its precision with 
the value obtained by Babcock and Herzberg by fitting 
the less accurate Schlapp* formula. 

The results of all the fittings are tabulated in Table 
III. The indicated errors in ) are the statistically ex- 
pected standard errors in the quoted mean values. 

Table IV lists all of the microwave experimental 
data®:*5-%7 and the theoretical frequencies computed by 
the use of these constants and formulas (43) and (44). 
The quoted fitting was made using the data of Burk- 
halter ef al. and of Gokhale and, Strandberg,** neglecting 
the apparently erroneous v_(25) and the wave-meter 
measurements. Since then the data of Mizushima and 
Hill** has become available. It improves the previous 
values of v_(1) and v_(25) and fills in some gaps in the 
spectrum previously known only to wave-meter ac- 
curacy. If \@) and \; are determined by fitting this new 
data with (46), the means agree with the above results 
well within the standard error, but the standard errors 
in the new data are twice as large as the old (which are 
quoted above). 

At this point, let us relate this solution with previous 
ones. In the works of Kramers,® of Hebb,” and of 
Schlapp* the nonrigidity of the nuclear framework is 
neglected. Thus e=B/hw=0. Further, all their results 
are in error in that B must be replaced by (B—3y). 
Kramers and Hebb both quote their results only to 
first order in \/B, but Hebb indicates the manner in 
which the more exact solution using the radical is 
obtained from the work of Hill and Van Vleck.** 
Schlapp gives the form with the radical. His solution 
gave satisfactory agreement with the infrared data, 
provided that different values of B and \ were chosen 
for excited vibrational states. 

*R. Schlapp, Phys. Rev. 51, 342 (1937). 

35B. V. Gokhale and M. W. P. Strandberg, Phys. Rev. 84, 
844 (1951). 

86M. Mizushima and R. M. Hill, Phys. Rev. 93, 745 (1954). 


37 Anderson, Johnson, and Gordy, Phys. Rev. 83, 1061 (1951). 
38 E. L. Hill and J. H. Van Vleck, Phys. Rev. 32, 250 (1928). 
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The precise microwave measurements of Burkhalter 
et al.’ revealed substantial deviations from the Schlapp 
formulas. In particular, the sum »_(K)+»,(K—2) was 
not constant as predicted by the Schlapp formula (our 
(46) with e=0), but increased with K. Burkhalter 
obtained a reasonable fit by empirically adding 6K 
+aK(K+1)-! to Schlapp’s »_(K), leaving v,(K) un- 
changed. Gokhale® considered the effect of centrifugal 
distortion on B, but assumed \ and uw independent of R. 
Thus he failed to obtain a theoretical explanation for the 
deviations. He did, however, correct the confusion be- 
tween B and B—}y, as did all succeeding workers. 

Miller and Townes reviewed the problem, and fitted 
the spectrum satisfactorily by making both B and ) in 
their formulas depend on K through centrifugal distor- 
tion correction terms proportional to K(K+1). Their 
formulas are 


v_(K)=\-+pK+ (2K—1)(B—4y) 
—[\?— 2d(B—}u)+ (2K—1)?(B— $n)? }}, 
v4(K)=\—pw(K+1)— (2K+3) (B—}u) 
+[\?—2d(B—}u)+ (2K+3)?(B—}y)?}}. 


TaBLE IV. Comparison of experimental and calculated frequencies 
in Mc/sec for (O"*). fine-structure transitions. 


(47) 








Experimental 


Gokhale and 
Strandberg> 


v,(K) 


56 265.2+0.5 
58 446.30.4 


Burkhalter 


Mizushima and 
et al.® Hille 


Calculated 





56 265.1 56 265.6+0.6 
58 446.20.2 
59 591.4+0.2 
60 433.4+0.2 


61 149.6+0.2 


61 799.8+0.4 
62 413.8+0.4 
62 996.6+0.2 
63 567.2+0.2 
64 128.0+0.8 


64 678.2+0.2 
65 224.2+0.8 


61 1204 


61 800.2 
62 411.7 


61 800.9 


62 412.9+0.8 62 411.9 


65 7704 
v_(K) 


118 745.5¢ 118 750.5+0.5 


62 486.1 
60 306.4 
59 163.4 
58 324.0 


57 612.0 
56 968.7 
56 362.8 
55 784.1 
55 220.8 


54 672.5 
54 130.0 
53 592.2 


62 486.2+0.4 


59 164.2+0.2 
58 324.9+0.3 


57 612.30.4 
56 364.20.5 


62 487.23-0.4 
60 308.0+-0.2 
59 163.4+0.2 
58 323.2+0.1 


57 611.44-0.2 
56 970.80.4 
56 364.0--0.4 
55 784.6-+0.4 
55 221.640.4 


54 129.43-0.4 
53 599.4-+0.8 


58 323.6 


57 612.1 
56 967.8 
56 363.1 
55 783.6 
55 221.5 


54 671.6 
54 130.9 
53 597.3 








® See reference 3. 
b See reference 35. 
© See reference 36. 


4 Wave-meter reading. 


© See reference 37. 


% B. V. Gokhale, Ph.D. thesis, Massachusetts Institute of Tech- 
nology, 1951 (unpublished). 
4S. L. Miller and C. H. Townes, Phys. Rev. 90, 537 (1953). 
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Since these formulas are derived from a secular equa- 
tion connecting several K states, the values of B and 
) are not well defined and this procedure is not rigorous. 
Further, it fails to give a value for d\/dR, and it fails 
to provide the single Hamiltonian (for all K) needed 
in deriving diagonalizing transformations preparatory 
to introducing other perturbations. Finally, while this 
work was being completed, Mizushima and Hill** have 
published a treatment that takes account of centrifugal 
distortion under the adiabatic approximation but as- 
sumes a harmonic vibrational potential. This treatment 
fails to provide a value for \, or A2,"! and does not give 
the diagonalizing transformation. Thus the present 
treatment verifies Mizushima and Hill’s general results 
and gives somewhat more information about the mole- 
cule. The closeness of fit to the experimental data is 
about equal to that of the methods of Miller and 
Townes and of Mizushima and Hill. 


B. State Functions 


We now obtain the 3X3 diagonalizing matrix which 
expresses the eigenvectors of the matrix (38) in the 
Hund case (a) representation. Our eigenvalues as given 
by (41) are inserted into the matrix equation 


{Hets—LE+ Eo(v) }}y=0, 


wy 3s 
7 = Fie 


2 yw 


where 


Hett= (48) 


The quantities w, x, y, and z are matrix elements de- 
fined in (38). The result of solving this equation is the 
transformation matrix: 


Ty= (Wxes-1, WKas, VK=341) 

>=-1 ay —1/v2 Cy 

= 0 v2cz 0 —vayz ) (49) 
1 lays 1/v2 Cy 


cy=2-Wvay= 2-47 (24+7’)-}, 
r=(E-—E,(v)—w—2 Ja | pei. 


These coefficients are listed in Table V for the states 
occurring in (O'*)>. 

For comparison, we note that if oxygen were a rigor- 
ous example of Hund’s case (0), in which K=£ is a 
good quantum number, the transformation could be 
obtained by simply diagonalizing the operator §? 
= J?+ §*—2J-S. If this is done, the result is of the 
same form but with 


(—) ' -( J ) 
aye pig ° 
2\J+4 2\JI+4 


4t Note that his d; is related to ours by (A1)w=4e(A1) 7. Also 
note that he has apparently omitted a numerical factor of 2m in 
going from his Eq. (17b) to (18). As a result, his value for (dd/ 
dR), is inconsistent with ours. 


(50) 


(51) 
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TABLE V. Transformation coefficients of eigenvectors. ay and 
cy give Oz eigenvectors with respect to Hund (a) basis, and ay’ 
and cy’ give Hund (6) eigenvectors with respect to Hund (a) 
basis, by use of Eq. (49). 6, and dy express O: eigenfunctions with 
respect to Hund (6) basis by Eq. (54). 








as cs ay’ cs’ by ds 


J 
2 0.480462 0.518803 0.547723 0.447214 0.990351 0.138582 
4 0.489369 0.510410 0.527046 0.471404 0.997059 
6 0.492680 0.507214 0.518874 0.480384 0.998594 
8 0.494413 0.505525 0.514496 0.485071 0.999178 
10 0.495480 0.504480 0.511766 0.487950 0.999462 
12 0.496202 0.503769 0.509902 0.489898 0.999620 
14 0.496723 0.503256 0.491304 0.999717 
be 0.497117 0.502867 0.492366 0.999782 
20 
22 
24 
26 





0.497424 0.502562 0.493197 0.999825 
0.502318 
0.502117 
0.501950 
0.501808 


0.497671 
0.497873 
0.498042 
0.498185 


0.493865 
0.494413 
0.494872 
0.495261 


0.999858 
0.999881 
0.999900 
0.999914 








Using this latter transformation, we may transform 
(48) to a Hund case (0) basis. The result is 


K=J—-1fa 0 6 
HAou= J E B | 
J+116 0 ¥ 


(52) 
where 


I 
a= B,J (J—1)—2A,——+-p J — ef sBru- 1) 
2J+1 





8 J(J-1) 4a2 J 
3. 41 3Bw7+i) 
6= B,J (J+1)— es (J-+1)[4BJ (J-+1)— (8/3)Ar], 


1 
Wedd 
8 (J+1)(J+2) 
= ef aH a 
s we 
4d? (J+1) 
3B (27+1)) 


I+ 
ae 


__Uu+o? 
Ube 


{2roteSdil(J2+I+1)+21/6B]}. (53) 


This matrix is of course identical to that which would 
have been obtained if the entire problem had been set 
up in terms of Hund’s case (8) instead of (a). 

The transformation which gives the oxygen eigen- 
vector, characterized by K, with respect to the Hund (8) 
basis, characterized by &, is found to be 


K=J-1 J J+1 
RK=J-1 by 0 dy 
T,%=(Ty')"Ty= SJ | 0 : © | » 
J+iti-—dy 0 by 


“This has been verified with the use of the case (b) matrix 
elements given by J. H. Van Vleck [Revs. Modern Phys. 23, 213 
(1951), p. 222]. The effective Hamiltonian matrix in Mizushima 
and Hill’s manuscript (reference 36) gives somewhat different 
coefficients for \;. His error seems to have arisen in subtracting 
a 3), treated as independent of &, from the diagonal elements. 
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TABLE VI. Matrix elements of the direction cosines.* 











J'= J-1 7 J+1 
(J|#|J’) LV 4r—-1iyp VJV+ph (J+) C2I+1) (2I+3)}}7 
(JQ|&r,|J’2) (J2—-9} Q [(J+1)?—2} 
(JQ|@rz|J'241) = +i(JQ| Gp, |J’2+1) +4[((JF0)(JFQ-1)} 4{7J4+1)-2041)} = Fe[(J404+1) J40+42)} 
(JM |®zo|J'M) [J?—M?2} M [(J+1)?—M?} 


(JM |@x,|J'M+1)=Fi(JM |y,|J’M21) +3[(JFM)(JFM—-1)} 3V0V41)-M(M2)} Fi[J4M4+1)(J4M+4+2)} 








® In wave mechanical language, these elements are simply integrals of the cosine of the angle between the space-fixed F axis and the gyrating g axis, over 


the symmetric top eigenfunctions specified 


by (JQM|J‘Q’M’). Since these angular eigenfunctions are completely determined by the angular momenta, 


these rather obscure integrals can be replaced by a matrix algebraic deduction from the commutation relations. In this deduction one finds that the ele- 


ments of @rg may be factored in the form 


(JOM | pq] J'2’M’) = (J|®] J’) (JQ| 6ro"|J'2’) (IM |or-g|J'M), 
where © is J; and M is Jz. With our phase choice [which follows that of Condon and Shortley rather than that of Cross, Hainer, and King, J. Chem. 


Phys. 12, 210 (1944), for example], the factors are as tabulated. 


where 
by =2 (ayay’+cyCy') ~ i‘. 


dy=2(cyay'—ayzcs')~[3(J +3) ]7. 


These coefficients are also given in Table V. From these, 
it is clear that oxygen eigenvectors approach Hund 
case (b) eigenvectors as J becomes very large. This 
was to be expected since the rotational splittings in- 
crease as J, whereas the spin-spin energy which breaks 
down the case (0) coupling is constant. 


IV. LINE INTENSITIES 


Because of its homonuclear symmetry, no electric 
dipole transitions are possible in oxygen. The existence 
of a magnetic dipole moment ef two Bohr magnetons 
makes magnetic dipole transitions allowed, and in fact 
quite intense. The perturbative Hamiltonian inducing 
transitions in an absorption experiment is 


H' = —g.'8S-Hy=—y- Hy. 
A well-known analysis® shows that for well-separated 
lines the absorption coefficient a is given by 


4rw*N | Gus) al? rT 
Mij)M 
ckT mM F (w—w;;)? + r? ne Balke” 


where N is the number of molecules per unit volume, 


(55) 


e BilkT 








(56) 


ay 





2 


(JMSZ|Sz| JMSz)=———, 
J(I+1) 


bij is the matrix element of the magnetic dipole mo- 
ment, 7-!=27Ar, £; is the energy of the jth state, and 
the sum over m is the usual partition sum. Since a is 
proportional to |,;;|*, it is proportional to | (Sz),;|? if 
the magnetic vector of the incident rf radiation is 
polarized along Z. By the isotropy of field-free space we 
know that when summed over the orientational de- 
generacy quantum number M, 


Yul (Sx) ii/?= Daal Sy) j|?=Lar| (Sz) i]? 


Thus all of the necessary information for the general 
case is obtained by evaluating the simplest of these, 


namely, 
Dal (Sz). 


In this, of course, i, 7 indicate the final and initial 
states, each characterized by quantum numbers J, K. 

To compute the matrix elements of Sz (where Z is 
a space-fixed coordinate) from the known elements of 
S in the gyrating (g) axes we use the known direction 
cosine matrix elements in the equation 


Sz=LibzSy. (57) 


These direction cosine matrix elements are given in 
Table VI with the phase conventions we have used. 
Noting that Q=~ for our A=0 state, we find the follow- 
ing elements for Sz in a Hund case (a) representation. 


M[J(J+1)—3(241) PLS(S+1)—2(2+1)}! 





(JMS2|Sz| JMSZ+1)= 


’ 


2J(J+1) (58) 


(72-2) 2— M2)! 





(JMSZ|Sz|J—1, MSZ)= 


J(4P2—1)! 


+[ (J?— M?) (JF2Z)(JFZ—1) PLS (S+1)—2 (S41) }! 





(JMSZ|Sz|J—1, MSE+1)= 


2J(4J2—1)3 


43 J. H. Van Vleck and V. F. Weisskopf, Revs. Modern Phys. 17, 227 (1945). 











The 

Herr 
be ti 
unpel 


TS. 


In tk 


we { 
(K,J 


(K,k 








MOLECULAR O; 


The (J|J-+1) elements of Sz are found by using the 
Hermiticity of the matrix. These elements must now 
be transformed to the basis which diagonalizes the 
unperturbed (field-free) Hamiltonian. Then the off- 





( 
Ty? 0 |} Soo Sun O O 
7 Si Su Se 0 
T"S2T= Ts? O So So Sos 
0 O Sz. S33 
0 











In these expressions, 7 and Sz are 3X3 matrices. 

Carrying out the indicated matrix multiplication, 
we find the following matrix elements of the form 
(K,J,M|Sz|K’,J',M): 











g(K, J=K) 
(K,K,M|Sz|K,K,M)= “ M, 
J(J+1) £s° 
(K, K+1, M|Sz|K, K+1, M) — 
? ’ Zz ’ ’ ~ +} 
K, J=K+1 
[20+ ay J“ + Mu 
LJ(J+1)}: gs° 
—2c;M 
(K, K—1, M|Sz|K, K—1, M)=——___ 
[J(J+1)}! 
K,J=K-1 
[2.- cs |-" a 
[J(J+1)}! ge" 


(J-1, J, M|Sz|J+1, J, M) 
cr—a; 


aycy 
“asst 
J(J+1) (JJ+1)} 
(J-2, J-1, M|Sz|J, J, M) 





(60) 


aj-1 Cz—4 


() (J-1)! 





=10,10)| ]-4..—a), 
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diagonal elements will give the transition probabilities 
between the actual eigenfunctions. Since these matrix 


elements are not diagonal in J, our transformation T, 
must be extended as follows: 


(T, 0 
T; 


T, 











To S07 o ToSo171 0 0 


Tr "ST. Tr'SuT; Tr'SpT2 0 
= 0 Ts"SaT, Ts S272 (59) 
0 0 Ts S307 2 











(J-1, J-1, M|Sz|J—1, J, M) 





ay 
=10,30| + Gap esa 
(J, J—1, M|Sz2|J, J, M) 
Cy-1 4-1 
=| 4 Oo [cor a09 


(J-1, J-1, M|Sz|J+1, J, M) 





Cy ay 
= f(J,M)| —— =D,(J?—M?")}, 
i ibe fal — ' 


2(J?—1)(J2—M?)}} 
J(4J?—1) 


where 





fra)=| 


with the special case 
(1,0,0|Sz|1,1,0)=—[3(1—M*) }#}=C,(1— M2). (60’) 


If we insert the tabulated values of ay and cy, we 
obtain the proper transformed matrix elements, whereas 
if we insert a,’ and cy’ we get the matrix elements for 
Sz in a pure Hund case (5) system. In the latter case, 
inspection of a’ and c’ shows that all (K|K’) elements 
of Sz vanish if K’+K. This is not true using a and c. 
Thus our precise calculation has revealed the possi- 
bility of AK=2 transitions. Also, the formulas for 
AK=0 transitions differ from Hund (8), especially for 
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TABLE VII. Line intensities: I(K’,J’|K",J"”) =3 Dy| (K'J'M|S2|K"J"M)|?. 











I(K, K+1|K, K) 


Exact Case (b) Exact 


I(K, K-1|K, K) 
ase (6) 


I(K, | ha K-+1) 1(K, K+1|K+2, K+1) 1(K, K+1|K+2, K +2) 
xact Exact Exact 





2.452 2.500 
6.710 

10.80 

14.85 


K 
1 2.000 
3 
5 
7 
9 18.88 
11 
13 
15 


6.539 
10.736 
14.82 
18.86 
22.88 
26.90 
30.92 


22.90 
26.91 
30.92 


0.3924 
0.2128 


0.001720 0.05770 0.01527 








low J. For precise work, as in inferring line breadths 
from calculated intensity and observed signal strength. 
these corrections should be made. 

The diagonal elements give the weak field g factors 
for the Zeeman effect. These also differ appreciably 
from the vector model results calculated with the 
assumption of pure case (4) coupling.“ The numerical 
values are given in Table VII, but further discussion 
will be deferred to a subsequent paper giving a complete 
treatment of the interaction with a magnetic field. 

To calculate the total intensity, we sum the squared 
matrix elements over the degenerate M states and 
multiply by 3 to include the 3 equivalent spacial 
directions. This results in an intensity factor J defined by 


1(K"J"|K'S')=3 Su| (K"J"M|S2|K'J'M)|?. (61) 


The sum is readily evaluated explicitly using the fact 
that 


u Pl dale badd J 


M=—J 





The results have been tabulated in Table VIII for 
J <16, and the Hund (6) result*® has been given for 
comparison when it is not zero. Evidently the differ- 


TaBLE VIII. Matrix elements of Sz with respect to the basis in 
which the field-free problem is diagonal.* 








C g(K,K—1)/ge e(K,K)/ee @(K, K+1)/e0 
0.483997 
0.247357 
0.165797 
0.124612 
0.0997945 
0.0832115 
0.0713505 
0.0624471 





0.5000000 
0.0833333 
0.0333333 
0.0178571 


—0.197357 
—0.141987 
—0.110723 0.0111111 
—0.0907038 0.00757576 
—0.0768013 0.00549451 
—0.0665888 0.00416666 
—0.0587707 


hs Ag Bs Cy Ds 
0.114371 —0.0349195 0.285889 0.249546 0.04000515 
0.0343857 —0.0113202 0.163182 0.147276 0.01254283 
0.0163845 —0.00553032 0.112209 0.1041814  0.00595644 
—0.00326702  0.0853207 0.0805423 0.00346085 
—0.00215461 0.0687875 0.0656293 0.00225829 
—0.00152705 0.0576082 0.0553697 0.00158879 
—0.00113872 0.0495493 0.0478813 0.00117839 
—0.00088177 0.0434660 0.0421754 0.00090875 


K 

1 

3  —0.317330 
5 

7 

9 


0.0025354 








® These elements are given in Eq. (60) as the product of a J-dependent 
factor and a simple factor depending on both J and M. The J-dependent 
factors are tabulated here. In these, gs¢ is the algebraic electronic spin g 
no —2.00229, and g(K,J) is the algebraic g factor of the K,J energy 
evel. 


“R. M. Hill and W. Gordy, Phys. Rev. 93, 1019 (1954). 
45 J. H. Van Vleck, Phys. Rev. 71, 413 (1 947). 


ences are at most a few percent for the transitions 
allowed in Hund case (6). However, the predicted 
intensities for the “forbidden” AK=2 lines is a com- 
pletely new result, which can be checked when radiation 
of sufficiently high frequency is available. The skirts 
of these lines will give some effects at lower frequencies 
if the transmission is through oxygen (or air) at 
atmosphere pressure. 

We can write the frequency of a K; > K;+2 transi- 
tion in terms of the frequency difference 


v(Ky, Ki+2)=E(J=K=K,+2)—E(J=K=K;}) 
and the frequencies of the 5-mm lines as follows: 
VJ, J41; aK = VK, Ky2—v-(K+2). 
VJ, J;JaK41= VK, K42—v-(K+2)+74(K). 


VJ, S41; JaK+1= VK, Ky2+0+(K). 


(62) f 


Making an analytic approximation to the J(K”J” | K’J’) 
and using Eq. (56), one finds the following approximate f 
results at 300°K, assuming the same line breadth 

parameter as in the millimeter spectrum: 


Oy, 54-1; JaK = 0.046 (J+ 1)-tv210-9e-0.0069K (K+) | 


OY, J; JaKy1=4.2 J—1y21 0% e-0- 0069K (K+1) | (63) ; 


QJ, S41; JaK+1= 1.4J—!p?10-%¢—0.0069K (K+1) | 
In these, a is the value when v=»,; and v is expressed f 
in kMc/sec. As particular examples, the three lowest 
frequency lines are K=1— 3 lines predicted to lie atf 
368 522 Mc/sec, 424 787 Mc/sec, and 487 274 Mc/sec.f 
The absorption coefficients are calculated to be 0.49 
X10-*, 38 10-*, and 17X10-* cm~, respectively. 


APPENDIX A. MATRIX ELEMENTS OF SPIN-SPIN 
HAMILTONIAN 


By the same methods used in Sec. II, the following 
matrix elements between configurations may be com-f 
puted. We let DR?=A, for simplicity. 
Hee =H ,.= g8'b'!2K*x-4 
X {1/30-+e-4/15+ 2644S, (A) — 5-451 (4A)}, 8 
Haa= A yy= O12Lx4 : 

X {1/30+-6-4/15— 2e-84/4S, (A) —$e-4.S1 (4A)}, 





MOLECULAR OO: 


Hea = Hey = BO 'L?K-x-H 1/15-++e-4S,(4A)}, 

Ho=Ha= He Hey=0, 

Hoa= Hea= Hae= Hve= Has = Hey = Hae= Has =0, 

Heg= —Hen= —Hei=2-*ReH z= 9°81 KLM (20) 4-4 
X{(e4/15) [A+ BAt—BE-+-}—5e-4/14] 
— (B+A}) (E+A})S; (4A) 
—4[A+-A4(2B—E) ]e44S, (A) —452(4A) 
+$471(3A!+ 2B+E)S;(44) 
+4A-!(A!+2B—E)e44S3(A)+44-%S,(4A)}. 

In these, 


S2(x)= > 
n=1 1-3-5-- 





1 (=). 
(2n4+3)\2 
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sia)= (2) 5 -(). 


sia)=(5)5 (3): 


and the constants B, Z, J, L, and M are as defined by 
Meckler.? In evaluating H.,, the terms in ¢o and xo 
giving orthogonality to the 1s orbitals have been 
dropped as negligible to allow integration by our artifice 
(which requires a common Gaussian factor for all 
orbitals). We note that all of the elements have the 
same sort of dependence on 5! and bR?=A, the A de- 
pendence turning out to be rather slight. 
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The dominant interaction of O2 with a magnetic field is through 
| the electronic spin magnetic moment. However, a precise com- 
' parison with experiment of the results of calculating the micro- 
| wave paramagnetic spectrum, assuming only this interaction, 
shows a systematic discrepancy. This discrepancy is removed by 
| introducing two corrections. The larger (approximately 0.1 
| percent, or 7 gauss) is a correction for the second-order electronic 
' orbital moment coupled in by the spin-orbit energy. Its magnitude 
_ is proportional to the second-order term yu” in the spin-rotation 
' coupling constant. The smaller (approximately 1 gauss) is a 
' correction for the rotation-induced magnetic moment of the 
' molecule. Since the dependence of this contribution on quantum 
' numbers is quite unique, this coefficient can also be determined 
| by fitting the magnetic spectrum. A total of 120 X-band and 78 
) S-band lines were observed. The complete corrections have been 
» made on 26 lines with a mean residual error of roughly 0.5 Mc/sec. 
» This excellent agreement confirms the anomalous electronic 
/ moment to 60 parts per million (ppm) and also confirms the 
) validity of the Zeeman-effect theory. 


N a previous paper! (referred to as TSI), we gave a 
rather complete and precise treatment of the 
| eigenvalues, eigenvectors, and transition intensities of 
) the oxygen molecule in field-free space. Using this work 
| as a foundation, we now give a similarly complete and 
) precise treatment of the perturbations produced by a 
) magnetic field. The dominant interaction will, of course, 
) be that between the electronic spin magnetic moment 


-f) and the external field; namely, 


Kms = —g."6S-H. (1) 


*This work was supported in part by the Signal Corps, the 
Air Materiel Command, and the Office of Naval Research. 

t National Science Foundation Predoctoral Fellow. 

: am and M. W. P. Strandberg, preceding paper 
[Phys. Rev. 97, 037 (1955). 


A new result is the rotational magnetic moment of —0.25+-0.05 
nuclear magnetons per quantum of rotation. Knowledge of this 
moment allows the electronic contribution to the effective moment 
of inertia to be determined. Making this correction of 65 ppm, 
and using the latest fitting of the universal atomic constants, 
the equilibrium internuclear distance is recomputed to be R, 
=1.20741+-0.00002 A. We can also deduce that the magnitude 
of ”’, the second-order spin-orbit contribution to the coupling of 
the spin to the figure axis, is 465-50 Mc/sec, or less than one 
percent of the total coupling constant d. 

Theoretical intensities of a number of the microwave transitions 
are calculated and successfully compared with experiment over a 
range of 100 to 1 in magnitude. It turns out that AM =0 transitions 
are over a hundred times weaker than the AM=-+1 transitions 
and thus are too weak to observe. Also, J breaks down as a 
quantum number in the presence of a magnetic field. This allows 
AJ = +2 transitions to comprise roughly half of all lines observed. 


Accordingly, the effects of this perturbation on the 
eigenvalues and eigenvectors is first determined to high 
accuracy. It is then found necessary to introduce the 
small effects of spin-orbit coupling and rotation-induced 
moments as additional perturbations to fit the precise 
experimental data. The fitting evaluates certain sums 
of matrix elements which are important in interpreting 
the field-free parameters \ and u. Incidentally, the fit 
may also be considered to confirm the theoretical 
anomalous moment of the electron to +60 parts per 
million (ppm). Selection rules and intensities will also 
be discussed and compared with experiment. It turns 
out that AM=+1, 0 transitions are allowed, but the 
AM=0 lines are at least 100 times weaker than the 
AM=+1. 
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I. INTERACTION OF ELECTRONIC SPIN WITH 
EXTERNAL FIELD 


A. Eigenvalues 


If we define the direction of the external field to be 
the Z direction, then the matrix of our perturbed 
Hamiltonian is that of? 


H=Hot+Hms=Ho— gsBHSz, (2) 


where g,°= —2.00229, 8 is the Bohr magneton, H is 
the magnitude of the applied field, and Hp is the field- 
free Hamiltonian treated in TSI. Matrix elements of 
Sz in the basis which diagonalizes the field-free problem 
have been given previously [TSI Eq. (60) and Table 
VIII]. Noting that there are AK=+2, 0 as well as 
AJ=+1, 0 elements, we find that 35,,, does not factor 
into smaller submatrices which can be diagonalized 
exactly. If O2 were a rigorous example of Hund’s case 
(b) in which K is a good quantum number, there would 
be no AK==+2 elements and the problem would be 
factored into 3X3 submatrices, one for each value of K. 
This factored form is the starting point taken for 
further approximations in the treatment of Schmid, 
Budé, and Zemplén,’ but is completely inadequate for 
our purposes. Although it is a better approximation, 
Henry’s method! is also too inaccurate. 





Ay=(K—1|x|K—1)=—v_(K)—g(K, K-1)M6H 
Dr_-*[(K—1)?—M?] 
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The matrix of the complete Hamiltonian has the 
form: 


rc 








lio =O 


Since the energy separation between rotational levels 
is large compared to the magnetic perturbation, the 
dominant effect will come from the elements diagonal 
in K. The effects of elements which are off-diagonal in 
K may be reduced to the diagonal (in K) by the Van 
Vleck transformation.®* The resulting (J|3|J’) ele- 
ments for the effective 3X3 Hamiltonian matrix for 
the Kth rotational level are: 


Ye 


h ; rv? 





(4K—2)B—»(K)  (4K—2)B+[g(K—2, K—1)—g(K, K—1)]HM 


(g.°)"@°H?, 


Ax_?(K°—M?)(g.°)°°H? Dryv[(K+1)?—M?](g.°)'°'H? 


Ho2= (K|5|K)=—g(K,K)MBH+ 





(4K—2)B 
Hs=(K+1|%|K+1)=—v,(K)—g(K, K+1)MBH 
hx+°M? 


(4K+6)B 


| Axel (K+2)—M?] (4) 





~ | (4K+6)B—[g(K+2, K+1)—¢(K, K+1) MBH (4K+6)B+,(K) 


(g.°)"@H?, 


hetAr1M(K?— M?*)}(g,°)?6?H? 


Hi2= (K|3| K—1)=—Cx_1(K?—M?)}g,8H+ 





(4K—2)B 


hryi:Dxy:M((K+1)’—M?}}(g,°)"@?H? 





Hos= (K|K|K+1)= — Bryl(K+1P—M?)}g.8H— 


Ay:= (K—1|3| K+1)=0. 


’ 


(4K+6)B 


* Our systematic notation is to use superscripts e and m to distinguish electronic and nuclear contributions, and we use 
subscripts s, , r to distinguish spin, spin-orbit, and rotation. All g-factors have the appropriate sign so that r. gBJ; for 


example, that of the electron is a negative number. To conform to conventional usage we denote the magnetic fiel 


give numerical values in gauss, the units of magnetic induction. 
3 Schmid, Bud6, and Zemplén, Z. Physik 103, 250 (1936). 
4A. F. Henry, Phys. Rev. 80, 396 (1950). 


y A but 


SE. C. Kemble, Fundamental Principles of Quantum Mechanics (McGraw-Hill Book Company, Inc., New York, 1939). 
* To get sufficient accuracy here, we use some energy denominators corrected to first order. This procedure is readily justified if 
the elements are derived by the method of continued fraction reduction. The error remaining from the reduction is then definitely 


less than 1 Mc/sec for all cases of interest. 





INTERACTION OF MOLECULAR O, 


In the diagonal elements we have suppressed the 
common term BK(K+1). The secular equation is 


Ay—-E Ay 0 
Hy Ha—-E Ha 
0 Ae: H33—E 


The complex dependence of the elements on parameters 
makes a straight numerical solution the most attractive 
procedure. For this purpose, the continued fraction 
forms are most useful. They are 


Ai? 
He2— E:— H23"/(H33— E1) 
Az Ai? 


E2=H2t+ + 


T . 
E.—-H3 E.—-HAu 


=0. (5) 





£,=Hu— 
(6) 
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Fic, 1, Magnetic splitting of the K=3 energy levels. 
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Fig. 2. Magnetic splitting of the K=5; J =4,6 energy levels. 


The expression for E; is obtained from that for E; by 
interchanging the subscripts 1 and 3. These equations 
are exact equivalents of (5) and not a perturbation 
approximation. If the roots are well separated, con- 
vergence to the desired root on iteration is rapid. If 
two roots are close together, convergence is slow. 

The roots E;, E2, and E3; have been evaluated to 
+10 Mc/sec at H=4, 8, and 12 kilogauss for most M 
states for K€ 13. The results have been plotted against 
H by graphical interpolation.” Some examples are shown 
in Figs. 1 and 2. The small g-factors for J=K states 
[roughly —2/K(K+1)] make their splittings very 
small, only three cases being as wide as 9400 Mc/sec 
for fields under 12 kilogauss. Thus most attention can 
be concentrated on the J=K=+1 levels. For K>3, the 
families of curves are all quite similar. (The K=1 
curves are simpler, since the J/=0 and J=2 levels are 
widely separated.) For H less than a few hundred 
gauss, the splittings closely resemble the linear Zeeman 
splitting predicted by the field-free g-factors (TSI, 
Table VIII). At very high fields the Paschen-Back effect 


7 The numerical results and more graphs are given in the Ph.D. 
thesis of M. Tinkham, Massachusetts Institute of Technology, 
1954 (unpublished). 





M. TINKHAM AND M. W. P. STRANDBERG 








6 8 12 
H(kg) 


Fic. 3. Mixing coefficients of the J components in the 
K=3, M=0 state of lowest energy. 


sets in and we approach the limiting case of a com- 
pletely decoupled spin. Then there must be (2K+1) 
levels corresponding to each of Ms==+1, 0. That this 
tendency is observed becomes clear if we note by 
inspection of the graphs that all the (2K+1) levels 
from J=K are asymptotically going to Ms=1 except 
the M=-—K level, which goes to Ms=0. Similarly the 
(4K+2) sublevels from J=K-+1 provide (2K+1) of 
Ms=-—1, 2K of Mg=0, and the single M=K+1 
sublevel of Ms=1. These numbers check the proper 
limiting behavior. Even at fields as low as 8 kilogauss 
there is a marked tendency for the set of Ms=—1 
levels to split off into a bundle of nearly parallel lines 
of slope equal to g,“8. In the intermediate region, which 
is of most interest, we find the characteristic repulsion 
of levels of the same M and the accompanying strong 
curvature. 

From these curves the approximate values of H for a 
given resonant frequency » (energy level separation) 
may be found to an accuracy of about +100 gauss. 
This is close enough to identify many lines of the 
spectrum if full use is made of experimental information 
on K and AM. However, to give a secure identification 
and to check the theory in detail, each line must be 
calculated individually. 

This calculation was made by computing the position 
(to +0.5 Mc/sec) of both levels involved in the transi- 
tion for two values of H separated by 200 gauss and 
centered about the approximately correct field, deter- 
mined graphically. If the transition frequency is then 
expressed as 


v(H) = »(Ho)+ (dv/dH) (H— Ho), (7) 


the two calculated points fix v(Ho) and dv/dH. This 
formula allows the calculated resonant field for any 
given experimental frequency to be determined to 
approximately ++0.5 gauss, since the curvature can be 
shown to be small over a region of a hundred gauss. 
The value of dv/dH is also necessary to interpret 
linewidth measurements at constant frequency and to 
make corrections for various perturbations to be con- 


sidered later. The values of H for the experimental », 
and the value of dvy/dH at that H, are given for many 
lines of the spectrum in Tables I and III. 


B. Eigenvectors 


From the form of (3) it is evident that only M isa 
good quantum number in the presence of a magnetic 
field, since, in principle, alJ J’s and K’s are mixed. 
However, the principal mixing is between the three J 
values corresponding to one K. The admixture of other 
K states is small and could be treated by perturbation 
theory. In the worst case this amounts to only about a 
one percent mixing amplitude even at 10 kilogauss. 
Since this is too small to have any serious effect on any 
of our subsequent calculations, we neglect these effects 
and only compute the transformation between the 
field-free and final eigenfunctions within a given K 
rotational triplet. 

This transformation matrix is made up of the eigen- 
vectors of the matrix equation corresponding to (5), 
and it is written 


t=1 r=2 r=3 
Un Uw Uris 
J=K U2, Ure Us}. (8) 
J=K+1\U31 Use Us: 


In this, 7 denotes the new eigenfunctions but signifies 
no constant of the motion except the energy. The 
elements Uz, are defined by 


Uo, E.— Au Usr H23 (9) 
Ui, A. Uo, E,—H33 


J=K-1 
Ux= 


and normalization. 

Examples plotted in Figs. 3 and 4 show two typical 
cases. In Fig. 3 we see the distortion of the K=3, M=0 
state which starts as J=2 at zero field. At a field of 6 
kilogauss the amplitude of J=4 has risen to 0.35, and 
that of J=3 has risen to 0.24. These figures show the 
substantial breakdown of J as a quantum number 
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Fic. 4. Mixing coefficients of the J components in the 
K=3, M=-—1 state of lowest energy. 
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under a magnetic field. This makes all AM=-+1, 0 
transitions “allowed,” regardless of the principal or 
original value of J, provided the field is moderately 
strong. We will later see that the majority of the 
observed X-band transitions are of this field-allowed 
type. Figure 4 shows the more unusual case of two 
levels which: attempt to cross each other but, instead, 
repel. At the point of closest approach the J’s are 
completely mixed, and as the levels move apart again, 
the dominant J’s are found to have interchanged. Since 
the strong mixing dies out rapidly, there is seldom any 
doubt as to which J is dominant in an eigenstate for a 
given field. We will use J in this sense throughout the 
paper rather than use the less suggestive 7 notation 
introduced for the purpose of setting up the transfor- 
mations U. The correct sense of J will always be clear 
from the context. 

Numerical values for’ the transformation coefficients 
for a number of cases required in later parts of the 
calculation are given in Table VII. Inspection of this 
table shows how universal is the large degree of mixing. 


II. CORRECTIONS FOR ROTATIONAL MAGNETIC 
MOMENT AND ELECTRONIC ORBITAL 
MAGNETISM 


When the results of the calculations of Sec. I are 
compared with experiment (Tables I and III), a 
systematic discrepancy of the order 0.1 percent is 
obvious. Since this was far beyond the expected error 
of either theory or experiment, it was assumed to be 
caused by neglect of these corrections. When the cor- 
rections treated in this section are made, the agreement 
is within the accuracy of the experiment and calcu- 
lations, namely of the order +50 ppm. 

The straightforward and universally sound method 
of handling perturbative terms of this sort is simply to 
write down all matrix components of the energy in a 
convenient basis and then to eliminate the elements 
which are off-diagonal in electronic quantum numbers 
by the Van Vleck transformation.® For a case as simple 
as the diatomic molecule which we treat, however, the 
same results can be obtained without complication by 
using a shortcut method which gives a much clearer 
picture of the physical nature of the interactions. This 
second approach is followed here. Either method yields 
an effective Hamiltonian matrix involving fine structure 
quantum numbers only. The lowest-order contributions 
to the energy are then found by application of the 
transformation (within the fine structure levels) which 
diagonalizes the Hamiltonian 3o+3Cms. 

In TSI we noted that the spin-orbit coupling and 
the rotation-electronic interaction mixed 7 states into 
the = electronic orbital state as follows: 


(n | AL, | 0)Sy— (n| 2BL,y |O) Ror 


=e —> 2 Vr. 
n=n g’=2,y En— Eo 
(10) 





955 


The first-order electronic orbital angular momentum 
along the gth gyrating axis is then seen to be 


(0| L,|) (| AL,-|0)Sg-+comp. conj. 
En— Eo 





L,=— pi 
n,g’ 





1y (0| L,|)(m|2BL,-|0)R,--+comp. conj. 
n,g’ E,—Eo 


cae (g1°Syt+g,°R,) (1 —5,, 2), 


where 
gt=2ReE (0| L.|n)(n| AL|0) 


n En—Eo 





(12) 





(0|L.|n)(n| BL.|0) 


grvr=—4Re>. 
™ E,— Eo 

In making this reduction we have used the facts that 
with axial symmetry the elements of Z, and L, differ 
only by a phase of ++i TSI, Eq. (26) ]and that elements 
of LZ, vanish for a = state. In the general case of lower 
symmetry the g’s are not just diagonal tensors, but 
have the structure (g,°),,’, for example. Then ZL, would 
be a sum of terms over g’. The general case of rotation- 
induced moments has been treated in detail by Eshbach 
and Strandberg.® 

To obtain the interaction of this electronic orbital 
angular momentum with the external field, we project 
it onto the space-fixed Z-axis by using the direction 
cosine’ matrix elements ®z,: 


Lz=> Oz,L,. (13) 
9 


For our case, the matrix elements of this product 
operator which are diagonal in electronic quantum 
numbers between total state functions whose electronic 
part is (10) may be shown to be the same as those 
obtained by simply taking the product of the diagonal 
elements of Z, given in (11) and the elements of @z, 
for the case A=0. These z, elements are the same as 
those used’ in TSI to project S, onto Z. Combining 
(11) and (13), 


Lz=—gi° L Sz—Sy—8r° Lo PzpKy 


g=2,y g=2,Y,z 


om gi ie 755 .—8,°Rz. 


g=2z,y 


(14) 


The second sum may be extended to include g=z 
because &, is zero. This is more convenient, since it 
gives rise to the simple expression @z. Noting that S, 
and S, are purely off-diagonal in 2, whereas S, is 


8 J. R. Eshbach and M. W. P. Strandberg, Phys. Rev. 85, 24 


(1952). 
9 See TSI, Table VI. 
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purely diagonal, we can write (14) as” 


(JM2|Lz|J’ME’)= —g,°(JM3|Kz|J'ME’) 
— (1—d3, 2 )gi°(JMZ |Sz|J’M2’). (15) 


Before computing the effect of this electronic orbital 
angular momentum on the magnetic energy, let us 
note that elementary considerations show that the 
magnetic moment of the rotating nuclei in a homo- 
nuclear diatomic molecule is simply 


(16) 


Sait 
u"=— — =," ; 
AM 


Again, the general asymmetric top has been treated by 
Eshbach and Strandberg.® If we combine this with the 
electronic rotation-induced moment —6L,=g,BR, we 
have a total rotational moment 


Br=ur+ur= (g-"+8-)BR= g GR. (17) 


We now compute the energy contributed by the 
interaction of this total rotational moment with the 
external field. It is 


Rmr= —gPHRz 


=—g,8H(M—Sz). (18) 


M is, of course, a known good quantum number. For 
this small correction term we need only to use the 
diagonal value of Sz, (Sz), in the representation in 
which the sum of 3p and the interaction of the spin 
moment with the external field is diagonal. We note 
that the eigenenergy is given by the diagonal elements 
of Hy and Sz in this representation as 


Eu=(o)—gs‘8H(Sz)M. 
Thus, to first order, 
(Sz)m=— (1/g."8)(0E/0H) uw. 


The total first-order energy shift caused by the rota- 
tional moment is then 


(mr) = — gBHLM + (1/g.°8) (0E/dH) a]. 


Accordingly, the change in frequency for a transition 
from M—M-+AM is 


(19) 


(20) 


Av,=(Kmr) M4am— (mr) M 
= — gBHLAM + (1/2.°8)(dv/dh)], (21) 


where dv/dH=d(Emiam—Em)/dH is known from 
previous calculations (Eq. 7). The corresponding change 
in H required to maintain the fixed experimental 


10 Tt might appear anomalous that this argument does not also 
apply to eliminate (|Z) elements of &z. The reason is that 
and § both operate in the relative coordinate domain, making 
z,8, a true matrix produce in which (Z|) elements are gener- 
ated from the (Z|2+1)(Z+1|Z) elements. Since S, operates 
only on internal coordinates, in the case of S we have a simple 
product and no such elements can be generated. 
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resonance frequency is 


AH, =| gs°BAM 


(22) 


H - g,°L(dv/dH) 


Let us now take account of the energy of the spin- 
orbit induced orbital angular momentum in (15). From 
that equation 


(JMZ|Hmi| J’ME+1) 
=—g)"BH(JMZ|Sz|J'Mz+1). (23) 


All other elements vanish. This clearly has a different 
form from the rotational interaction (18) or from the 
principal spin interaction 3C,,,. Thus all three will be 
experimentally separable. The first step in evaluating 
the contribution of (23) to the energy is to find the 
transformed elements in the basis which diagonalizes 
the field-free Hamiltonian 3p. This is done by using 
the transformation matrices T; in the method of TSI 
Eq. (59). However, the results differ somewhat from 
TSI Eq. (60) since the (2|%#m:|2) elements vanish. 
This transformed matrix (KJM || K’J'M) has ele- 
ments K’=K, K+2 and J‘=J, J+1. For the reasons 
given in section I-B, we may neglect all except K’=K 
elements. These are written as (J|3mi|J’) in the 
following: 


KRu=(K—1|Hmi| K—1) 
= — g,BH (—4ax_1cx_1M)[K(K—1)}}, 
Hoe= (K|Hmi| K)=O0=His= (K—-1|Hm|K+1), 
Has=(K+1|Hmi|K+1) 
= — gr°BH (40x41¢K41M)/[(K+1)(K+2)}}, 
Hie= (K—1|Hms| K) 
2(K-+1)(K?—M?)}} 
ae nl K(4K?—1) | bins 
Hos= (K|Ims| K+1) 
2K[(K-+1)'—M?] }! 
i rare ; 


(24) 








K+1) 


with the special case 
(1,0,0|3Cm2| 1,1,0)= +g:°BH[3(1—M?) }}. 


In these, ay and cy are the transformation elements of 
Tz given in Table V of TSI. They are both approxi- 
mately 3 for all J. 

From these elements we may note that the magnitude 
of the total g-factors (diagonal matrix elements) of the 
J=K+1 levels are increased by (roughly) the fraction 
gi°/g.°, whereas those of the J=K levels are unchanged. 
The off-diagonal elements are also increased, but in a 
different ratio. From these observations it is clear that 
if g:*/g.* is positive (as it turns out to be), this inter- 
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action will tend to shift the resonance to lower fields. 
However, to investigate the effect rigorously we must 
transform (J|3Cmz|J’) to the basis which diagonalizes 
Hmstdco. This is done with the transformation U 
given in II-B. The result is 


(r| emul 2) = (U9) 
= 01 PR y+201,U 2,2 
+2U2,U3,Ho3+U37H33. (25) 


The shift in the calculated magnetic field to maintain 
the same resonant frequency is then 


AH = — (dv/dH)C(1"| mal 7!)—(r|Hmal 2). (26) 


In view of the difficulty of making these corrections, 
they have only been computed for 27 examples. These 
results are tabulated in Tables I and III. Clearly the 
agreement with experiment is satisfactory. 


III. COMPARISON WITH EXPERIMENT 
A. Experimental Method 


Since the apparatus used will be described more fully 
elsewhere, only a brief sketch is given here. The micro- 
wave arrangement uses a Pound-Zaffarano" feedback 
circuit to stabilize the klystron frequency to the reso- 
nant frequency of the cavity containing the oxygen gas 
sample. This cavity is situated between the poles of a 
magnet the field of which is monitored by a flip coil. 
This flip-coil voltage is compared with a controllable 
fraction of the output of a small reference generator 
driven by the same shaft. The error signal is used in a 
feedback circuit to stabilize the field. The field is then 
slowly swept by using a geared down synchronous 
motor to vary the helipot which controls the comparison 
voltage. The stability is within a fraction of a gauss. 

Upon this slowly sweeping field is superposed a 50-cps 
modulation, adjustable from 0 gauss to 80 gauss, peak 
to peak. It is also feedback-stabilized to eliminate phase 
and amplitude shifts with changing dc fields and hence 
changing properties of the iron core. Provided the 
modulation amplitude is small compared to the line- 
width, this will produce a 50-cps component propor- 
tional to dx’’/dH (the derivative of the imaginary part 
of the sysceptibility) in the power absorbed in the gas, 
and hence in the reflection or transmission coefficient 
of the cavity. This modulated microwave power is 
detected with a crystal (or bolometer). The resulting 
50-cps signal is amplified in a low-noise amplifier and 
converted to dc in a phase-sensitive detector which 
uses a Brown converter as the synchronous device. The 
output is recorded on a strip chart recorder. A block 
diagram of the apparatus is given in Fig. 5. (The 
bolometer bridge is, of course, absent when a crystal 
detector is used. This was the case for all measurements 
| except those of absolute intensity.) 

1R. V. Pound, Rev. Sci. Instr. 17, 490 (1946); F. P. Zaffarano 
and W. C. Galloway, Technical Report No. 31, Research Labora- 


tory of Electronics, Massachusetts Institute of Technology, 1947 
(unpublished). 
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Fic. 5. Block diagram of the apparatus. 


All precise measurements of the magnetic field are 
made by using proton resonance, the frequencies being 
measured with a BC-221 frequency meter accurate to 
+40 ppm by comparison with the M.I.T. frequency 
standard. The flip-coil arrangement gives readings 
accurate to a few gauss under normal operating condi- 
tions. Precise frequency measurements were made by 
beating the klystron frequency with harmonics of the 
M.I.T. frequency standard. Other frequency measure- 
ments were made with a calibrated wave meter. 

The X-band measurements were made with the use 
of three different cavities. A To. cylindrical cavity 
with Qo of the order 35 000 was used for the highest 
sensitivity exploration. A much smaller TE. rec- 
tangular cavity was used for the precise measurements 
to minimize errors caused by field inhomogeneity by 
allowing smaller pole separations. Finally, a TEiun 
cylindrical cavity was used in conjunction with special 
microwave plumbing to produce a circularly polarized 
radiation field in the cavity. This field is set up by 
exciting the two degenerate orthogonal modes 90° out 
of phase. This field configuration gives pure circularly 
polarized radiation only along the axis.” Averaging H? 
over the cavity, 52 percent is circular in one sense, 
4 percent is circular in the other, and 44 percent is axial. 
Comparison of the spectra observed with the two senses 
of rotation relative to the static magnetic field unam- 
biguously separates AM = -+1, 0 transitions. 

The rotational quantum number K of the states 
involved in a transition can be determined by a com- 
parison of the relative signal strengths of various lines 
at room temperature and at 78°K if we note that the 
Boltzmann factor is given by exp|—BK(K+1)/kT] 
and if we assume that all line widths change in the 
same proportion. The well-known difficulty of making 
reproducible intensity measurements limits the accu- 
racy of this determination to a mean deviation in K 


12 The fact that divH=0 makes this true for any configuration. 
With TM modes the energy would be equally divided between 
the two circular senses when averaged over the entire cavity. 
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TABLE I. Results on precisely measured X-band lines. The first column gives the observed magnetic field for resonance at the experi- 
mental frequency 9476.75 Mc/sec. The second column gives the resonance field calculated on the assumption that only the electronic 
spin moment is present. The spin-orbit correction AH; was made by using the value g;*= —0.00294 determined by a least-squares fit, 
The correction for rotation-induced magnetic moment AH, was made with g-= —0.25m/M. The values of dvy/dH give the rate of change 
of the resonance frequency with field in the vicinity of the observed values H, v. The calculated intensity factors listed in column 8 
are the values of 4| (KJM|Sx|KJ'M’)|? exp(—BK (K+1)/kT) at T=300°K. The experimental results are signal strengths at optimum 
modulation expressed in arbitrary units. Provided the frequency widths of all lines are essentially equal, the latter should be proportional 


to the calculated (integrated) intensities. 








Spin only, Corrections 
calculated H (gauss) 
(gauss) AHi AH; 


Experi- 
mental H 
(gauss) 


Residual error 
(gauss) (Mc/sec) 


Experi- 
mental 
signal 

strength 


Transition 
Y f M 


dv/dH 


Calculated 
(Mc/gauss) i 


intensity 


al 





1402.1 
2342.4 
3552.8 
4155.0 
4502.0 
$158.0 
5264.4 
5353.2 
5583.8 
5768.5 
5977.8 
5999.3 
6087.5 
6509.3 
6684.1 
6710.2 
7019.6 
7063.8 
7254.3 
7354.9 


1404.2 
2345.1 
3558.5 


5165.0 
5271.2 
5360.4 
5586.4 
5777.3 
5986.0 
6006.8 
6094.7 
6517.7 
6692.4 
6718.6 
7029.2 
7072.9 
7262.9 


7502.9 
7892.9 
8036.8 
8106.1 
8271.9 
8582.6 


8711.3 
8737.4 
8821.7 
8972.6 
9009.8 
9038.2 
9618.0 


10739.5 


8704.8 
8729.4 
8813.8 
8965.9 
9001.6 
9030.6 
9604.2 
10450+3 
10749+3 


—13.2 
15.8 


—0.7 —0.1 0.1 


—3.5 2.8 1.3 


24 2-3 3.88 
2-4 1-2 2.36 
42 —3-—2 3.73 
64 —3--2 
8-6 —3—-2 
4-2 —1—-2 
24 1-0 

4-6 1-2 
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from the true value of roughly 0.8. Since only odd 
integral values of K are allowed, this still gives a very 
useful restriction. 

The S-band measurements were made with a TMo10 
cylindrical transmission cavity fed through j-inch 
coaxial line. In the Pound-Zaffarano" circuit a hybrid 
ring (“rat race”) was used in place of the magic Tee 
used with the X-band wave-guide arrangement. 


B. Results 


Table I shows the results of the precise measurements 
and calculations for 36 X-band lines. The experimental 
field values should be accurate within roughly +60 
ppm. (The last two readings at highest fields had to be 
made with the flip coil since the field exceeded the 
range of our proton probe.) In the second column are 
given the values of H for resonance if only 3m, were 
effective. The next two columns give the corrections 
AH, and AH, calculated with (22) and (26). In making 


the corrections there are two parameters, g, and gi‘. 
These were fitted by least squares (omitting the inaccu- 
rate high field line) with the results that g,=— (1.42 
+0.22)10- and g;*=—(2.94+0.05)X10-*. The re- 
sidual errors are tabulated both in field and frequency 
units. These are of course related by the dv/dH factor 
tabulated in a later column. The agreement is well 
within the accuracy of the calculation and measurement 
of H. 

Since the accurate calculation of even the uncorrected 
H is very tedious, it was desirable to try to identify as 
many of the other observed lines as possible by other 
means. In Table II we list the positions of 84 additional 
lines (at X band, but at 9430 Mc/sec rather than the 
9476.75 Mc/sec of Table I). For each of them we list 
the K determined from the temperature dependence ol 
the relative intensity and the AM determined by use 
of circular polarization. When these data in conjunction 
with the graphical plots of E(H) mentioned in Sec. I 
permitted a reasonably secure identification, the com- 
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TABLE II. Survey of other X-band lines at 9430 Mc/sec. The accuracy of H is roughly +0.05 percent unless stated to the contrary. 
K was determined from the temperature dependence of the intensity. AM was determined by use of circular polarization. Then an 
attempt was made to identify lines completely by using a graphical plot of Z(H). If this failed, AM was recorded as (+) or (—) ac- 
cording to whether AM=-+-1 or —1. The signal strength has the same scale factor as in the table of precisely measured lines. 
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8303 
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0.031 
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0.27 
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plete specification of the transition is given. In this 
manner, an additional 37 lines were identified. 

We note that a majority of the transitions are ones 
in which J changes by +2. These are allowed in the 
presence of the magnetic field, and theoretical intensities 
will be calculated in a subsequent section. Henry’s! 
failure to consider the possibility of transitions of this 
sort accounts for his ability to identify only 6 lines of 
the total of 41 observed by Beringer and Castle.'* The 
superior sensitivity of our sweep technique to the 
point-by-point technique of Beringer and Castle is 
demonstrated by our ability to measure 120 lines in the 
spectrum. The weakest observable lines are over a 
hundredfold weaker than the strongest lines of the 
spectrum at room temperature, and the range is 
1000: 1 at 78°K. 

In Table ITI are listed the results of exact calculations 
for 34 S-band (2987 Mc/sec) lines and the corresponding 


3 R, Beringer and J. G. Castle, Jr., Phys. Rev. 81, 82 (1951). 


experimental values. This table corresponds to the 
X-band results in Table I. Because of the uncertainty 
in the magnetic field over the large S-band cavity, 
these results are not as reliable as the X-band data. 
However, the magnitudes of the AH, corrections are 
enough larger to provide some additional check on the 
choice of g,. To give somewhat better agreement here, 
the value chosen was shifted from — (1.42+0.22) x 10-4 
to —(1.35+0.30)X10-. This of course leaves the 
X-band agreement essentially unchanged. 

Table IV lists the positions and signal amplitudes of 
43 more S-band lines. Since neither K nor AM was 
determined experimentally, it was impossible to identify 
any of these from the E(H) curves. 


IV. DISCUSSION OF RESULTS 


In Table V we collect parameters of the oxygen 
molecule which have become known or have been made 
more precise as a result of the work described in this 
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TaBLE III. Identified lines of the S-band spectrum. The first column gives the observed magnetic field for resonance at the experi- 
mental frequency of 2987.0 Mc/sec. Limits of error are estimated to be +0.06 percent. The other columns have the same significance 
as in the X-band table. The “signal amplitudes” are simply proportional to the deflections in a sweep made with constant amplitude 


magnetic field modulation. 








Spin only Corrections 


calculated H (gauss) 
(gauss) AHi AHr 


Experi- 
mental H 


(gauss) (gauss) 


Residual error 
(Mc/sec) 


Relative 
signal 
amplitude 


Transition dv/dH 
M (Mc/gauss) 





1977.9 —0.4 —0.1 
2093.5 —24 -0.1 
2165.3 —2.6 —0.1 
2241.7 —2.8 —0.2 
2336.8 —3.1 —0.2 
2348.5 
2651.8 
2889.7 
3040.5 
3376.0 
3638.7 
3703.6 
3755.6 
3857.6 
3950.9 
4173.8 
4222.9 
4383.9 
4620.0 
4683.9 
5043.8 
5075.1 
5155.3 
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paper and in TSI. The system of interrelations which 
enable these parameters to be determined from the 
experimental data and compared with the theory are 
discussed in this section. 


A. Source of Results 
Direct Experimental Results 


The spin coupling constants Ao), Aq, A1, and w were 
determined directly by fitting the field-free spectrum 
with the theoretical formulas derived in TSI. The 
quantities \, and A: follow immediately from the theory 
presented there, and may be considered on firm ground. 
Similarly, g, and g,* were determined by fitting the 
microwave spectrum in the presence of a magnetic field, 
under the assumption that g,“=—2.00229. On these 
quantities the quoted errors are the expected standard 
errors in a least-squares fit. 


Derived Resulis 


To separate the various physical mechanisms con- 
tributing to the parameters, we use the assumption 
(discussed in TSI) that the spin-orbit coupling param- 
eter A and the reciprocal moment of inertia B can be 
treated as constants in the sums of matrix components 


which enter in the theory. Denoting the common factor 
Dn! (0| Lz|2)|?/(En—Eo) by L(L+1)/h»y, and taking 
B=1.44 cm“, one may readily deduce values for .’, 
he’, uw’, wh”, A, L(L+1)/hv, xu_r, and R, (as corrected 
for electronic contributions to B) from the above direct 
experimental results. These results are also tabulated. 
The quoted errors reflect only the errors in the direct 
experimental results. No attempt has been made to 
allow for the error introduced by our theoretical 
assumption. 


Calculated Results 


Finally, we also list the values for \.’, Ai’, w’, and 
Xaia Which were obtained by direct calculation, using 
Meckler’s expression for the molecular oxygen wave 
function. The method of calculation of \’ and y’ is 
given in TSI. No limit of error was assigned to these 
quantities for lack of any sound manner of estimation. 


B. Discussion of Individual Results 
Rotational Moment 


A key to unraveling the entire problem experi- 
mentally was the fact that our precise Zeeman-effect 
measurements and theory have allowed us to determine 
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the rotational g-factor g, defined in Eq. (17). Ad- 
mittedly, the measurement is not of high accuracy, 
since it is based on small shifts superposed on the 
enormously larger splittings caused by the full Bohr 
magnetons of electron spin moment. Still, there is 
enough data to give reasonable assurance. 

The magnitude and even the sign of g, are rather 
unexpected. It is well known that in Hp the elec- 
trons make almost no contribution to g,, leaving g, 
=+0.883m/M =0.883g,".4 As another example,’ OCS 
has g-= —0.025m/M. There appear to be no examples 
of so large a negative g-factor as the —0.25m/M which 
we find in Oz in any of the molecules previously studied. 

It is of interest to compare the oxygen result with 
the resulting moment if the electronic charge cloud 
merely rotated rigidly with the nuclei. One can readily 
show that in this case, we have 


Z Dde2+2?) 


nt g,¢=—— 


7 
A A(R/2’ G7) 


&r= 


where z is the internuclear axis and R is the internuclear 
distance. These one-electron averages (x,?+-2,?) are 
readily carried out with the use of Meckler’s molecular 
orbitals (MO’s) made up of Gaussian atomic orbitals 
(AO’s). A simple integration shows that these Gaussian 
AO’s have a value of (r?) which agrees with that of the 
Hartree-Fock atomic wave function! within 10 percent. 
This indicates that for a calculation of this type Meckler’s 
MO’s should give reasonably close approximations to 
the true values. The results are given in Table VI for 
each orbital. If we assumed that the electrons in all 
orbitals moved rigidly with the molecule, the resultant 
g,° would be —0.758m/M, and g, would be —0.258m/M. 
This only slightly exceeds the experimental value. The 
agreement would still be within the experimental error 
and the error due to the wave functions if one assumed 
that the eight inner 1s and 2s electrons moved with 
unhindered precession about their nuclei, simply can- 
celling nuclear charge, while the eight outer 29 electrons 
moved rigidly. This is a more reasonable semiclassical 
model, since it is the asphericity of the charge distri- 
bution which causes it to rotate with the molecule." 

Viewed in terms of the rigorous quantum-mechanical 
picture, the unusually large g,° is probably a result of 
the fact that p orbitals, which would tend to have larger 
angular momentum matrix elements than s orbitals, 
are prominent in oxygen. This effect might be antici- 
pated!” by noting that the atomic correspondence at 
large R is to atomic P states, whereas in Hp it is to 
S-states. 


MN, J. Harrick and N. F. Ramsey, Phys. Rev. 88, 228 (1952). 

6 Hartree, Hartree, and Swirles, Trans. Roy. Soc. (London) 
A238, 229 (1939). A very useful analytic approximation is given 
by P. O. Léwdin, Phys. Rev. 90, 120 (1953). 

16 G. C. Wick, Phys. Rev. 73, 51 (1948). 

17 J, H. Van Vleck, The Theory of Electric-and Magnetic Suscepti- 
bilities (Oxford University Press, London, 1932), Chap. X. 
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TABLE IV. Survey of other S-band lines. The first column gives 
the observed magnetic field for resonance at the experimental 
frequency of 2987.0 Mc/sec. The limit of error is estimated to be 
+0.06 percent. The signal amplitude column has the same 
significance as in Table III. 
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(gauss) 
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3187 
3398 
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3529 
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3608 
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Spin-Orbit Coupling 


The other key in the solution was the experimental 
measurement of gi*. With >,| (0| Lz!) |?/(En—£o) 
evaluated from g,*, this gives us the spin-orbit coupling 
parameter A, and hence the second-order spin-orbit 
contribution \”’ to the parameter \. As is clear from 
the table, \” is less than 1 percent of \. Thus, even if 
this evaluation of \’’ has a serious fractional error, we 
are still assured that the first-order spin-spin contri- 
bution, \’, is the overwhelming one. This makes i,’ 
and 2,’ firmly known quantities the calculation of 
which would serve as a test for the quality of a proposed 
electronic wave function. Since the calculation of TSI 
gave only 60 percent of X,’, it is clear that the Gaussian 
MO’s are not too good an approximation (even when 
adjusted as described there). On the other hand, the 
calculated ),’ is roughly 16 percent too high. This is 
really as good agreement as one could expect. 
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TABLE V. Parameters of the oxygen molecule as determined in this work. As explained in the text, the quoted errors are standard 
errors based on least-squares fits of the experimental data. They include no estimates of the theoretical errors in the assumed interrela- 


tions and thus are not necessarily limits of error. 








Symbol Explanation 


Numerical value 


Experimental Calculated 





Aco) dest (v= 0) 
Xa Aett (v= 1) 

Ae he’ +r” 

re spin-spin part 
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re [3R*d?\/dR?], 


wtp” 


Ad 


spin-nuclear part 
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23 E,—Eo 
ae» (Ol Ealn) el ALe10) 
€@a 
n E,—Eo 





gr gr" +gr° 

gr” (Z/A)(m/M) 
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R. 
L(L+1) 


a 
hy sd 


2 
«, |Ol elm)! 
E,—Eo 
A spin-orbit coupling parameter 
—Noe 
2(r*) 
6me * 

y 2 
potest | (O| Lz|) | 
3 ™ En—Eo 
Xdiat+xXH-F 
2No0(gs°)?62/3kT 


59 501.57+0.15 Mc/sec 
59 730+40 Mc/sec 
59 386420 Mc/sec 


58 920+60 Mc/sec 35 000 Mc/sec 


465+50 Mc/sec 


16 896150 Mc/sec 
19 600 Mc/sec 
(5-2) 104 Mc/sec 
—252.67+40.05 Mc/sec 


1+4 Mc/sec 10.0 Mc/sec 


(—254+-4) Mc/sec 


— (2.94+0.05)X 10 


— (1.350.30) X 10= — (0.250.05)m/M 


2.72X 10-*=0.500m/M 


— (4.10.3) X 10~*= — (0.750.05)m/M 


mola 
troni 
ment 


1.20741+0.00002A 


(7.140.5) X 10-§/em™ 


— (2142) cm™ 


—29.5X 10-§ cm?/mole 


(24.6+1.7)X 10~* cm/mole 


— (4.9+1.7)X 10-* cm*/mole 
1.003/T cm*/mole 








From gi* we directly find yw”, using the relation 
u’’ = 2Bg,*. This second-order interaction of the rotation- 
induced orbital angular momentum with the spin gives 
essentially the entire spin-rotation coupling constant yp, 
leaving 1+4 Mc/sec for the first order yu’. Direct 
calculation of u’ (see TSI) gave 10.0 Mc/sec, and 
appeared insensitive to detailed choice of wave function. 
Since the experimentally deduced value is the difference 
of two large numbers, this agreement is reasonably 





good. A more informative check is to compare y”’ 
computed as above with the value obtained by sub- 
tracting the reliably computed y’ from the experimental 
u. These results check to within 3.5 percent. Since the 
standard deviation in the least-squares fit is only 1.7 
percent, this indicates that an error of the order of 1 or 
2 percent may be introduced in removing B from the 
summation and giving it its value in the ground elec- 
tronic state. This is a reasonable magnitude of error 
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since a more detailed examination shows that the 
expected error is of the same order of magnitude as the 
effect of zero-point vibration, which is 0.6 percent in Op». 
It does not seem possible to make any equally simple 
estimate of the error introduced by removing A from 
the sum of matrix elements, nor, lacking a reliable 
calculated value for \’, can we check it experimentally. 
The error is no doubt greater with A than with B, but 
our partial check is still encouraging. 

Another viewpoint would be to assume from the 
start that g:°=(u—y’)/2B. In this, B and uw are known 
from the field-free spectrum, and y’ is easily calculated 
to good accuracy. Thus g;* is determined a priori. Since 
the contributions of g, to the spectrum are small and of 
a distinctive form they are easily eliminated. The only 
free parameter then left for the Zeeman spectrum is g,°, 
the electron spin g-factor. Our excellent agreement of 
theory and experiment then demonstrates that this has 
the theoretical value'® — 2.0023 with a precision of 60 
ppm (parts per million). This precision is two orders of 
magnitude less than that obtained by Koenig, Prodell, 
and Kusch® with atomic hydrogen. It is also an order 
of magnitude less than that of Abragam and Van Vleck” 
in their interpretation of the data on the atomic oxygen 
Zeeman effect taken by Rawson and Beringer.” Never- 
theless, it is a reassuring check that there is no unex- 
pected difficulty in treating the case of two coupled 
spins in a molecular, as opposed to an atomic, environ- 
ment.” 


Susceptibilities 
Starting with a general formula of Van Vleck,!” the 
molar susceptibility of a diatomic molecule with elec- 
tronic spin S but no diagonal orbital angular mo- 
mentum is seen to be 
X=Xepin +X H-F+Xdia 
 Wo(get)*8°S(S+1) 40 
—C Se 


| O|L.|m)|? 
En—Eo 
Noe 





Xer2). (28) 


6mc i 


Evidently the first term is dominant since kT (E,— Eo) 
in most cases and the diamagnetic term is always small. 
It is still of some interest to know the magnitudes of 
the temperature-independent terms, however, in making 
detailed comparison of precise experimental data with 
the theory. The xaia is easily calculated from Meckler’s 
wave function, and the expected accuracy is again 


18R, Karplus and N. M. Kroll, Phys. Rev. 77, 536 (1950). 

Koenig, Prodell, and Kusch, Phys. Rev. 88, 191 (1952). 

*” A, Abragam and J. H. Van Vleck, Phys. Rev. 92, 1448 (1953). 

*1 EF. B. Rawson and R. Beringer, Phys. Rev. 88, 677 (1952). 

=These orders of magnitude are indices of the increasing 
difficulty of the problem as one proceeds from the simplest atom 
to a more complex atom, and finally to 4 molecule. For a mo- 
lecular problem, our agreement is quite satisfactory. 
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TaBLE VI. Integrals over oxygen molecular orbitals. The 
occupation numbers apply to the lowest-energy configuration 
(Meckler’s ¢,). R is the internuclear distance, z is the internuclear 
axis, and 7 is measured from the center of mass of the molecule. 








(x? +22) 
(R/2)? 


Ps 1.02 
Xe 1.02 
1.36 
1.69 
1.96 
2.62 
1.61 
1.87 


Meckler 
notation 


Occupation 


(r?) X1016 
number cm? 





0.375 
0.375 
0.585 
0.710 
0.800 
1.038 
0.760 
0.855 








moderately good because the function r? puts no 
particular weight on the detailed behavior near the 
nucleus. The results are given for each orbital in Table 
VI. The high-frequency paramagnetic contribution 
xu-F is evaluated by using the value for L(Z+1)/hv 
determined from g,*. These two contributions nearly 
cancel, the diamagnetic term slightly exceeding the 
paramagnetic one. This remainder provides a correction 
of 5X10-* cm*/mole to the spin susceptibility, which 
is 3.42 10-* cm*/mole at T=20°C. This correction is 
small compared to the spread in the experimentally 
obtained values, but might be useful in explaining small 
departures from Curie’s law. Since it is definitely too 
small a correction to explain the deviation found by 
Woltjer, Coppoolse, and Weirsma,!’ that deviation 
must be ascribed to experimental error. 


V. LINE INTENSITIES 


A. Theory 


It is easily verified that the 1/Q increment caused by 
absorption in a gas-filled cavity is equal to 4rx”’ or to 
c/w times the absorption coefficient a of the gas for a 
plane wave of suitable polarization. Further, in these 
Zeeman-effect studies all degeneracies are lifted, so 
there is no summation over M states. The standard 
analysis* then yields 

e~EilkT 


(-) ene Jel rt 

aa = Mr) iz ’ 
Q/ig RT (wes Da EMT 
where | (u,);;|? is the average squared matrix element of 
ge°BS, or {| g.°8H,;-S;;|?)/(H,/7), S, being the component 
of S along H,,. Also r~ is 2xAv, Av being the frequency 
half-width at half-power absorption. Eliminating V by 
using the ideal gas law, approximating the partition 
sum by its classical value* 3k7/2B, and setting w=w,;, 
we find the maximum absorption to be 


1 329 BBtv e~BK(K+)/kr 
(-) ae | (S,)s3|?. 
QO/:; 3 (Av/P) (kT) 


%3 J. H. Van Vleck and V. F. Weisskopf, Revs. Modern Phys. 
17, 227 (1945). 

“J. C. Slater, Introduction to Chemical Physics (McGraw-Hill 
Book Company, Inc., New York, 1939), p. 139. 
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TABLE VII. Table of field-dependent transformations Ux. 
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1.98 0.000 
5.55 0.000 
1.98 —0.038 
5.55 —0.103 
10.7 —0.176 
10.7 0.000 
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—0.139 
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Evidently lowering the temperature gives a rapid rise 
in intensity for the lower rotational levels. Since our 
experimental frequency is fixed by the cavity, v is the 
same for all lines. Also, it is an experimental fact that 
in oxygen the normalized line breadth parameter (Av/P) 
at a given temperature has the same value for all lines 
within roughly +10 percent. (Beringer and Castle’s' 
anomalous results were caused by their incorrect use of 
v/H rather than dv/dH to convert their field widths to 
frequency widths.) Thus at a given temperature, the 
variations of intensity from line to line come almost 
entirely from the factor | (S,);;|? exp[—BK(K+1)/ 
kT }. Since the Boltzmann factor is readily calculated, 
we are left only with the task of computing the matrix 
elements. 

To handle the general case, it is convenient to 
expand H,, as 


H a H+u,+A-u_+H zz, 
where 
H+= (Hx iHy)/v2 (31) 
and 
us= (uxtiuy)/V2. 


The uy and uy are unit vectors in the X and Y direc- 
tions. Then 


H-S,;= H+ (S;)ij/V2+H-(S_)i3/V24+H2(Sz)ii, (32) 
where S; are Sx-+iSy. Since the selection rules on 
matrix elements of S;, S_, and Sz are all different 


(AM being +1, —1, and 0, respectively), only one term 
on the right will contribute to (S,);; for a given i7 


transition. The S matrix elements will have coefficients 
f, depending on the rf field and sample configurations, 
which give the fraction of the stored energy active in 
inducing each particular type of transition. For example 


| H+ [dr 
I(Saisl?_ f4| Sx)asl? 


2 2 


sample 


(33) 





| (S,)is|?= 
Hdr 


cavity 


Finally, we note that with cylindrical symmetry about 
the static field direction Z, 


| (eM |Sz|7/M’)|2=4| (eM | Sx| 2M) |? 


(34) 


for elements which exist in the left member. This 
enables us to write, in general, 


| (S-)ss/?=2| (Sx)ss]°Lf46(Mi, Mj+1) 
+ f6(Mi, M;—1)}+| (Sz)ss|?fod(Mi,M)). 


For nonrotating radiation perpendicular to Z in a 
gas-filled cavity, f;=f-=}. For localized samples, 
these numbers would obviously be reduced by filling 
factors. With pure circularly polarized radiation, one 
of the f; would be unity, all other f’s being zero. 
(Rotation is possible only when two degenerate modes 
are excited out of phase.) 

The procedure for calculating the required matrix 
elements, starting from the simple elements of 5S, 


(35) 
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referred to the gyrating coordinates g, can be symbolized 
as 
(Sr)ig= (U“TAS pTU);; 

=(UT"(L Pr S,)TU]i; (36) 


In this equation, the ®r, are the direction cosines 
between fixed and gyrating axes; T is the transformation 
between the Hund case (a) basis (in which S,=2 is 
diagonal, and in which we express ®r, and S,) and the 
basis which diagonalizes the field-free Hamiltonian; 
U is the transformation between the latter basis and 
the true eigenfunctions in the presence of the field. 
The transformations T are derived and tabulated in 
TSI; U is derived in Sec. I-B of this paper, and a 
number of specific cases are listed in Table VII. 

For F=Z, (T-'SprT) has been carried out in TSI 
and the result appears, multiplied by —g,°BH, as the 
terms linear in H in (4) of this paper. As discussed in 
Sec. I-B, we neglect the part of U which is off-diagonal 





AKIM|T"(X, &xS,)T | KJ'M—1)= 

J'=K-1 
[K(K—1)—M(M—1)]}} 
Xg(K, K—1)/g.* 





In this, the Cx-1, Bxy:, and g(K,J) are defined in Eq. 
(60) of TSI and listed in Table VIII of that paper. We 
note that since we are dealing with (M|M—1) elements 
there is no symmetry of this matrix about the diagonal. 
Thus one must take extra care to read off the correct 
element. Inspection of this matrix shows that AJ=+2 
transitions are forbidden between the field-free eigen- 
functions which form the basis for (37). The AJ=+1 
transitions contribute to the millimeter spectrum 
treated in TSI. The AJ=0 elements are all proportional 
to [J(J+1)—M(M-—1)]}}, and their squares will give 
the allowed transition probabilities in very weak fields. 

For the fields of interest in this experiment, however, 
the departure of U from a diagonal (unit) matrix are so 
large (i.e., the J’s are so mixed) that it is essential that 
the transformation U be applied. When this is done, 
it turns out that AJ==+:2 transitions have appreciable 
intensities even at a thousand gauss, and that their 
intensity is of the same order as that of the “allowed” 
lines for fields above roughly 6 kilogauss. Of course, 
the intensities of the “allowed” lines is also strongly 
modified by U. 


B. Comparison with Experiment 


In Table I we list the values of 4 (Sx);;|* 
Xexp[ —BK(K+1)/kT] evaluated at T=300°K for 


J'=K 
Cx-[ (K—M)(K—M+1)]}! 0 


—Cral(K+M)(K+M—1)}* [K(K+1)—M(M—1)}! 
Xg(K,K)/g.° 


—Bryl(K+M)(K+M+1)}! [(K+1)(K+2)—M(M-1)}} 
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in K. The resulting transformed matrix elements (Sz);; 
are of the type (KJM|Sz|KJ'M). For transitions 
possible below 50 kMc/sec, J’=J+2. These would be 
forbidden in the absence of the magnetic field, but, as 
noted in Sec. I-B, J breaks down as an angular mo- 
mentum quantum number with increasing field and is 
kept only as a convenient label. On the other hand, at 
high fields 30ns.= —gs‘8HSz is such an important part 
of the Hamiltonian that when the total Hamiltonian is 
diagonalized, Sz is nearly diagonal also. Thus the 
(J| J+2) elements of Sz never get very large. Detailed 
calculation verifies this conclusion, all AM=0 transi- 
tions having a calculated intensity less than one percent 
of that of the strong AM=-+1 transitions. The con- 
clusion is further substantiated by the fact that AM=0 
lines were not observed experimentally even when a 
cavity mode was used in which fo was 0.44. 

The transformations are carried out in exactly the 
same manner for Sx. We can carry them analytically to 


J'=K+1 


Brul(K-M+1)(K-M+2)}¥) 





Xg(K, K+1)/g.° J 
(37) 





those lines for which the entire calculation indicated 
above was carried through. As remarked in connection 
with Eq. (30), these factors should be nearly propor- 
tional to the experimental signal strength. [Signal 
strength” is defined as proportional to (1/Q),;. It 
differs from the (integrated) intensity by a factor of 
(1/Av).] Inspection of the last two columns of Table I 
shows that the proportionality holds to an average of 
roughly +10 percent over a range of almost 100:1 in 
absolute value. This agreement is highly satisfactory 
in view of the difficulty of the measurement and in view 
of the approximation that Av is the same for all lines. 

An attempt was made to check (30) more completely 
by measuring the absolute intensity. Inserting the 
numerical values for T=300°K, with v=9400 Mc/sec 
and (Av/P)=2 Mc/sec-mm Hg, one finds 


(1/0) :;=1.46X10-"| (Sx);5|* 
Xexp[—0.0069K (K-+1)] 
XLf6(M;, Mj+1)+f8(Mi, M;—1)]. (38) 


For linear polarization and the strong K=J=1, 
M=-—1-— 0 line, this formula gives** 1.36X10-°. This 


26 Beringer and Castle (see reference 13) quote a calculated 1/Q 
of 0.46X10-® under these same conditions. The discrepancy ap- 
parently comes from their value of 91? which is defined as 
g?(Sx?+Sy?) =8| (Sx)i;|2. They use S?=4, which is the value 
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conveniently establishes the scale factor for Table I, 
and any other cases can be computed by proportion- 
ality. 

To relate these predictions to experimental] data, we 
note that the power reflection coefficient of a cavity at 
its resonant frequency is”* 


I7|?=[(€-1)/(E+ 1) F, (39) 


where £=Q./Qo, Q- being the external Q and Qo the 
unloaded cavity Q. Thus 


Alr|?=4&(E—1)(E+1)*Qo(1/Q) si. (40) 


The coefficient in this equation has a broad maximum 
at the optimum operating point = 2+-v3 where |r|?=4 
At that point 


A|r|2=0.38500(1/Q)5. (41) 


This change in reflection coefficient gives a proportional 
change in power at the bolometer detector, which gives 
rise to a proportional unbalance voltage in the bolometer 
bridge. Collecting all coefficients of proportionality for 
our apparatus, we find the open circuit bridge output 
to be 

€rms=6.0X 10-QoPo(1/0):;, (42) 


where Pp is the power (in mw) reflected to the bolometer 
by a total reflection at the cavity under the operating 
conditions. This formula presumes optimum sinusoidal 
modulation of the field, in which case the 50-cps modu- 


of | (S,)i;|? or 4| (Sx)i;|? evaluated before the transformation U 
is applied. The transformation U increases the result by a factor 
of 1.48 and if we also supply the factor of 2 which they omit, 
agreement with our value is obtained. 

26 J. C. Slater, Revs. Modern Phys. 18, 487 (1946). 
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lation component of |r|? has a peak amplitude of 
roughly 0.46 of the total change given by (41). The 
€rms is measured by comparison with a GR microvolter 
which is substituted with appropriate attention to 
impedance considerations. 

The absolute intensities of several lines were measured 
at both room temperature and 78°K by this method. 
In all cases the experimental values of (1/Q);; were 
approximately a factor of two too low. In view of the 
difficulty in measuring all of the parameters accurately, 
it is quite possible that this represents only an accumu- 
lation of small errors. This seems rather unlikely, 
however, because of the high stability of the results 
with respect to changed conditions. It is worth noting 
that Beringer and Castle found a measured (1/Q),; for 
the K=J=1, M=-—1-0 line, mentioned above, of 
1.39 10~, a factor of fen less than our calculated value. 
Thus our factor of two is tantalizing, but not too 
surprising. 

The general theory given in Sec. V-A is profitably 
used in consideration of the experiments with circular 
polarization. With the Tin cavity used, integration 
over the field configuration shows that for a purely (+) 
circular excitation at a hole in the center of one end, 
we have /,=0.68, f-=0.06, and fo=0.26. Thus on 
interchanging the sense of rotation with respect to the 
static magnetic field, the signals on AM = +1 transitions 
change by factors of 12 in opposite directions, whereas 
the AM=0 transitions are unaffected. Experimentally, 
the change in the AM=-+1 transitions was very close 
to this theoretical limit for ideal adjustment. As 
remarked above, no AM=0 transitions could be 
observed. 
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The theory of magnetic hyperfine structure in diatomic molecules is briefly reexamined. Previously re- 
ported hyperfine effects in the N“O'* molecule, both magnetic and electric quadrupole, are interpreted with 
corrected theoretical expressions in terms of an electronic structure consisting of 65 percent N=O and 35 
percent N~=O?t, The unpaired electron is shown to be essentially in a 2 x orbital but with 2.5 percent s 
character. Discrepancies of about 8 percent between experimental and calculated values of the magnetic 
hyperfine constants indicate limitations in the use of atomic wave function approximations for electronic 


orbitals. 





HE NO molecule possesses an unpaired electron 
and has a *II ground electronic state. Hyperfine 
structure due to the magnetic moment and electric 
quadrupole moment of N™ has been observed in both 
the II, and II; states.'-* This hyperfine structure is 
discussed and interpreted in terms of molecular con- 
stants which give some detailed information about the 
molecular electronic structure. 


THEORY OF MAGNETIC HYPERFINE STRUCTURE 
AND EXPERIMENTAL RESULTS 


The theory of magnetic hyperfine structure in dia- 
tomic molecules has been given by Frosch and Foley.‘ 
They derive the hyperfine interaction from the Dirac 
equation for the electron. An alternative and simplified 
derivation of the Hamiltonian is briefly outlined here. 
The electron spin-nuclear spin part of the interaction, 
for other than s-states, can be written as the interaction 
between two point dipoles in the form 


3([-r)(S-1)/r5— (I-S)/r’, (1) 


where r denotes the radius vector from the nucleus to 
the interacting electron. A coordinate system 2’, y’, 2’ is 
taken, fixed in the molecule, with the z’ axis coinciding 
with the internuclear axis. The angle between the 
internuclear axis and the radius vector from the nucleus 
to electron is denoted by x. In cylindrical coordinates, 
«'=p cosy, y=psing, where p=rsinx (the coordinate 
system and the angle definitions are identical with those 
of Frosch and Foley). Then expression (1) gives the 
spin-spin part of the interaction, and on addition of the 
I-L term the total Hamiltonian is obtained as 


H=al-L+ (6+6)IeS+4b(ItS-+I-S*) 
+4d(2ie]-S-+ ee] + $+) +4 ef e'*(S-I+I-S,) 
+e-#(SHy+I*S,)], (2) 


*Work supported jointly by the Department of the Army 
(Signal on the Department of the Navy (Office of Naval 
Research), and the Department of the Air Force (Air Research and 
Development Command). 

1R. Beringer and J. G. Castle, Jr., Phys. Rev. 78, 581 (1950); 
Beringer, Rawson, and Henry, Phys. Rev. 94, 343 (1954). 

2 W. Gordy and C. A. Burrus, Phys. Rev. 93, 419 (1954). 

5 Gallagher, Bedard, and Johnson, Phys. Rev. 93, 729 (1954). 

‘R. A. Frosch and H. M. Foley, Phys. Rev. 88, 1347 (1952). 


where 

Italy+ily, I-=Iy—ily, etc., 
a= 2gruoun (1/1) m, c= 3gruoun(3 cos*x—1)/r* Ju, 
d=3gruoun(sin’x/r®)m, €=3gruoun(sinx cosx/r*) 1. 


mo and py are the values of the Bohr and nuclear 
magnetons taken as positive; } for non-s-states is 
—C/3. It is to be noted that the term in e above has 4 
of the value given by Frosch and Foley. 

The interaction Hamiltonian (2) does not apply to 
states with an electronic charge density inside the 
nucleus, i.e., states where y at the position of the 
nucleus has a finite value. For such states (2) would give 
zero hyperfine energy, except for second-order effects. A 
term has to be added to (2) to account for the first-order 
hyperfine energy due to the relativistic part of the 
spin-spin interaction, which is characteristic of atomic 
s-states. This interaction has been given for the atomic 


case® as 
(16/3) gruouny*(0)I-S. (3) 


This term may be considered to come from the electron 
spin distribution inside the nucleus. Although the 
coefficient of I-S in (3) for the molecular case should be 
the same as in the atomic case, the evaluation of I-S, of 
course, has to take into account the molecular coupling 
scheme. The term (3), then, is added to (2) and, since 
the b term of (2) is also proportional to I-S, 5 can be 
redefined to include both the ¥(0) and [ (3 cos?x—1)/r?] 
terms. This is the meaning of } that will be used, i.e., 


3 cos’x—1 167 
b= —enasx(———) _—— toun¥?(0). (4) 
Av 


The terms in (2) with matrix elements diagonal in A, 
2, and J, which give the same energy contribution to 
each member of the A doublet, are aJ,,L,+(6+c)I2Sz. 
The operator d(e?*#]—S-+-e‘*J+S$*)/2 has matrix ele- 
ments connecting the degenerate states (—A—Z) and 
(+A+2) for specific values of A and = and gives equal 
and opposite contributions to each member of the 


5 E. Fermi, Z. Physik 60, 320 (1930); G. Breit and F. W. Doer- 
man, Phys. Rev. 36, 1732 (1930). 
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A doublet.*:*7 This effect, which results from the inter- 
action of a spin on the symmetry axis with spins off the 
axis, has also been observed in the microwave spectra of 
OH® and ammonia.® 

The hyperfine energies, to first order, are obtained 
from (2) using the relation 


(aJ |I*|a’J)=(@J|J*|a’J)1-I/J(J+1) 
for matrix elements diagonal in J. For the Il; state: 
b+c\ I-J . d(J+})1-J 
w=3(o-— é ) 
2 /IJ(J+1) 2I(J+1) 





(5) 


and for the Il; state: 


b+c\ I-J 
w=a(ot ) : (6) 
2 /J(J+1) 


Expression (5) is identical in form with the one given by 
Frosch and Foley, except that the term in +d is twice 
as large here.! The operator multiplying d in (2) has no 
matrix elements between- states (A+2=Q2=8) and 
(—A—2Z=Q= —§8), hence this term does not contribute 
to the hyperfine energy for the II; state. Expressions 
(5) and (6) hold for pure Hund’s case (a). 

The rotational energy will mix the II; and I]; states 
and the correct wave function can be expressed as a 
linear combination of the two state functions [case 
intermediate between (a) and (6) ]. Hence, the hyperfine 
energy will be intermediate between expressions (5) and 
(6). The amplitudes of the Il, and Il; components for 
the intermediate case depend strongly on J as well as 
the ratio of the fine structure constant A to the rota- 
tional constant B. The hyperfine structure will also be 
modified by the term 36(J+S-++-J—S*) which connects 
the II, and II; states." The term in +d will be particu- 
arly influenced by the extent of intermediate coupling, 
since it is completely missing in the Tl; state. Such a 
dependence of the hyperfine structure on the extent of 
intermediate coupling has been observed in the micro- 
wave spectra of OH and OD. Formulas for the hyperfine 
structure in the intermediate case will be given in 
reference 8. 

From the observed?:*? J=}—3 transition in the Tl; 
state of NO, where (5) applies (with the + sign in front 
of d for the upper member of the A doublet, and the 





6 Masataka Mizushima, Phys. Rev. 94, 569 (1954). 

7C, H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw Hill Book Company, Inc., New York, to be published), 
Chap. VIII. 

8 Sanders, Schawlow, Dousmanis, and Townes, Phys. Rev. 89, 
1158 (1953); 94, 798(A) (1954); and Phys. Rev. (to be published). 
— Townes, and Van Vleck, Phys. Rev. 94, 1191 

10 Frosch and Foley have kindly reexamined their result and find 
that the value of d in their Eq. (6.5) should be corrected to 
3g moun (sin®?x/r*) ay, in agreement with the result here. 

1 Tn NO the effects of this term have been considered (reference 
6); the correction is small, since this is a good case (a) molecule for 
low values of J. 
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— sign for the lower), 


a—4(b+c¢)=92.6 Mc/sec, 
d= 3g;youn(sin’x/r*) w= 112.6 Mc/sec. 


Beringer et al.! have observed transitions between 
Zeeman components of the II; state in large magnetic 
fields, which allows them to determine the constant 


a+ (b+c)/2=74.1 Mc/sec. 


From above, using the relation c=3(a—d), we obtain 
a= 83.4 Mc/sec, b=69.2 Mc/sec, c= —87.6 Mc/sec. 


INTERPRETATION OF HYPERFINE COUPLING 
CONSTANTS IN TERMS OF THE 
STRUCTURE OF NO 

The constants determined above from the experi- 
mental data can be used to evaluate parameters of the 
distribution of electronic angular momentum in the 
molecule. These parameters may be obtained from the 
experimental constants and the definitions given in (2) 
and (4) above. Thus one obtains 


(1/1?) = 14.9 1074 cm-8, 
(sin?x/r?) = 13.4 1074 cm, 
[ (3 cos?x—1)/r? Jay= — 10.4 10% cm-5, 
(16/3) gruouny¥?(0) = 39.9 Mc/sec, 


which gives 
y?(0)=0.85 X 104 cm. 


These several experimental parameters, as well as the 
observed quadrupole interaction, give considerable in- 
formation about electronic wave functions in the mole- 
cule, and can be used as critical tests of proposed 
schemes for the electronic structure of NO. 

Pauling” has proposed for the electronic structure of 


NO an equal mixture of the structures :N=O: and 


-N-=0:+. This may be interpreted as a double bond 


and a three-electron bond N=O. 

The double bond consists of the 2p m and 2 o electron 
orbitals. The three-electron bond involves two over- 
lapping 2p 7 orbitals, one of which is occupied by two 
electrons with paired spins, whereas the other is occu- 
pied by the unpaired electron. According to this struc- 
ture the unpaired electron spends half of the time in the 
2p state on the oxygen atom and the other half on the 
nitrogen. 

The contribution to the hyperfine energy from a 2p 7 
electron on the oxygen is small, since the distance be- 
tween the electron and the interacting nucleus is of the 
order of the internuclear distance (1.1539 A). Calculated 
values of (1/r*)4 and (sin?x/r?), in this case are 0.49 
X 104 cm-* and 0.08 X 10% cm-*, respectively, compared 


2 Linus Pauling, The Nature of the Chemical Bond (Cornell 
University Press, Ithaca, 1945). 
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with 14.9% 10% and 13.4X10* obtained from the ex- 
perimental data. Hence, most of the contribution to the 
hyperfine energy comes from the unpaired electron on 
the nitrogen and, in order to compare the experimental 
values of the constants with calculated ones, a rather 
accurate value of (1/r*),, in a 2p state in the N atom is 
required. 

The value 25.7 X 10*4 cm-* has been given by Townes 
and Dailey,'* whereas Barnes and Smith" obtain 
16.6X 10*4. Both values are based on the fine-structure 
data, but different values of Zeriective have been used in 
the two cases. Because of this difference (1/r*),, has been 
calculated from the radial wave functions given by 
Hartree and Hartree.'® The result obtained for the 
ground state of N[(2p)* 4S] is 


(1/1?) w= 20.8 10" cm-*, 


This value is not expected to be extremely accurate, 
since the wave functions obtained by the Hartree-Fock 
method are not sufficiently accurate near the nucleus.!® 
In the oxygen atom the value obtained from the Hartree 
wave functions has been compared with a much more 
accurate value derived from the fine structure data.!6-!” 
In this case the calculation based on the Hartree-Fock 
wave functions under estimates (1/r*),, by 8 percent. 
Applying such a correction to the value calculated above 
for N, we obtain as probably the best “theoretical” 
value for a 2p electron in N: 


(1/43) y= 22.5 10% cm-. 


This is intermediate between the two previous values.'*:4 
For a 2p electron on the nitrogen atom, 


[(3 cos*x—1)/r?Ju= (1/1) (3 cos?x— 1) m3 
and for a 2p w electron (m,;= +1), 
(3 cos*x— 1) w= — 21/(21+3) = — 3, 


From these and the last values of (1/r*),, the hyperfine 
structure parameters are obtained as (1/r*)y=22.5 
X 10% cm and (sin*x/r*) = 18.0. This set of values and 
the other set given above (when the electron was as- 
sumed to be on the oxygen) are compared in Table I 
with the values obtained from the experimental data. 
The experimental values are intermediate between the 
values of the two sets. (See Table I.) From the experi- 
mental value of (1/r*),, the probabilities of the electron 
being on the nitrogen and oxygen atoms are 0.65 and 
0.35, respectively. A structure consistent with these 
values, then, would be 65 percent N=O and 35 percent 
N-=0+. 

From this structure the quadrupole coupling constant 


(sin?x) w= #. 


(1945) H. Townes and B. P. Dailey, J. Chem. Phys. 17, 782 
“R, G. Barnes and W. V. Smith, Phys. Rev. 93, 95 (1954). 
4D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 

A193, 299 (1948). 

(1953) Yamanouchi and H. Horie, J. Phys. Soc. Japan 7, 52 
oa Miller, Townes, and Kotani, Phys. Rev. 90, 542 (1953). 
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TABLE I. Parameters describing the unpaired electron distribu- 
tion in NO. In Column A are calculated values for an electron in a 
2pm state on the oxygen atom. In B: calculated values for the 
electron in a 2p 7 state on the nitrogen atom. In Column C it is 
assumed that the probabilities are 0.65 and 0.35 for the electron to 
ed the N and O atoms, respectively. All values are in units 
Co) cm. 








Experi- 
mental 
value 


14.9 
13.4 


Parameter A 


(1/45) ay 0.49 
(sin?x/r°) ay 0.08 





14.9 
11.7 


22.5 
18.0 








is calculated by the method of Townes and Dailey.'* We 
make two calculations of egQ. The first, according to 
scheme (a) of Townes and Dailey, is based on egQ per p 
electron = 24 Mc/sec, 25 percent s— p hybridization of 
the component of the multiple bond, and a quadrupole 
moment =0.033X10-* cm?. It gives an eqQ=—2.2 
Mc/sec in agreement with the experimental —2.17 
Mc/sec.!:* The second calculation, according to scheme 
(b), with an egQ per p electron = 10 Mc/sec, 50 percent 
hybridization, and a Q=0.012, predicts an eqQ—3.3 
Mc/sec, which is not far from the experimental result. 
Hence the average value for Q=0.02K10-* cm? as- 
signed by Townes and Dailey to N" is consistent with 
the observed quadrupole interaction in NO. Mizushima’s 
conclusion,® that the NO data favor a smaller value for 
Q=0.01, seems to be based on a value of (1/r*), for the 
unpaired electron which is about twice as large as the 
one obtained here. 

As pointed out by Pauling, some amount of Nt+—O- 
may be expected to be present in the structure. An 
admixture of Nt—O- would be consistent with the 
magnetic hyperfine structure results, provided the total 
amount of N=O and N*+—O- (both of which have 
the unpaired electron on the nitrogen) adds up to 65 
percent. Taking, then, as an alternative structure 60 
percent N=O 35 percent N-=Otand 5 percent Nt—O-, 
we calculate egQ’s= — 2.6 and — 3.6 according to scheme 
(a) and (6), respectively. These values are somewhat 
larger than the experimental value —2.17 Mc/sec. 
However, in view of uncertainties as to the extent of 
hybridization such an admixture of as much as 5 percent 
of N+—O-, and possibly some N—O, is not excluded.* 

From the above, the wave function for the unpaired 
electron which gives the observed value of (1/r*),, and 
of the quadrupole coupling may be approximated as 


¥= (0.65) opr(NV)+ (0.35) Y2x(O). (7) 


Effects of overlapping are neglected. 


* Note added in proof.—Lin and Van Vleck obtain a new value 
for eqQ= — 1.6.0.3 Mc/sec (instead of the —2.12 of reference 6) 
from the II; data. The value for the [ly state is —2.22 mc (refer- 
ence 1). Hence one should compare our calculated values with an 
average experimental value of about —1.9 instead of the —2.17 
that we used. This slight change does not affect the present con- 
clusions on the structure. 

These authors also obtain value for the magnetic constants in 
NO which are in agreement with the ones given here. (C. C. Lin 
and J. H. Van Vleck, private communication). 
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A further check on the wave function is allowed by 
the experimentally measured parameter [sin?x/r*]w. 
From (7), one calculates a value [sin?x/r* ],4,= 11.7 10% 
cm~ (see column C, Table I), which is 13 percent lower 
than the experimental value. Another expression of the 
same results can be obtained by calculating (sin*x)s 
under the assumption of an atomic orbital as in (7). 
The result is for a pr(m;==+1) orbital, (sin?x),=0.8 
and for a po(m,=0) orbital (sin*x)=0.40. The value 
obtained from experimental values of (1/r*)4 and 
(sin*x/r*), assuming r and x are independent, is sin? 
=0.90. This is in fair agreement with the value expected 
from a #7 orbit, but is about 13 percent higher. This 
indicates that the p m orbit is somewhat “compressed” 
in a plane perpendicular to the internuclear axis. Part of 
this discrepancy can be accounted for by effects of 
overlapping which have been omitted from the calcula- 
tion. A similar discrepancy partly due to overlapping 
effects has been reported by Miller, Townes, and 
Kotani in the case of molecular oxygen.!” If a similar 
amount of overlapping is assumed for NO, it would 
account for about 5 percent of the discrepancy. This 
leaves an unaccounted 8 percent discrepancy, which 
could indicate a deviation of the molecular wave func- 
tion from the pure atomic p z type. 

The value of ¥°(0)=0.85X 10% cm obtained from 
the data shows that some s character must be attributed 
to the unpaired electron, which is primarily in a 2p 7 
state. An estimate of ¥7(0) for a 2s state in the nitrogen 
atom is 34 10™ cm~. Hence the molecular wave func- 
tion possesses 0.85/34= 2.5 percent s character. Neglect 
of electrostatic interactions between the electrons in an 
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atom can cause a mixing of configurations. In the case of 
O+ as much as 4 percent of configuration mixing has 
been calculated.!* Hence the 2.5 percent of s character 
found in the molecular wave function in NO is perhaps 
not surprising. Although this amount of s state is small, 
its contribution to the magnetic hyperfine energy is 
comparable to that of the classical dipole-dipole part of 
the interaction. For instance, this relativistic term 
contributes 40 Mc/sec to (b+c), whereas the classical 
part contributes —58 Mc/sec. 


CONCLUSION 


There is fair agreement between the observed hyper- 
fine structure constants a, b, c, d, egQ, and those ex- 
pected from a relatively simple model of the electronic 
structure in NO. There are, however, substantial dis- 
agreements between the experimentally determined 
values and those calculated from simple molecular 
wave functions. Part of the discrepancy can be ac- 
counted for by neglected effects of overlapping. A 
remaining discrepancy of about 8 percent in the 
hyperfine coupling constants may give interesting infor- 
mation on the deviation of the molecular wave functions 
from atomic orbital approximations. 
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The experimental total cross section for photodisintegration of the deuteron is integrated numerically to 
155 Mev for three moments of the curve weighting with W—, 1 and W, respectively: the bremsstrahlung- 
weighted cross section, the integrated cross section, and Woint. The integrated cross section is compared with 
the phenomenological sum-rule calculation, and also with the dispersion-theoretic calculation; all three 
values are in reasonable agreement, giving an integrated cross section about 30 percent higher than that of 
30 Mev-mb for the Thomas-Reiche-Kuhn dipole sum rule. There is good agreement between the experi- 
mental value of 3.9 mb and the phenomenological calculation of 3.78 mb for the bremsstrahlung-weighted 


cross section. 


INTRODUCTION 


ECENT experiments at the University of Illinois! 
and California Institute of Technology? have 
filled in and extended our knowledge of the total cross 


* Supported by the National Science Foundation. 

1L. Allen and A. O. Hanson, Phys. Rev. 95, 629(A) (1954); 
E. A. Whalin, Phys. Rev. 95, 1362 (1954); Yamagata, Barton, 
Hanson, and Smith, Phys. Rev. 95, 574 (1954); Schriever, 
Whalin, and Hanson, Phys. Rev: 94, 763 (1954). 

? Keck, Tollestrup, and Smythe, Phys. Rev. 96, 850 (1954) 
and private communication. 


section for photodisintegration of the deuteron. Com- 
bining these results with earlier measurements,*~* we 


’Marin, Bishop and Halban, Proc. Phys. Soc. (London) 
A66, 608 (1953). 

Note added in proof.—Recalibration of the ThC” sources gives 
a 6 percent smaller photodisintegration cross section. [ Marin, 
Bishop, and Halban, Proc. Phys. Soc. (London) A67, 1113 (1954).] 
( 4 _ Carver, Stafford, and Wilkinson, Phys. Rev. 86, 359 

1952). 

5 J. Halpern and E. V. Weinstock, Phys. Rev. 91, 934 (1953). 

6 Keck, Littauer, O’Neill, Perry, and Woodward, Phys. Rev. 
93, 827 (1954). 
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Fic. 1. Experimental measurements of the total cross section, in millibarns, for photodisintegration of the deu- 
teron vs photon energy W (laboratory system). The solid circles show several different University of Illinois 
measurements, reference 1; the solid rectangles California Institute of Technology measurements, reference 2; the 
solid triangle a measurement by Halban et al., reference 3; the * Wilkinson et al., reference 4; the open circle 
Halpern ef al., reference 5; and the oe square Woodward et al., reference 6. The standard error of each measure- 


ment is shown by vertical lines, or 


for Cal. Tech. and Halban) by the size of the symbol. The curve is used for 


numerical calculation of three moments. At low energies the effective range calculations were used for interpolation 


purposes in drawing the curve. 


now know the total cross section from threshold to 
450 Mev, with a standard error of about 10 percent 
for individual cross-section measurements. Since the 
measurements at various laboratories tend to support 
each other, as shown on a log-log scale in Fig. 1, the 
moments taken from the smooth curve drawn should 
have a somewhat smaller standard error, which we 
estimate as 5 percent. 

Whalin’ has calculated the cross section integrated 
to 140 Mev, and has compared the result with the 
calculations of Schiff, and Marshall and Guth,® and 
with the dispersion-theoretic integrated cross section 


7E. A. Whalin, Ph.D. thesis, University of Illinois, 1954 
(unpublished). 

§L. I. Schiff, Phys. Rev. 78, 733 (1950); J. F. Marshall and E. 
Guth, Phys. Rev. 78, 738 (1950), designated by SMG. 


for heavy nuclei.? Whalin finds reasonable agreement 
among the three values of the integrated cross section. 
The integrated cross sections are each about 1.3 times 
the Thomas-Reiche-Kuhn value of 30 Mev-mb for 
electric dipole transitions for ordinary forces. 

In this paper we shall make some modifications of 
Whalin’s calculation of cint. We shall also use the 
experimental curves of Fig. 1 to calculate the brems- 
strahlung-weighted cross section [o.=/(c/W)dW], 
and to calculate the mean energy W for photon absorp- 
tion. We shall compare these two moments of the 
experimental o(W) curve with the phenomenological 


® Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
(1954), designated by GGT. 
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TaBLE I. Integrated cross sections for photo- 
disintegration of the deuteron.* 








Dispersion- 


Phenomenologi- 
theoretic 


cal sum-rule 


3.78 mb 
38 Mev-mb 


1050 Mev?-mb 


Experimental 


Integrated 
value 


cross section 


oo= f(c/W)dW 
Cine = fodW 


Wein = fowdW 





3.9 mb 
39 Mev-mb 


1200 Mev?-mb 


38 Mev-mb or 
32 Mev-mb 








® The experimental cross section, shown as the curve in Fig. 1, is inte- 
grated numerically up to 155 Mev. The phenomenological sum-rule calcula- 
tions for a Serber force are by the method of LB, reference 10. The disper- 
sion-theoretic calculation follows Gell-Mann, Goldberger, and Thirring, 
reference 9: the value 38 Mev-mb uses the Lax-Feshbach calculations 
on relative meson yield from the deuteron, while the value 32 Mev-mb 
-_ — on the relative meson yield. Ordinary forces give gint 
= ev-mb. 


sum-rule calculations of Levinger and Bethe.” (The 
GGT dispersion-theoretic calculation gives cint, but 
does not give the values of o, or W, which are based, 
respectively, on the spatial and momentum distributions 
of the ground state of the deuteron.) We shall include 
in o» and gint the phenomenological magnetic dipole 
cross section, but for W we shall include only electric 
dipole absorption, calculated according to Siegert’s 
theorem," and neglecting retardation. 


PHENOMENOLOGICAL SUM-RULES 


In Table I, the second column gives the integrated 
experimental cross sections, weighted by the different 
powers of the photon energy W: i.e., by W~ for oz, 
by W® for cint, and by W for Woint. We estimate the 
standard errors as 5 percent. The upper limits for the 
integrals are taken as 155 Mev, in agreement with the 
GGT calculation. The appropriate upper limit for 
comparison with the LB calculation is discussed further 
below. 

The third column on Table I gives the LB calcula- 
tions, while the last column gives the GGT calculation 
of cint. In the LB calculations we assume that the 
neutron-proton force is a central force that is not 
velocity dependent; but we shall include the effect 
of the Majorana exchange force. The tensor character 
of the force should be taken into account fairly well 
by using the experimental effective range. (Tensor forces 
cause only a small modification in the similar problem 
of moderate energy neutron-proton scattering.) 

There are two main sources of discrepancy between 
the experimental and phenomenological integrated 
cross sections. (i) The calculated value is for El 
transitions, calculated using Siegert’s theorem. (M1 
transitions, without exchange currents, are included 
for oy and gint.) Siegert’s theorem is expected to fail at 
high energies, and has been questioned even at very 
low energies." In any case, the calculated total cross 


10 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 15 (1950), 
designated by LB. 

1A, J. F. Siegert, Phys. Rev. 52, 787 (1937); R. G. Sachs and 
N. Austern, Phys. Rev. 81, 705 (1951); L. L. Foldy, Phys. Rev. 
92, 178 (1953). 

2 J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Part II, Sec. 5G. 


sections of SMG fall far below the experimental cross 
sections at photon energies above 100 Mev. (ii) The 
calculated cross section is integrated to infinity, while 
the experimental value is integrated only to 155 Mev. 
These two sources of discrepancy tend to cancel. 

The bremsstrahlung-weighted cross section for elec- 
tric dipole absorption is proportional to the average 
value of 7 for the deuteron ground state, and is in- 
dependent of the fraction x of the neutron-proton force 
that has a Majorana exchange character. LB calculate 
[r*]oo for square and for Hulthén wells, but use too 
low a value of 6 for the latter well. We shall here give 
[r*]oo first for zero range, then using effective range 
theory, and finally give the small modification intro- 
duced by using a Hulthén wave function. For zero 
range, [7 Joo is (2y?)-, where y equals (Me/h?)* with 
e the deuteron binding energy of 2.23 Mev. Since the 
inside wave function gives only a small contribution, 
we can calculate [7*]oo using the outside wave function 
of effective range theory, introducing a factor of 
(1—-yro)! for the squared normalization constant of 
the outside wave function, just as in the Bethe-Long- 
mire effective-range correction to the Bethe-Peierls 
cross section. Use of a Hulthén wave function adjusted 
to the same effective range ro, gives [7 ]oo about 3 
percent smaller than the effective range calculation. 
[The correction is of order (yro)*. | The bremsstrahlung- 
weighted cross section o»° for electric dipole absorption 
is given by ” 


o,°= (we?/3hc) [ 7? Joo 
= (9°eh/6M ce) (1—yro)X (0.97) =3.55 mb. (1) 


The three factors in this equation correspond, respec- 
tively, to the zero range value, the effective range 
correction, and the small correction to effective range 
theory using Hulthén wave functions. The numerical 
value uses 7o=1.70X10-* cm. The uncertainty in 
ax° due to the 2 percent uncertainty" in the effective 
range and the small uncertainty in binding energy is 
only a little more than one percent; but effects of 
tensor forces may introduce a comparable uncertainty. 
Since the electric dipole bremsstrahlung-weighted 
cross section can be calculated with high accuracy, it is 
worthwhile to include an estimate of the magnetic 
dipole (S* to S' transitions) contribution which we 
designate o,”. (Electric quadrupole and retardation 
effects are smaller, and tend to cancel.) Using the 
effective range theory matrix elements,” we find 


oo™= (we?/3hc) (up—bn)*(h/Mc)?=0.23 mb. _— (2) 


Here yy and up are the proton and neutron magnetic 
moments. (This result is independent of the singlet 
scattering length.) While the constants in Eq. (2) are 
known with high accuracy, it is unclear how well this 
calculation applies to the deuteron, as we have neglected 


13H. A. Bethe and C. Longmire, Phys. Rev. 77, 647 (1950). 
4 Burgy, Ringo, and Hughes, Phys. Rev. 84, 1160 (1951). 
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the exchange contribution due to meson currents. 
Since meson currents cause only a few percent correc- 
tion to the magnetic dipole cross section at threshold, 
we believe that they should not change our numerical 
result seriously ; but Berger! believes that the exchange 
moment contribution might be much more significant 
at moderate photon energies. 

The calculated bremsstrahlung-weighted cross section 
sp is equal to the sum of the #1 and M1 contributions 
given in Eqs. (1) and (2), or 3.78 mb. As shown in 
Table I, this calculated value is within 3 percent of the 
experimental value of 3.9 mb, while the standard 
error of the experimental value was estimated as 5 
percent. Thus the LB-type calculations of the brems- 
strahlung-weighted cross section are not inconsistent 
with present experimental data on the deuteron. This 
good agreement between calculation and experiment 
for oy is not unexpected, Since o» is determined experi- 
mentally principally'® by the moderate energy cross 
section, where Wilkinson!’ finds good agreement 
between experiment and calculations with Hulthén 
wave functions for effective range 1.74 10—" cm. The 
good agreement between theory and experiment for 
o, for the deuteron supports the use of o, in analyzing 
photonuclear data on heavier nuclei!* to obtain informa- 
tion on nuclear wave functions and radii. 

The neutron-proton exchange force increases cing by 
about 0.4% for the deuteron," where x is the fraction of 
attractive Majorana force. We find” a relative increase 
of 0.46x for a Yukawa potential with Hulthén wave 
functions, for effective range 1.7X10-" cm. If we take 
the Serber force, x= 43, we obtain 30 1.23=37 Mev-mb 
for the integrated electric dipole cross section, plus an 
extra Mev-mb for the integrated phenomenological 
M1 cross section. Most of the uncertainty in the 
calculated aint comes from the value of 3 chosen for x: 
eg., changing x by 0.2 changes coins by 2 Mev-mb or 
about 5 percent. The difference shown in Table I 
between the experimental ojnt of 39 Mev-mb and the 
calculated 38 Mev-mb is within the uncertainties of 
about 5 percent for each value. 

The rather good agreement between experiment and 
calculations for these 2 moments of the o(W) curve 
indicates that the moderate energy total cross section 
should also be given rather well by the phenomenological 
theory. As discussed above, noncentral forces should 
cause little change in o and cint, So the phenomenologi- 
cal theory for a central force should be successful in 
calculating total cross sections, though it fails badly in 
its calculations of the angular distribution, which is 
more sensitive to the tensor force. 


© J. M. Berger, Phys. Rev. 94, 1698 (1954). 

16 For example, 80 percent of the experimental o, comes from 
photon energies below 12 Mev. 

’D. H. Wilkinson, Phys. Rev. 86, 373 (1952). 

8 J. S. Levinger, Phys. Rev. 97, 122 (1955). 

” K. Way, Phys. Rev. 51, 552 (1937). 

” Reference 10, Eq. (58). The value 0.34 given there is changed 
appreciably when we change the value of 8. 
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We use the LB calculations” for Woint, but obtain 
a higher numerical value by revising the value of the 
parameter 6 for the Hulthén wave function. We have 
for E1 transitions 


Weoine= (19+ 244+ 16x?)30 Mev?-mb 
= 1050 Mev?-mb, (3) 


where we have again used x=} to obtain a numerical 
value. Changing x by 0.2 changes Woint by about 25 
percent, so the calculated value is rather inaccurate. 
Also the difficulties involved in comparing an integral 
calculated to infinity with experimental values inte- 
grated to 155 Mev is particularly marked for this 
moment of the o(W) curve, which weights the high- 
energy section quite strongly.” The difference between 
the calculated and experimental values shown in 
Table I is less than 15 percent. This surprisingly good 
agreement is probably fortuitous; but it suggests that 
W may not be completely worthless in analyzing 
photonuclear data on heavier nuclei. 


DISPERSION THEORY 


The dispersion-theoretic calculation of GGT® gives 
int in terms of an integral of the total cross sections for 
free nucleons (¢, and o,) and of nucleons bound, in 
this case, in a deuteron (cq): 


" 
m= f odW 
0 


=30+ f (¢p,+on—c4)dW Mev-mb. (4) 


The threshold » for meson production is taken as 155 
Mev. This relation is based on dispersion theory, 
together with the assumption that at infinite fre- 
quencies the forward scattering amplitude for bound 
nucleons equals the sum of the forward scattering 
amplitude for the corresponding collection of free 
nucleons. In applying this relation, one must make the 
additional assumption that the integral from pion 
threshold to infinity can be approximated by an 
integral from pu to, say, 3u. GGT find a 40 percent 
increase in gint for heavy nuclei. The difference in 
meson production cross sections for free and bound 
nucleons is not as marked in the deuteron, due to its 
rather loose structure, so we would expect a somewhat 
smaller relative increase over the Thomas-Reiche-Kuhn 
result of 30 Mev-mb. 

We shall estimate the integral on the right of Eq. (4) 
by two alternative methods. First, we shall use the 
experimental value of the free proton cross section, 
op, combined with the Lax-Feshbach* calculation of 
photomeson production from deuterium. (This ap- 


21 See reference 10, Eq. (62). 

® For example, 50 percent of the experimental Woint comes 
from photon energies from 75 to 155 Mev. 

2M. Lax and H. Feshbach, Phys. Rev. 88, 509 (1952). 
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proach is analogous to that of GGT for heavy nuclei.) 
Second, we shall use experimental data on photomeson 
yields from deuterium and hydrogen, together with 
the experimental photodisintegration cross section 
shown in Fig. 1. 

Lax and Feshbach calculate the ratio of pion yields 
from free nucleons and nucleons bound in a deuteron 
neglecting in the final state both the interaction of the 
nucleons, and the interaction of the pion with the 
residual nucleons. In accord with the approximation 
of free pion wave functions, we should not include the 
mesonic contribution to deuteron photodisintegration 
in the integral on the right of Eq. (4). (See the discussion 
by GGT on their analogous treatment for heavy 
nuclei.) The nonmesonic contribution to high-energy 
photodisintegration of the deuteron, such as that 
calculated by SMG, is rather small, and will also be 
neglected as was done by GGT. The Lax-Feshbach 
calculations include a parameter K/L for the ratio of 
“spin-flips” in meson production to meson production 
without nucleon spin flip. We shall take K/L equal 
unity; but the final result is not very sensitive to K/L. 
Using recent California Institute of Technology 
measurements” for op, we find that the integral from 
u to 3u gives 3.6 Mev-mb for the difference of cross 
sections for production of positive pions. Since c, is 
about 1.2c,, we get a somewhat larger contribution 
from the difference of cross sections for production of 
negative pions, giving 8 Mev-mb for the integral 
from yu to 3u, or 38 Mev for cint. The approximations in 
the Lax-Feshbach calculations suggest an uncertainty 
of at least 2 Mev-mb in our final result. 

We shall also evaluate the integral on the right of 
Eq. (4) using Cornell data** for the relative positive- 
pion yields for deuterium and hydrogen. The pion 
yields were measured at 6 different meson energies or 
angles, for a bremsstrahlung spectrum of end point 
about 2u. The deuteron/proton yield ratio ranged 
from 0.58+0.13 to 1.07+-0.14. Averaging the data with 
equal weights gives a yield ratio of 0.80; while giving 
heavier weights to the 90° measurements, which give a 
larger contribution to the total cross section, gives a 
weighted average of 0.75. Using 0.75 as the ratio, 
together with experimental values of op, we find 5 
Mev-mb for the difference in ni production cross 


% J. Keck (private communication). 

( 25 Jenkins, Luckey, Palfrey, and Wilson, Phys. Rev. 95, 179 
1954). 

Note added in proof.—Also see Berkeley data [White, Jakobson, 
and Repp, Bull. Am. Phys. Soc. 29, No. 8, Paper L8 (1954), and 
private communication; and Dudziak, Sagane, and Vedder, Bull. 
Am. Phys. Soc. 29, No. 8, Paper Lii (1954), and private com- 
munication. ] Their results are not inconsistent with the 0.75 
ratio used below. 
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sections between the free proton and that bound in the 
deuteron, integrated from wu to 2u. We multiply by 
2.2 to include the difference of negative pion cross 
sections. [The deuteron cross sections for neutral pion 
production is twice the proton cross section,”* within 
experimental error, and does not contribute appreciably 
to the integral in Eq. (4).] On the other hand the 
integrated oq includes 9 Mev-mb for photodisinte- 
gration of the deuteron (without production of real 
mesons), from u to 2u. This analysis then gives us the 
net value of the integral as 5(2.2)—9=2 Mev-mb. 
The uncertainty in our result is estimated as 5 
Mev-mb. 

Thus this analysis of the pion yields gives a rather 
lower value for the integral (from pu to 2u) on the right 
of Eq. (4) than does the Lax-Feshbach calculation 
(from p to 3u); but the difference between the two 
results is within their uncertainties. We present both 
results in Table I. 

The agreement between the experimental value of 
39 Mev-mb for cint and the dispersion-theoretic 38 
or 32 Mev-mb is satisfactory, considering the rather 
large uncertainty in the deuteron/proton pion yield 
ratio put into the dispersion-theoretic formula. The 
agreement between the dispersion-theoretic value of 
gint and the phenomenological value of 38 Mev-mb is 
satisfactory. 


SUMMARY 


We conclude that the moments of the experimental 
cross sections for photodisintegration of the deuteron 
are not inconsistent with those calculated using phe- 
nomenological sum rules, or using dispersion theory. 
The agreement between experiment and theory for 
the bremsstrahlung-weighted cross section is within 
the 5 percent experimental uncertainty. The two 
calculations of cing agree with each other, and with 
experiment, within the appreciable uncertainties of 
the numerical results of the calculations. The phe- 
nomenological calculation of Woint is also not in serious 
disagreement with the experimental value. 
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Identification of Mo and Mo*!”* 


PETER AXEL, JOHN D. Fox, AND RicHarp H. PARKER f 
Physics Department, University of Illinois, Urbana, Illinois 
(Received November 8, 1954) 


The known 65-second activity in Mo is shown to have an intense 650-15 kev gamma ray. The 65- 
second activity is therefore assigned to a 650-++15 kev isomeric level which decays by a gamma transition 
70+10 percent of the time and by positron emission 30+10 percent of the time. There are at least two 
higher-energy gamma rays with energies 1.22+0.03 Mev and 1.550.03 Mev. Existent (y,m) and (n,2n) 
data are used to show that 65-sec., 650-kev Mo ™ is a 1/2 state and that 15.5-min Mo* is a go/2 state. This 
assignment implies that the neutron binding energy of Mo® is 12.5 Mev. 





INTRODUCTION 


HE research reported below presents evidence to 

show that the ground state of Mo* is associated 

with the known 15.5-minute activity and that the 65- 

second activity should ‘be assigned to a previously 
unreported 650-kev isomeric level. 

The 15.5-minute activity was first produced! by a 
(y,n) reaction on molybdenum (Mo). Soon afterwards, 
this activity was identified as also resulting from the 
(n,2n) reaction?* on Mo. The assignment of the 15.5- 
minute activity to Mo” was first inferred from activa- 
tion experiments‘ and later proved by both the (,2m) 
reaction® and the (y,) reaction® on separated Mo”. 

The 65-second activity was first reported as resulting 
from a (y,m) reaction’ on Mo and was subsequently 
assigned to Mo*! because it was produced by a (y,m) 
reaction® on separated Mo”. 


EXPERIMENTAL PROCEDURE 


Unseparated molybdenum was bombarded with 
bremsstrahlung gamma rays from the Illinois 22-Mev 
betatron. The main data were taken at 21 Mev. Check 
runs made at various energies between 14 Mev and 22 
Mev showed that the activities measured were formed 
at all of these energies. The radiaoctivities were detected 
using a Nal scintillation crystal which was one inch 
square and two inches long. The energies of the emitted 
gamma rays were measured by using a grey-wedge 
pulse-height analyzer. Absorbers prevented either 
positrons or x-rays from entering the crystal. The life- 
times were measured by using a single channel pulse 
height selector to reduce background. 

The long-lived activity contained no gamma rays 
except for the annihilation radiation produced from its 


* This research was assisted by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 
wt Present address: United States Air Force, Albuquerque, New 
Mexico. 

1W. Bothe and W. Gentner, Naturwiss. 25, 191 (1937). 

*F. A. Heyn, Nature 139, 842 (1937). 

’R. Sagane, Phys. Rev. 53, 492 (1938). 

4Sagane, Kojima, Miyamoto, and Ikawa, Phys. Rev. 54, 542 
(1938); 57, 1179 (1940). 

5D. N. Kundu and M. L. Pool, Phys. Rev. 76, 183(A) (1949). 

5R. B. Duffield and J. D. Knight, Phys. Rev. 76, 573 (1949). 

™H. Waffler and O. Hirzel, Helv. Phys. Acta 21, 200 (1948). 

8 Bernstein, Chase, and Schardt, Rev. Sci. Instr. 24, 437 (1953). 


positrons. Its half-life was found to be 15.7+0.3 
minutes in good agreement with other recent deter- 
minations of 15.5+0.5 minutes® and 15.54+0.2 min- 
utes.® 

The half-life of the second activity was measured to 
be 66+3 seconds; this value is a little lower than the 
previously reported 755 seconds® but it is in good 
agreement with the more recent value of 65.542 
seconds.’ The most intense short-lived radiation was a 
650+15 kev gamma ray which was about 2.3 times as 
intense as the positrons implied by the annihilation 
gamma rays. Both internal conversion and K-capture 
events would not have been observed but their intensity 
is probably negligibly small. Since the 650-kev gamma 
rays are too intense to follow the positrons, these 
gamma rays must occur in a separate branch of the 
decay. This interpretation would indicate that a 650- 
kev isomeric level exists and that 7010 percent of the 
decays occur through the 650-kev gamma ray while 
30+10 percent occur through positron branches. 

Other gamma rays were observed which had higher 
energies and considerably weaker intensities. Two 
gamma rays which had half-lives of about 65 seconds 
had energies of 1.22+0.03 Mev and 1.55+0.03 Mev. 
In addition, there was some evidence for several other 
gamma rays in the energy range between 1.8 Mev and 
2.9 Mev. These gamma rays had such low intensity that 
the observed peaks could not be unambiguously asso- 
ciated with either the photoeffect or the Compton 
effect and the energies were not determined. (The data 
are so poor that they do not exclude the possibility that 
these gamma rays were due to bremsstrahlung.) It 
seems probable that all of the gamma rays with energy 
above 650 kev follow the positron emission and there- 
fore, that the positron spectrum is complex. The three 
most intense gamma rays, 650 kev, 1.22 Mev, and 1.55 
Mev had been observed by Duffield” but neither their 
precise energy nor their intensity had been measured. 


DISCUSSION 
The auxiliary experimental data with which the 
assignments of the activities in Mo must be consistent 
include the (y,) threshold and yield experiments by 


® Katz, Baker, and Montalbetti, Can. J. Phys. 31, 250 (1953). 
10R. B. Duffield (private communication). 
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Katz, Baker, and Montalbetti® and the (,2m) experi- 
ments of Brolley, Fowler, and Schlacks" and of Brol- 
ley.” The assignment of the 65-second activity to the 
650-kev isomeric level replaces a previously suggested 
assignment by Katz, Baker, and Montalbetti in which 
the 65-second activity was associated with the ground 
state and the 15.5-minute activity was associated with 
a postulated 150-kev isomeric level. This earlier 
assignment, which had been based mainly on a measured 
difference in the (y,m) threshold energies of 150-+50 
kev, led to several inconsistencies that are removed by 
the new decay scheme. 

The interpretation of the (7,) threshold experiments 
which led to the postulate of a 150-kev isomeric level 
implied that both isomers of Mo* were being formed 
directly at energies only slightly above threshold. 
However, it is shown below that direct formation of 
both isomers would be inconsistent with either the 
shell model or with neutron emission rates. (This 
inconsistency motivated the present investigation.) 

According to the successful spin-orbit coupling shell 
model, an isomeric pair in Mo* should have the single 
particle configurations of go/2 and 1/28 Since a spin 1 
state is usually excited when zero spin Mo® absorbs a 
gamma ray, only a neutron which carried away three 
units of orbital angular momentum (ie., an /=3 
neutron) could produce a direct transition to the go/2 
level in Mo". Both theoretical consideration of neutron 
transmission through a centrifugal barrier,‘ and 
experimental verification’® in the analogous case of 
photoneutron reactions in Zr™, show that /=3 neutrons 
would not be observable within 1 Mev of threshold. 

The reported (7y,m) studies of Katz, Baker, and 
Montalbetti® on Mo” can be reinterpreted consistently 
if the 650-kev isomeric level is taken into account and 
assigned a 1/2 single particle configuration. If, as 
expected, the go/2, 15.5-minute ground state is not 
formed directly at energies within 1 Mev of threshold, 
an attempted measurement of the 15.5-minute threshold 
would give only the threshold of its 65-second isomeric 
parent. On this basis, the apparent 150+50 kev 
threshold difference must be attributed to experimental 


TABLE I. Characteristics of isomeric state of Mo” 
and neighboring isomers. 











Groun Energy _—xp. half-life 
Nucleus Protons Neutrons state Isomer (kev) Theor. half-life 
Kr 36 49 9/2 1/2 305 1.04 
Sr87 38 49 9/2 1/2 390 1.22 
Zr® 40 49 9/2 1/2 588 1.05 
Mo" 42 49 9/2 1/2 650 1.02 








1 Brolley, Fowler, and Schlacks, Phys. Rew 88, 618 (1952). 
12]. E. Brolley, jr, Phys. Rev. 89, 877 (1953). 

(1982). Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
4 J. M. Blatt and V. F. Weisskopf, a, ~ yea Physics 

(John Wiley & ye! Inc., New York, 1952), p. 3 
16 P, Axel and J. D . Fox (to be published). 
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error. (We have made preliminary measurements of this 
apparent threshold difference and found it to be —30 
+60 kev rather than 150+50 kev.) 

It is also possible to reinterpret the apparent ratio of 
the cross section for the formation of the 65-second 
activity to that of the 15.5-minute activity as measured 
by Katz, Baker, and Montalbetti. If the 15.5-minute 
isomer is not formed directly at low energy, the meas- 
ured? ratio of 0.3 indicates that the 15.5 minute activity 
that grows from the isomeric level has 3.3 times as many 
positrons as does the 65-second activity. According to 
our interpretation this would imply an isomeric 
branching of about 77 percent, as compared with our 
value of 70+-10 percent. The fall of the measured? ratio 
to 0.2 at higher energies could be interpreted as evidence 
for direct formation of the ground state. The implied 
direct formation would then be 50 percent of the indirect 
formation of the ground state. (We have done prelimin- 
ary experiments which also show that the direct 
formation of the ground state at high energies is about 
50 percent of the indirect formation.) 

The most recent (,2m) experiments” gave a thres- 
hold of 12.48+0.1 Mev for the 15.5-minute activity and 
only a trace of 65-second activity even at 18 Mev. 
These results are different from those obtained from 
(y,m) reactions but this difference can be explained in 
terms of the spins of the excited states reached. Whereas 
gamma-ray absorption results in a spin change of only 1, 
the predominantly high-angular momentum associated 
with high-energy incident neutrons should accentuate 
high-spin states. Thus, the (”,2m) experiment would 
be expected to lead predominantly to the go/2 state in 
Mo". The emphasis of the 15.5-minute activity in the 
(n,2m) experiments is inconsistent with the previously 
suggested assignment of 1/2 to the 15.5-minute level. 
Similarly, the 12.48 Mev threshold cannot be explained 
if the isomeric levels were only 150 kev apart. If, how- 
ever, both the thresholds given by Katz et al.,° are re- 
garded as being the same threshold energy for excitation 
of the 650-kev excited state in Mo", then the value of 
13.15 Mev for the measured threshold also implies that 
the true, but unobservable, threshold for (y,m) excita- 
tion of the ground state of Mo* is 12.50 Mev. The 
(n,2n) data thus support the assignment made in this 
paper of the 15.5-minute activity to the go/2 ground 
state of Mo*. 

The final evidence supporting the proposed assign- 
ments to Mo" and Mo*™ is shown in Table I which 
illustrates the similarity between Mo™™ and neighbor- 
ing isomers. The two characteristics of the Mo" 
isomeric state that fit into the systematics are the 
energy and the lifetime. The energy of the Mo™ fits 
well into the pattern of the energy separation between 
the go/2 ground state and the 1/2 excited state for nuclei 
which have 49 neutrons; as the even number of protons 
increases, the go/2 level moves down with respect to the 
1/2 level. Although the variation in level spacing is not 
predictable quantitatively, it seems reasonable that the 
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last pair of protons in Mo” (which is probably a go/2 
pair) would continue the trend of making the gov 
neutron state more stable. 

Table I also shows the agreement between the 
relative lifetimes of isomeric transitions. The experi- 
mentally observed lifetimes, corrected for branching 
ratio and statistical weight, are compared with the 
theoretical lifetimes given by Blatt and Weisskopf.'¢ 
The significant part of the comparison is that the ratio of 
experimental to theoretical value is almost the same for 
all four examples. If the ground state of Mo” were 
assumed to have a spin of $, the Mo*™ lifetime would 
disagree essentially by the statistical weight factor of 5. 


16 Reference 14, p. 627. 
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The absolute agreement between experimental and 
theoretical values is probably fortuitous. The theory is 
only an approximate one which is, as yet, only useful for 
determining dependences of the lifetime on the energy 
and on the nuclear size. For example, an alternative 
theoretical formula given by Moszkowski!’ predicts a 
lifetime which is shorter by a constant factor of 10.7. 

We wish to thank Mr. T. Keegan, engineer of the 
22-Mev betatron, and his operating crews for their 
efficient assistance in making the irradiations. We are 
also indebted to R. B. Duffield for making available to 
us the unpublished data he had on the gamma rays in 
molybdenum. 


17§. A. Moszkowski, Phys. Rev. 83, 1071 (1951) and private 
communication. 
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The disintegration of the 2.3-day Cd" and its isomer, the 43-day Cd5, have been studied with thallium- 
activated sodium iodide counters, anthracene counters, and coincidence methods. The levels of In™® have 
been shown to have excitation energies of 0.335 (7,=4.5 hr), 0.595, 0.825, 0.858, 0.935, 1.30, and 1.42 Mev, 
the first four levels being excited in the decay of the 2.3-day period alone and the latter three in decay of 
the 43-day activity only. The gamma transitions from the 1.3-Mev level proceed directly to the ground 
state of In" while all the transitions from the 1.42-Mev level terminate at the 0.935-Mev level. The gamma 
transitions from the 0.595, 0.825, and 0.858-Mev levels lead to the metastable state at 0.335 Mev. About 
three percent of the transitions from the 0.858-Mev level terminate at the 0.825-Mev level which in turn de- 
excites by way of a 0.230 Mev-0.260 Mev gamma-ray cascade or by emission of a 0.490-Mev quantum 
in the crossover transition. The angular correlation function for the 0.485 Mev-0.935 Mev cascade in the 
decay of the 43-day Cd" is found to be essentially isotropic. A level scheme for In™® has been established by 


these measurements. 


INTRODUCTION 


HE radiations of the 43-day activity have been 
previously studied by several groups of investi- 
gators. It has been suggested‘ that In'** de-excite 
with the emission of a 0.950-Mev gamma ray or by 
the emission of a 0.45 Mev-0.50 Mev cascade. Other 
measurements’ showed that the 43-day activity emits 
a complex beta spectrum such that de-excitation of 
In"5* occurs with the emission of a 0.94-Mev gamma 
ray or a 1.30-Mev gamma ray or a 0.48 Mev-0.94 Mev 
cascade. 
The 2.3-day activity has also been investigated*~’ and 


t Assisted by the Joint Program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

* Research Fellow, Bartol; permanent address, Morena (M.B.), 
India; at present at the University of Glasgow, Scotland. 

1 Gill, Mandeville, and Shapiro,*Phys. Rev. 80, 284 (1950). 

2A. C. Wahl and N. A. Bonner, Phys. Rev. 85, 570 (1952). 

3D. W. Engelkemeier, Argonne National Laboratory Report 
ANL-4717, April, 1952 (unpublished). 

‘R. W. Hayward, Phys. Rev. 87, 202 (1952). 

5 Mandeville, Scherb, and Keighton, Phys. Rev. 75, 221 (1949). 
®°R. W. Hayward and A. C. Helmholz, Phys. Rev. 75, 1469 
1949). ; 

TE. B. Dale and J. D. Kurbatov, Phys. Rev. 80, 126 (1950). 


shown to emit a complex beta spectrum and gamma 
rays at 0.335 Mev and 0.52 Mev. Hayward‘ has re- 
ported gamma rays of quantum energies 0.335, 0.360, 
0.500, and 0.525 Mev, the 0.360- and 0.500-gamma rays 
being in cascade. He has also suggested that a 0.500- 
Mev level in In"™® is excited in the decay of both 
activities. 

Since the above quoted results are not in good agree- 
ment, it was decided to investigate further the radiation 
characteristics of the cadmium activities. NaI(T1) and 
anthracene spectrometers were employed in coincidence 
as was a thin-lens magnetic spectrometer. 

To obtain sources of the 2.3-day activity, elemental 
metallic cadmium was irradiated by slow neutrons for 
72 hours in the Brookhaven pile. Chemical separations 
were performed for removal of Sb, Sn, and other im- 
purities. It was noted that the relative intensities of the 
several gamma rays present remained unchanged by 
the purifications. The source of 43-day cadmium was 
first processed at Oak Ridge National Laboratory and 
later additionally purified at Bartol for removal of Sb'™. 

In the course of studying the 2.3-day activity, the 
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4.5-hour isomer of In"® was frequently separated from 
the parent Cd"® by a hydroxide precipitation using 
gallium as carrier. 


43-DAY Cd" 


In Fig. 1 is shown the pulse-height spectrum gener- 
ated in a 3.5-cm thick crystal of NaI(T1) by the gamma 
radiation from a source of the 43-day Cd"®. The 
quantum energies are clearly 0.485, 0.935, and 1.30 Mev. 
The photopeak at 87 kev is associated with the gamma 
radiation of the 400-day Cd™. The slight contribution 
at 1.42 Mev was noticeable only when the source was 
near the crystal showing it to arise from the simul- 
taneous detection of coincident gamma rays. The sharp 
rise in counting rate below 0.450 Mev is caused by 
bremsstrahlung produced by the intense high-energy 
beta rays which lead to the ground state of In”®. From 
the areas under the photopeaks of the various gamma 
rays and the measured efficiency for full energy ab- 
sorption of NaI(T]), the relative intensities of the 0.485, 
0.935, and 1.30-Mev radiations were estimated to be 
1.0:7.4:3.1. 

The various sequential relationships between the 
gamma rays were determined by coincidence studies. 
A source of Cd!" was placed between the NaI(TI) 
crystals of two scintillation spectrometers in coinci- 
dence. The channel of one spectrometer was fixed at 
the photopeak of the 0.935-Mev gamma ray; the 
channel of the other was moved through the region of 
lower energies. Figure 2 shows the coincidence and 
single counting rates for each position of the moving 
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expected for a monoenergic gamma ray of energy 
0.485 Mev. If the contribution due to bremsstrahlung 
and higher-energy radiations is subtracted (as shown 
by the broken curve) from the single counting rate in 
the region of 0.485 Mev, the singles peak at 0.485 Mev 
is found to have identically the same shape and half- 
width as does the peak of coincidences, showing that 
the peak at 0.485 Mev arises from a single gamma ray 
and is not composed of contributions from two gamma 
rays at 0.450 and 0.500 Mev as previously reported.‘ 
The absence of the two coincident gamma rays at 
0.450 and 0.500 Mev was further established by the 
coincidence data of Fig. 3. To obtain these curves, the 
channel of one spectrometer was fixed at ~0.500 Mev 
(the exact position is indicated on the figure), and the 
channel of the second scintillation spectrometer was 
used to scan the region about 0.485 Mev. The coinci- 
dence rate as well as the single counting rate was 
recorded for each position of the second channel as 
shown. Were the two gamma rays present as previously 
reported, the peak in the coincidence rate would have 
been at 0.450 Mev or at least shifted toward 0.450 Mev 
and away from the peak of single counts. As is clear 
from the figure, the coincidence curve follows closely 
in shape the curve of single counts showing the absence 
of the two gamma rays reported.‘ The same conclusion 
was drawn from a similar set of curves obtained when 
the channel of the one spectrometer was fixed at 0.450 
Mev. It should, perhaps, be mentioned that part of the 
coincidences of these measurements arise from detection 
of the Compton recoils of the 0.935-Mev gamma ray in 
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Fic. 1. Pulse-height distribution from gamma rays of the 43-day Cd"® on NaI(TI). 








Ig 
mn 


a 
f- 
at 
ty 
1a 


at 
he 
he 


he 
as 
‘i 
as 
as 


ly 





LEVEL SCHEME OF In?!5 


979 










Single counts, 





ol- 


La 


SINGLE COUNTS PER MINUTE (Xx 107 *) 
Ww 
i 









+60 
0.485 Mev 450 
440 
30 






Coincidences____ 


420 


COINCIDENCES PER MINUTE 








PULSE HEIGHT - VOLTS 


Fic. 2. Coincidences between pulses from the 0.485-Mev gamma ray of the 43-day Cd"® 
and pulses in photopeak of the 0.935-Mev quantum. 


peaked shape of the coincidence curve of Fig. 3 is 
produced by detection of the photo-peak of the 0.485- 
Mev gamma ray in the moving channel and Compton 
recoils of the 0.935-Mev quanta in the fixed channel. 

The various gamma-gamma coincidence measure- 
ments indicate the presence of an excited state of In"® 
at 1.42 Mev. The 1.30-Mev radiation shown in Fig. 1 
was found to be noncoincident with any other gamma 
rays. The relative intensities of the gamma rays sug- 
gests that the 0.485-Mev gamma ray is emitted from 
a level at 1.42 Mev which is fed by a soft beta spectrum 
of low intensity. The softer gamma ray is, of course, 
followed by the gamma rays of energy 0.935 Mev. It 
can also be concluded that beta spectra terminate at 
all levels of Cd'5, The foregoing results are interpreted 
in the level diagram of Fig. 9 and are in agreement with 
the data of Engelkemeier.* 

A study of the spatial correlation of the two coinci- 
dent gamma rays of Cd!” was carried out in a coinci- 
dence counter arrangement of half-angle 9°. A solid 
source gave the result that 


W (x) 
W (2/2) 





~ | =0.016+0.010, 


= —0.026+0.015. 


Thus, the correlation function is essentially isotropic. 
Liquid sources gave the same result. This measurement 
favors the occurrence of 9/2—9—>»7/2—”->9/2 transi- 
tions, but because of the possibility of mixture in both 
transitions, little of a definite nature can be concluded. 
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Fic. 3. Coincidence rate with channel of one spectrometer 
fixed at 0.500 Mev, showing absence of a 0.45 Mev-0.50 Mev 
cascade. 
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2.3 DAY Cd's 


In Fig. 4 is plotted the pulse-height spectrum gener- 
ated in a 3.5-cm thick crystal of NaI(T1) by the gamma 
rays of the 2.3-day Cd"®. Photopeaks are in evidence 
which correspond to quantum energies of 230,'260, 335, 
and 520 kev. From the unduly large width and asym- 
metrical shape of the peak of highest energy, it was 
concluded that it must be composed of contributions 
from more than one gamma ray. This spectrum was 
observed several times over a decay time of six half- 
periods, and all the gamma rays were found to decay 
with the same half-life. Taking into account the effi- 
ciency of the crystal for absorption of the full energy 
of the gamma quanta, an analysis of the spectrum of 
Fig. 4 gave the relative intensities of the 230, 260, and 
~520-kev gamma rays as 1:3.3:65. The spectrum of 
Fig. 4 was taken almost immediately after separation 
of Cd"® from the 4.5-hour isomer of In™5, so that the 
intensity of the 335-kev radiation was greatly reduced 
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and thus did not interfere with the peaks of the softer 
gamma rays. 

To obtain information regarding the excitation of 
nuclear energy levels of In" in the decay of the 2.3-day 
Cd">, coincidences between pairs of the several gamma 
rays were studied. 

A coincidence study, shown in Fig. 5, revealed that 
the 230- and 260-kev gamma rays are in cascade. To 
obtain the data of Fig. 5, a source of Cd"® was placed 
before two crystals of NaI(T1) so located that the angle 
included between their axes was about 60°. To eliminate 
coincidences which might arise from scattering of the 
520-kev radiation, a thickness of 10 g/cm? of lead was 
placed between the two crystals. The channel of one 
spectrometer was fixed at the full energy peak of the 
230-kev gamma ray while that of the other was moved 
over an interval of energy about 230 kev. A pronounced 
photopeak of coincidences appears at 260 kev. Because 
of the instrumental resolution, a few pulses from the 
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Fic. 4. Pulse-height distribution in NaI(T1) of the gamma rays from the 2.3-day Cd", 
The amount of In"5* present was greatly reduced by chemical separation. 
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Fic. 5. Coincidences of the 230 kev-260 kev cascade in the decay of the 2.3-day cadmium. 
The channel of one spectrometer was fixed at 230 kev. 


260-kev peak are detected in the fixed channel, giving 
rise to a somewhat higher coincidence rate on the low- 
energy side of the 260-kev peak. A similar set of curves 
is shown in Fig. 6 where the fixed channel was located 
at the high-energy side, ~270 kev, of the 260-kev 
photopeak. The coincidence rate was recorded as a 
function of the position in pulse-height of the moving 
channel. It is clear from the figure that a strong asym- 
metry, far greater than that of Fig. 5, was present in 
the coincidence rate, appearing in this case at a quantum 
energy of about 260 kev. This result suggests that in 
addition to coincidences between gamma rays of 
energies 230 and 260 kev, some were also present be- 
cause of a 263 kev-260 kev cascade as well. If the 
intensity of the 260-kev gamma ray is taken arbitrarily 
as 3, it can be estimated from Figs. 4 and 6, that the 
relative intensities of the 263-kev quantum and the 
230-kev gamma ray are respectively 0.3 and 1.0. 
Because the 260-kev gamma ray is more intense, and 
because it is coincident with no other radiations except 
the x-rays and those gamma rays just indicated, it 
must be concluded that the level from which it is 
emitted is fed in part by a beta-ray spectrum and in 
part by a 230-kev gamma ray or a 263-kev gamma ray. 
Using an anthracene beta-ray spectrometer and an 
Nal(Tl) gamma-ray spectrometer, beta-gamma coinci- 
dences were observed between beta-ray pulses and the 
pulses of the high-energy side of the 260-kev photo- 


peak. The beta-gamma coincidence data are plotted in 
Fig. 7 where the inner spectrum coincident with the 
260-kev gamma ray is shown to have an end point at 
860 kev, indicating that the intense 260-kev transition 
terminates at the 4.5-hour isomeric level of In", 
The anthracene counter was calibrated by the con- 
version electrons of the gamma ray of Cs*”, The K-L 
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Fic. 6. Coincidences of the 230 kev-260 kev cascade and of the 
263 kev-260 kev cascade in the decay of the 2.3-day cadmium. 
The channel of one spectrometer was fixed at 270 kev. 
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Fic. 7. Beta-gamma coincidences in the disintegration of the 2.3-day Cd"5. The channel of the gamma spectrometer 
was fixed at 260 kév while that of the anthracene counter was moved over the f-ray spectrum. 


conversion electron peak is shown as an insert in Fig. 7. 
These beta-gamma coincidence data and the previously 
described gamma-gamma coincidence studies show that 
energy levels are present in In" which are, respectively, 
260, 490, and ~520 kev above the 4.5-hour isomeric 
level. 

It was noted that the radiations giving rise to the 
peak at ~520 kev are in coincidence with the x-rays 





4.0 160 


3.5 523 kev 140 
490 kev | 


3.0 4!20 
2.5 + Singles 100 
80 
Coincidences » 


60 


440 


SINGLE COUNTS PER MINUTE (x 1074) 
COINCIDENCE COUNTS PER MINUTE 


420 
aw” Components 








1 n n 


44 46 48 





PULSE HEIGHT - VOLTS 


Fic. 8. Coincidences between indium x-rays and gamma rays 
in the vicinity of 520 kev. 


of indium. A source of Cd" was placed between the 
Nal(TI) crystals of two scintillation spectrometers in 
coincidence. The channel of one spectrometer was fixed 
at the photopeak of the x-rays while that of the other 
spectrometer was moved across the peak at ~520 kev. 
In Fig. 8 are presented the single and coincidence 
counting rates for each position of the second spec- 
trometer. In these measurements, a copper absorber of 
thickness 2 g/cm? was placed just before the high- 
energy gamma-ray counter to eliminate any coinci- 
dences which might result from escape of iodine x-rays 
from the surface of the crystal and their subsequent 
detection in the spectrometer at the indium x-ray peak. 
Chemical separations of indium from cadmium were 
also performed to reduce in intensity unwanted x-rays 
arising from the conversion of the 335-kev gamma ray 
of the 4.5-hour isomer of In"®. From the curves of 
Fig. 8 it is clear that the 25-kev x-rays are coincident 
only with a gamma ray at 490 kev. These measurements 
suggest that the 490-kev gamma ray is in cascade with 
a gamma ray which is very nearly totally converted or 
with one of energy 25 kev, indistinguishable from the 
indium x-rays. Using the width of the 490-kev radiation 
as determined in the coincidence measurements, the 
peak of single counts was analyzed into two components 
as shown by the dashed curves corresponding to 
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quantum energies of 490, and 523 kev with relative 
intensities of 1:1.95, so that the intensity ratios of the 
230-, 260-, 263-, 490-, and 523-kev gamma rays now 
become 1:3.0:0.3:22:43. 

From the calculated efficiency of the low-energy 
counter for detection of the x-rays, it is shown that the 
data of Fig. 8 indicate only three percent of the 490-kev 
quanta to be in sequence with the x-rays. A beta-gamma 
coincidence study similar to that of Fig. 7 showed that 
the 490- and 523-kev gamma rays are coincident with 
no beta rays of energy greater than 620 kev. Thus, the 
490- and 523-kev quanta are emitted in crossover 
transitions corresponding to the 230 kev—260 kev and 
the 263 kev—260 kev cascade. The above described level 
arrangement and the presence of x-rays coincident with 
the 490-kev gamma ray and the beta-gamma coinci- 
dence measurements show that some of the 490-kev 
quanta are preceded in time by a heavily converted 
gamma ray of energy 33 kev, whereas others are 
immediately preceded by beta rays. 

The results of the foregoing measurements on the 
2.3-day Cd!" are summarized in Fig. 9 where the decay 
of the 43-day isomeric level is likewise depicted. 

Since no 858-kev gamma rays are observed in decay 
of the 2.3-day period, and taking into account the spins 
of the ground and isomeric levels of In", it is concluded 
that the multipolarity of the 523-kev gamma ray must 
be £1, M1, or £2. In order for the 33-kev quantum to 
compete as it does in intensity (~1 percent) with the 
523-kev gamma, it must be dipole in character. Since 
it was not possible to detect any unconverted gamma 
quanta at 33 kev in counting of single photons or 
coincidence studies, the conversion coefficient must be 
very large, favoring an M1 assignment. 

The K-shell conversion coefficient of the 335-kev 
gamma ray emitted in the decay of the 4.5-hour In"® 
was measured by comparing its intensity with that of 
the indium K-radiation which results from conversion. 
A source was prepared for this measurement by sepa- 
rating In'5* from its parent element by a hydroxide 
precipitation and mounted on Scotch Tape. This source 
was placed at distances from a 4 cm thick NalI(TI) 
crystal which varied from 5 to 8 cm. To obtain relative 
intensities from the areas under the photopeaks of the 
335-kev gamma ray and the x-radiation, several factors 
were taken into account such as the fluorescence yield 
of the K-radiation of indium (0.82), the absorption of 
the x-rays in the Al-MgO housing of the crystal of 
NaI(TI), and the efficiency of the crystal for full energy 
absorption of the 335-kev quanta. From the data and their 
associated corrections, the K-shell conversion coefficient 
was calculated to be 0.83. In addition, the K/(Z+M) 
ratio for the 335-kev gamma ray was measured in a 
thin magnetic lens spectrometer. In Fig. 10 is given 
the momentum distribution. From the areas of the 
two peaks, the K/(Z+M) ratio is found to be 3.85. 
The peak composed of Z- and M-shell conversion 
electrons has the shape and half-width to be ex- 
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Fic. 9. Level scheme for In". (The orbital of the 48-day level 
should have been written as hy1/2.) 


pected for monoenergic electrons. It was thus con- 
cluded that the L/M ratio must be large (>10). The 
various conversion coefficient measurements are con- 
sistent with the designation of the 335-kev transition 
as M4.8 

The combined intensities of the 490- and 523-kev 
gamma rays, when compared with the intensity of the 
335-kev isomeric transition, indicate that the two beta 
spectra feeding the 825- and 858-kev levels in In" 
have a total intensity of thirty-three percent of all the 
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Fic. 10. Conversion electron spectrum of the 335-kev gamma ray 
of In"5* as measured in a thin-lens magnetic spectrometer. 


8M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951); 


Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report ORNL-1023, June 25, 1951 (unpublished). 
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TABLE I. Summary of the characteristics of the 8 transitions 
in Cd"5 leading to In". 








Percent 
of dis- 
integra- 
tions 


End-point 
energy 
Activity (Mev) 


43-day Cdusm 97 


Nature of 
transition 





AI=1, yes 
Anomalous case 

2 ; AI =2, yes 

1 ; AI=0, yes 

0. . AI=1, yes 
2.3-day Cd™5 AI=1, yes 
AI=2, yes 
AI=1, yes 
AI=1, yes 








beta rays emitted from the 2.3-day level. A value of 
37 percent was obtained from direct measurement of 
the beta-ray spectra in the thin-lens magnetic spec- 
trometer. From the intensity ratio of the 490- and 523- 
kev gamma rays and the known small intensity of the 
33-kev gamma ray, the intensities of the 590- and 
623-kev beta spectra, the two innermost spectra, are 
estimated as 25 percent and 12 percent, respectively. 
In a similar manner, from the relative intensities of the 
230-, 260-, 490-, and 523-kev gamma rays, the beta 
spectrum terminating at the level just 260 kev above 
the 4.5-hour level is calculated to contain 1.5 percent 
of the total beta radiation, leaving 61.5 percent of the 
beta transitions to lead directly to the metastable level. 


DISCUSSION OF RESULTS 


The ground state of In"™® is found to have a spin of 
measured? value 9/2, in agreement with the shell model 
prediction that the orbital is go/2. The isomeric transition 
is classified as M4 so that the appropriate orbital of the 
4.5-hour level is p12. 

The properties of the 8 spectra of both cadmium 
activities are given in Table I. In the order of ascending 
energy of the §-ray end point, the four 8 spectra of the 
43-day activity have values of log ft of 8.0, 8.1, 9.1, 

9D. A. Jackson, Z. Physik 80, 59 (1933); F. Paschen and I. S. 
Campbell, Naturwiss. 22, 136 (1934); Millman, Rabi, and 


Zacharias, Phys. Rev. 53, 385 (1938); T. C. Hardy and S. Mill- 
man, Phys. Rev. 61, 459 (1942). 


VARMA AND C. E. MANDEVILLE 


and 8.9. These values of log ft are compatible with spin 
assignments of 9/2+-, 11/2+-, and g7/2 for the excitation 
levels in In™* at 1.42, 1.30, and 0.935 Mev and with the 
orbital value of go for the ground state. The orbital 
assignment of the 43-day level in Cd!" is taken to be 
hyxj2, according to the shell model."° The anomalously 
large value of log ft for the first forbidden ground state 
transition can be explained by the influence of the 
nuclear core as discussed by De-Shalit and Goldhaber."! 
The 9/2+—g7/2—£0/2 gamma transitions are in accord 
with the observation of little or no asymmetry in the 
angular correlation measurements. A peculiar feature 
of the decay scheme of Fig. 9 is that no intense magnetic 
dipole transition occurs between the 1.42-Mev level in 
In"> and the ground state (9/2+-9/2+-), nor is the 
other possible transition 9/2+-—>11/2+ observed. There 
is, at present, no obvious explanation for the absence 
of the above-cited transitions. Their characteristics may 
in some way be governed by the possibility that the 
1.42-Mev state is a rotational level of the gz2 state 
beneath it. 

Values of logft for the four 8 spectra which initiate 
at the 2.3-day level of Cd"® are in order of ascending 
energy 6.5, 6.8, 8.3, and 7.1. If the orbital of the 2.3-day 
level of Cd" is taken to be S12, the indicated spins of 
the levels of In"® are determined by the various values 
of logft. These spin values are also consistent with the 
observed relative intensities of the gamma rays. An F1 
transition would normally be expected between the g7/2 
level and the level of orbital 5/2—. That it is not ob- 
served may again be related to the presence of rotational 
levels. For example, the 5/2— state could be a rota- 
tional level of the p12 level. 
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The total cross section for neutron scattering in lead and silver has been measured using monoenergetic 
neutrons with energies which were varied from 12.9 to 16.2 Mev. The total cross section in silver becomes 
smaller as the energy is increased, while the cross section in lead is greater at the higher neutron energies. 
In the case of lead there appears to be a broad maximum in the cross section curve at a neutron energy of 


16 Mev. 





EASUREMENT of the total cross sections for 
neutrons of energies of 0-3 Mev on various 
nuclei have been made by the Wisconsin group'; the 
results show wide resonances, whose position and 
magnitude change slowly with atomic number. An 
explanation of these resonances has been given by 
Feshbach, Porter, and Weisskopf* using a nuclear 
model with a complex potential V(r)=—Vo(1+7é). 
Measurements by Nereson and Darden’ using neutrons 
with energies 3-12 Mev have shown similar wide 
resonances at higher energies. Further theoretical 
work by Feshbach, Porter, and Weisskopf* have shown 
that values of Vo=42 Mev and £=0.03 gives the best 
fit to experimental data below 1 Mev. However, 
measurements® of nonelastic neutron scattering at 
4.5 and 14 Mev indicate that ¢ increases with energy. 
It should be possible to find the dependence of & with 
neutron energy if resonances are observed over a wide 
energy range. 

The experiments of Nereson and Darden indicated a 
minimum in the total neutron cross section curve for 
Pb at about 11 Mev followed by an increase in the cross 
section at higher energies. The present experiment was 
undertaken to try to locate the energy at which this 
maximum occurs in Pb and to find the magnitude of 
the cross section at this resonance. Experiments by 
Nereson and Darden on Ag indicated a broad resonance 
at about 10.5 Mev; we have also measured the total 
cross section for this element in the energy range 12.9 
to 16.2 Mev. 

The experiment was carried out using the 2-Mev 
Van de Graaff accelerator, built by High Voltage 
Engineering Corporation. The source of high-energy 
neutrons was the H?(d,n)He'‘ reaction. Variable neutron 
energies were obtained by varying the bombarding 
energy and the angle of observation with respect to the 

1 Miller, Adair, Bockelman, and Darden, Phys. Rev. 88, 83 
(1952); H. H. Barschall, Phys. Rev. 86, 431 (1952); Wall, Becker, 
Okazaki, and Fields, Phys. Rev. 89, 1271 (1953); Okazaki, 
Darden, and Walton, Phys. Rev. 93, 461 (1954); M. Walt and 
H. H. Barschall, Phys. Rev. 93, 1062 (1954). 

* Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953). 

3N. Nereson and S. Darden, Phys. Rev. 89, 775 (1953); 94, 
1678 (1954). 

“Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 


5 Phillips, Davis, and Graves, Phys. Rev. 88, 600 (1952); 
Taylor, Lénsjé, and Bonner, Phys. Rev. 94, 807 (1954). 


direction of the deuterons. The detector was a plastic 
scintillator biased so that it would not count 3.1-Mev 
y rays from the reaction C(d,p)*C™. The target to 
detector distance was 40 cm and the scatterers (diam- 
eter 2.5 cm) were placed halfway between target and 
detector. With this geometry an “inscattering” correc- 
tion is needed to get a good absolute cross section. 
This correction was made by comparing our experiment 
results with those of Coon, Graves, and Barschall at 
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Fic. 1. Cross section for scattering in Pb and Ag. Closed 
circles, data of Nereson and Darden (reference 3); triangles, data 
of Coon, Graves, and Barschall (reference 6); open circles, 
present experiments. 











14.15 Mev. The “‘in-scattering” correction amounted to 
16 percent in the case of Pb and 8 percent for Ag. The 
results are given in Fig. 1; also included are the cross 
sections of Nereson and Darden,’ and Coon, Graves and 
Barschall.* The broad resonance in Pb appears to have 
a maximum at about 16 Mev with a total cross section 
of 5.66 barns. The resonance in Ag seems to have a 
maximum cross section at 11.5 Mev of 4.43 barns. 


6 Coon, Graves, and Barschall, Phys. Rev. 88, 562 (1952). 
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Calculations of the classical analog of the elastic (Rayleigh) scattering of gamma rays by the electrons 
belonging to the gamma-emitting nucleus have been made. The scattered radiation is a very small fraction 
of the unscattered radiation and they are indistinguishable if the electron distribution is spherically sym- 


metrical about the nucleus. 





HEN gamma rays or charged particles fall on 

atoms and interact with the atomic electrons or 
the field of the nucleus, a large variety of absorption 
and scattering processes may occur, for example, photo- 
electric absorption, pair production, and Compton 
scattering in the case of gamma rays, and bremsstrahl- 
ung in the case of electrons. Since nuclei are able to 
emit gamma rays and electrons, it might be expected 
that these might interact with the electrons and field 
belonging to the emitting nucleus in much the same 
way as the same radiations falling on the atom from 
“outside.” Processes such as internal conversion, in- 
ternal pair-production, internal bremsstrahlung and, 
more recently, internal Compton scattering! are well- 
known analogs of the aforementioned external proc- 
esses. The analogy between internal and external proc- 
esses must not be pushed too far, since internal processes 
involve virtual rather than real photons, but the analogy 
is fruitful in suggesting other internal processes which 
may occur. . 

Rayleigh scattering,’ i.e., the elastic scattering of 
gamma rays by atomic electrons, is an external process 
with the following internal analogy. The emission of a 
gamma ray of a given multipole order by a nucleus 
implies a certain angular distribution of radiated energy 
relative to some axes in the nucleus. If some of the 
radiation is elastically scattered by the atomic elec- 
trons the angular distribution of the scattered radiation 
might differ from the angular distribution of the un- 
scattered radiation, and hence measurements of the 
distribution of the total emitted radiation, including 
scattering, might lead to false conclusions about the 
multipole order of the nuclear transition. The implica- 
tions for angular correlation experiments are obvious, 
but so also is the fact that. internal Rayleigh scattering 
is a second-order process as compared with internal 
conversion. The amount of internal Rayleigh scattering 
will thus be small, but it is of interest to see just how 
small it is. 

Strictly classical calculations have been made*® on 
the following lines. A source of arbitrary electric or 

1L. Spruch and G. Goertzel, Phys. Rev. 94, 1671 (1954). 


2W. Franz, Z. Physik 98, 314 (1936). 
3 A. M. Cormack (to be published). 


magnetic multipoles is supposed to be surrounded by 
an arbitrary distribution of free electrons. The elastic 
(Thomson) scattering by the electrons has been calcu- 
lated on the assumption that the total amount of 
scattering is small, so that the attenuation of the radia- 
tion from the source, due to scattering, may be neg- 
lected. Looked at from a quantum-mechanical point 
of view, these calculations suffer from the defect that 
the nucleus is supposed to emit a real quantum which 
is subsequently scattered by the electrons. However, 
calculations like those of Knipp and Uhlenbeck‘ on 
internal bremsstrahlung, which are equivalent to sup- 
posing that the electron is first emitted by the nucleus 
and subsequently undergoes bremsstrahlung, are in 
fair agreement with experiment, and suggest that the 
aforementioned classical calculations will be correct. 
at least to an order of magnitude. This impression is 
strengthened when it is remembered that the classical 
and quantum-mechanical calculations on external Ray- 
leigh scattering yield identical results, apart from rela- 
tivity effects in the heaviest atoms.? The results of the 
calculations are that the angular distribution of the 
scattered radiation is the same as the angular distribu- 
tion which would have been emitted by a bare source, 
if the free charge distribution is spherically symmetrical 
about the source, but that modifications of the angular 
distribution may occur if the charge distribution is not 
spherically symmetrical. Furthermore, in the case of 
spherically symmetrical charge distribution the scat- 
tered and unscattered radiation will be indistinguishable. 
In view of the high degree of spherical symmetry of 
electron charge distributions about nuclei, it will be 
apparent that internal Rayleigh scattering will be a 
very small effect. Calculations of the scattering have 
been made for Ba", assuming a Thomas-Fermi dis- 
tribution of charge, and it is found that the ratio of 
internally scattered gamma rays to internal conversion 
electrons is 2X10-*. This scattering would be un- 
observable in view of the spherical symmetry of the 
assumed charge distribution, but it may be inferred 
that any observable scattering due to asymmetry in 
the outer electrons would be much smaller than this. 


4J. K. Knipp and G. E. Uhlenbeck, Physica $, 425 (1936). 
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Investigations of the nuclear radiations from the 30-hour isomeric state of Te!*! have been made with the 
help of magnetic lens spectrometers and scintillation counters. Beta-ray groups of end-point energies 2.46, 
2.14, 1.69, 1.35, 0.98, 0.57, and 0.42 Mev have been found. The well-known internally converted 0.180-Mev 
transition, that from the 30-hour isomeric state of Te!®! to the 25-minute ground state, was reinvestigated, 
and its K/(L+M) ratio of 2.4 corresponds to that of an M4 transition. Photoelectron spectra show well 
defined lines corresponding to gamma-ray energies of 0.773, 0.446, 0.331, 0.147, and 1.12 Mev, and weaker 
lines corresponding to gamma-ray energies of 0.24, 0.275, 0.575, 0.84, and 1.63 Mev. Gray wedge pictures of 
NaI (TI) scintillation spectra indicate that the 0.147 and 0.446-Mev transitions are the main lines appearing 
in the 25-minute tellurium with the 0.773-Mev line also visible. Gamma-gamma scintillation coincidence 
experiments on the long-lived tellurium are utilized in establishing a possible decay scheme. 





I. INTRODUCTION 


ELLURIUM-131 shows half-lives of 30 hr and 

25 min indicating an isomeric pair, the 30-hr 
state lying higher. The isomeric transition was investi- 
gated by Hill! who showed that the 0.180-Mev intern- 
ally converted gamma ray involved in the transition 
has the character of M4 radiation. The isomeric 
transition has been shown to take place between an 
yy2 (30-hr) upper state and a d32 (25-min) ground 
state. 

The radiations from the 25-min state have been 
investigated by Geiger? using absorption techniques 
and coincidence counting. He found two beta-ray 
groups of energies 2.0 and 1.35 Mev together with 
gamma rays of 0.700 and 0.160 Mev. The two gamma 
rays were found to be in cascade. Beta-gamma coin- 
cidence experiments indicated that all beta rays lead to 
excited states of the product I'*!, 

Investigations of the radiations from the 30-hr 
state have been essentially limited to observations of 
the isomeric transition and no modern determinations 
of the beta and gamma rays associated with this 
transition appear to have been made. The present 
study was undertaken to obtain information on the 
30-hr Te’! as well as to make a more precise study of 
the radiations from the 25-min state. Since the 30-hr 
and 25-min states of the parent are of opposite parity 
and differ greatly in spin, it is to be expected that two 
different sets of levels in the product, I, will be 
populated by beta transitions depending on the initial 
State. The spectrometer studies in the present paper 
were made on the 30-hr state in equilibrium with the 
25-min state. Certain studies, of a confirmatory nature, 
were made with the help of scintillation counters on the 
25-min state alone. 

t This work was supported by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 

’R. D. Hill, Phys. Rev. 76, 188 and 333(A) (1949). For reference 
to earlier work see Nuclear Data, National Bureau of Standards 
Publication No. 499 (U. S. Government Printing Office, Washing- 


ton, D. C., 1950). 
*K. Geiger, Z. Naturforsch. 7a, 579 (1952). 


II. PARTICLE SPECTRUM 


Sources of the 30-hr Te!! were prepared by bombard- 
ing the magnetically separated isotope Te with 
11.5-Mev deuterons in the Indiana University cyclotron. 
The tellurium was separated chemically and used as 
the nitrate for beta-ray sources or as the metal for 
gamma-ray sources. The chemical separations were 
carried out after the 25-min Te!*!, formed in the bom- 
bardment, had decayed to insure that during the time 
of measurement the 30-hr and 25-min periods would 
be in secular equilibrium and also to insure that any 
T'5!, arising as a result of the decay of Te, would 
grow from the 30-hr period. 

The beta-ray spectrum and that of the attendant 
internal conversion lines were investigated with the 
help of a magnetic lens spectrometer. The total beta-ray 
distribution was measured as a function of the time so 
that corrections could be made for the decay of Te'*! 
and the subsequent growth of the daughter I'*, One 
source was left in the lens for 28 days after bombard- 
ment and no long-lived impurity other than the I'*! 
was noted. The beta-ray distribution, thus corrected, 
shows clearly that the spectrum is complex. A Fermi 
plot of the data was made and is shown in Fig. 1. 
Table I shows the results of the analysis. with the 
relative intensities and log ft values of the groups. 
It should be stated that, because of the many subtrac- 
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TABLE I. Beta rays of Te'*!. 








Relative abundance 


End point 
Mev % total % 25 min 


Initial level 
30 hr 4.72 
25 min 13.1 
25 min 5.4 
25 min 3.1 
30 hr 
30 hr 1 
30 hr 5 





60.4 
25.1 
14.5 








® log( (Wo? —1) ft]. 


tions involved in completing the Fermi plot, the end 
points of the lower-energy groups are subject to con- 
siderable error. For reasons given below, a forbidden 
shape correction corresponding to Aj=+2, yes was 
applied to the highest-energy beta-ray group. Un- 
fortunately, however, the end point of the second 
group lies too high to enable one to actually see the 
shape of the first group. 

A plot of the low-energy internal conversion lines is 
shown in Fig. 2. Here will be seen K and ZL lines for 
a gamma ray of energy 0.180-+-0.002 Mev, K lines for 
gamma rays at 0.147+0.001 Mev, 0.099+-0.001 Mev, 
and a line which corresponds to a K line for a 0.079-Mev 
line or an Z line for a 0.051-Mev line. The interpretation 
of the last mentioned line is complicated by the knowl- 
edge that there is a 0.080-Mev transition resulting 
from the decay of I'*. The line shown in the figure 
does not exhibit the growth to be expected for a line 
from I'*!, This line is considered to be an Z line for a 
gamma ray of 0.051 Mev even though the corre- 
sponding K line, which would occur at an electron 
energy of 18 kev was not found. Otherwise no place 
could be found for it in the decay scheme. In addition 
to the lines shown in Fig. 2, internal conversion elec- 
trons appear for gamma rays of energy 0.77, 0.84, and 
0.58 Mev. There are indications of internal conversion 
electrons corresponding to gamma rays at 0.33, 0.28, 
and 0.24 Mev. 

The K/(Z+M) ratio for the 0.180-Mev internal 
conversion line is 2.4, which is in agreement with that 
empirically predicted for an M4 transition.’ A com- 
parison of the intensity of the 0.180-Mev transition 
from the isomeric state in tellurium to the ground 
state of that isotope with that of the beta groups 
emitted from the 25-minute ground state serves to 
check on those groups assigned to the 25-min level in 
Table I. With the decay governed by that of the 30-hr 
level, the rate of reaching the 25-min level via the 
isomeric transition must be equal to the rate of leaving 
by beta transitions. Since the theoretical K internal 
conversion coefficient‘ for the 0.180-Mev line is 20, it 
follows that the number of internal conversion electrons 
from the 0.180-Mev transition should be approximately 
equal to the number of beta rays coming from the 

3M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 


4 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Publication No. 1023, 1951 (aspahiichedl. 


ground state. Within the experimental errors, this was 
found to be the case for the proposed decay scheme. 


Ill. GAMMA-RAY SPECTRUM 


Sources were investigated using lead and uranium 
radiators to get more information concerning the 
gamma-ray spectrum emitted in this decay. A typical 
spectrum taken with a lead radiator is shown in Fig. 3. 
The decay of the source was followed for several days 
in order to identify those lines having the half-life 
of Te" from certain impurity lines which arose in this 
bombardment. Lines showing the half-life of and 
attributed to Te"! are shown in Table II. 

Additional lines are shown which have the half-life 
of I'*! and also some from I. The latter was formed in 
this experiment from Te!(d,2n)I and was not 
removed in the chemical separation. There was no 
evidence of I occurring in runs on the beta-ray 
spectrum which were taken at a later date. The half- 
life of the line at 0.199 Mev is doubtful so that it is not 
included in the lines attributed to Te. It is noted 
that the K photoelectron line for the 0.842-Mev 
gamma ray is masked by the Z line for the considerably 
more intense 0.773-Mev line. Qualitative evaluations of 
the relative intensities of the lines is all that is feasible 
with the source strength available. The gamma ray at 
0.773 Mev is the most intense with those at 0.331 
and 0.446 Mev coming next. The transition at 0.147 
Mev appears to be quite intense when account is 
taken of its internal conversion. 

With a uranium radiator both a K and an L photo- 
electron line are seen for a gamma ray of energy 
1.12+0.01 Mev. There is also some evidence for a 
K photoelectron line corresponding to a gamma ray of 
energy 1.630.02 Mev. 


IV. COINCIDENCE EXPERIMENTS ON THE 30-HR Te'®! 


Gamma-gamma_ coincidence experiments using 
scintillation counters were able to establish some 
features of the decay scheme, although lack of resolution 
coupled with the complexity of the decay left some 
questions unsolved. The gamma ray at 1.12 Mev is in 
coincidence with that at 0.773 Mev. The 0.773-Mev 
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Fic. 2. Low-energy internal conversion lines of Te!*!. 





DISINTEGRATION OF Te!!! 


gamma ray is in coincidence with other gamma rays 
around 0.773 Mev with too great a true-to-chance 
ratio to be accounted for by coincidences between the 
Compton distribution of the 1.12-Mev line and the 
0.773-Mev line. It is therefore presumed that the gamma 
rays at 0.773 Mev and 0.84 Mev are in coincidence. 
Comparison between the singles spectrum and the 
coincidence spectrum indicate that the gamma ray at 
0.773 Mev is not in coincidence with that at 0.331 Mev. 


V. EXPERIMENTS ON THE 25-MIN Te!*! USING 
SCINTILLATION COUNTERS 

In order to investigate the decay of the 25-min state 
of Te'*!, sources were prepared by slow neutron bom- 
bardment of Te, No chemical separations were 
performed before making the measurements. The 
bombardment time was kept short, since the thermal 
neutron capture cross section for I'*! is of the order of 
2000 times that for Te, and I'® has a half-life of 
2.4 hours. The beta-ray spectrum was run with the 
help of an anthracene scintillation counter. Corrections 
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Fic. 3. Photoelectrons from Te!!, lead radiator. 
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were made for the presence of I'*, growth of I! and 
the decay of the 25-minute period before making a 
Fermi plot Because of poor resolution coupled with 
a complex spectrum, it was possible only to estimate 
the end-point energies of the beta-ray groups. These 
estimates were 1.86 Mev for the highest-energy group 
and 1.35 Mev for a second group. 

The gamma rays from the 25-min Te™! were in- 
vestigated with the help of a NalI(TI) scintillation 
counter using the gray wedge technique and compared 
with a similar experiment using the 30-hr Te"!, prepared 
by a much longer bombardment with deuterons. The 
0.147- and 0.446-Mev gamma rays appear on a short 
exposure of the 25-minute tellurium and in addition 
the 0.773-Mev line appears on a longer exposure. It is 
doubtful that any 30-hr Te"! was present, since the 
decay of other sources prepared in the same manner 
had been followed for the purpose of determining the 
growth of the iodine daughter and no 30-hr period 
had been noticed. Pictures of the same source were 
taken a day following bombardment and no lines from 
the 30-hr Te"*! were seen. 
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Fic. 4. Tentative decay scheme for Te!*!. 


VI. DISCUSSION OF RESULTS—A PROPOSED 
DECAY SCHEME 


A decay scheme which is compatible with the 
information obtained is shown in Fig. 4. It is very 
difficult, with such a complicated situation, to be sure 
that the decay scheme is unique. The tentative scheme 
presented here fits well from the point of view of 
energetics and is substantiated by coincidence experi- 
ments. A detailed discussion of the reasons for proposing 
this scheme is given in the Appendix. 

The ground state of I'*' with 53 protons is expected to 
have the configuration (g7/2*)z/2. The highest-energy 
beta-ray transition, from the /y1/2 state of Te! would 
be expected to be characterized by Aj=+2, yes, with 
a value of log(W.?—1)ft~+10, in agreement with 
experiment. Aside from the highest-energy beta-ray 
group and that of lowest energy, which appears to be 


TABLE II. Gamma rays from the decay of Te'*. 








From photoelectron From internal 
spectrum conversion spectrum 


Ey Mev Ey Mev 


1.63 +0.02 
1.12 +0.01 
0.842+0.013 
0.773+0.008 
0.575=+0.012 
0.446+0.004 
0.331+0.005 
0.2750.009 
0.239-+0.009 
0.147 





(0.239) 
0.1470.001 
0.180--0.002 
0.099-+0.001 
0.051+0.002 
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Fic. 5. The low-lying states of I!%, I!2’, and T'!. 


allowed, it is difficult to gain much information about 
spin and parity change in these transitions since the 
values of log ft lie in the intermediate range. 

It is interesting to compare the low-lying states of 
I’! with those of I’ and I'’’, The information on the 
states’ of I> and ['”’ is plotted together with the low- 
lying states of I'*! in Fig. 5. The three lowest states 
bear a remarkable similarity in that they are charac- 
terized by two low-energy gamma rays and a cross- 
over transition. The energy of the crossover transition 
decreases as the neutron number increases. This 
similarity suggests that a g7/2* proton configuration is 
primarily responsible for the low-lying levels. 

The author is indebted to Professor Allan C. G. 
Mitchell, who suggested this problem, for help and 
counsel in carrying out the work. She is also indebted 
to Dr. M. B. Sampson and the cyclotron group for 
making the irradiations, to Mr. A. E. Lessor for making 
the chemical separations, to Dr. N. S. Wall for taking 
the gray wedge pictures, and to Mr. W. E. Graves for 
help in taking the data. The separated Te™ was 
obtained from the U.S. Atomic Energy Commission. 


APPENDIX 


The 0.147- and 0.446-Mev gamma rays are assigned to the 
lowest levels of the decay scheme as shown because of their 
appearance in the disintegration of the 25-minute tellurium. The 
0.147-Mev gamma ray is thought to lead to the ground state of 
the iodine because of the energy difference between the first two 
beta groups. The second beta-ray group of end-point energy 
2.14 Mev originates from the 25-minute level of the tellurium, 
and the 0.147-Mev gamma ray follows this group and leads to the 
ground state of the iodine. If the 2.14-Mev beta group came from 
the 30-hour level of Te!*!, it would lead to a level in the iodine at 
0.32 Mev above the ground state. However, the gamma ray of 
0.331 Mev, which would then be the transition from this state to 
the ground state, is not seen in the 25-minute decay. 

The 1.69-Mev beta-ray group is presumed to originate at the 
ground state of the tellurium with the subsequent emission of 
cascade gamma rays of 0.446 and 0.147 Mev. The 0.446-Mev 
gamma ray is considered to arise from a level at 0.59 Mev because 


5 See Nuclear Data, National Bureau of Standards Publication 
No. 499 (U. S. Government Printing Office, Washington, D. C., 
1950), and subsequent Nuclear Data Cards. 


of[ the beta energetics. The third beta-ray group, end-point 
energy 1.69 Mev, would lead to a level in the iodine at 0.77 Mey 
if it started from the upper level of the tellurium, or to a level at 
0.59 Mev if it started from the lower level. If the 0.446-Mey 
transition led to the ground state of the iodine, there would be 
no beta group feeding it directly. 

The 0.773-Mev gamma ray would appear to arise from a lower 
level of the decay scheme because it is seen in the 25-minute decay 
and also because it is intense in the 30-hour decay. Since it is 
known that it is in coincidence with the 1.12-Mev gamma ray, 
which appears to lie higher up in the decay scheme, it cannot also 
be in coincidence with the 0.446-Mev gamma ray. These gamma- 
gamma coincidence measurements as well as Geiger’s measure- 
ments therefore substantiate the assignment of the 0.773-Mev 
gamma ray as shown. It is then assumed that the beta-ray group 
of end-point energy 1.35 Mev originates at the 25-minute level 
of tellurium and feeds the 0.92-Mev level in iodine. The 0.331-Mev 
gamma ray is interpreted as a transition between the 0.92 and 
0.59-Mev levels on the basis of the energy difference between these 
two levels. It is not surprising that this 0.331-Mev gamma ray 
was not seen in pictures of the 25-minute gamma spectrum, since 
on the basis of the 30-hour gamma spectrum the branching ratio 
of the gamma rays from the 0.92-Mev level favors the 0.773-Mev 
transition. This level is populated by only 14.5 percent of the 
25-minute disintegrations and by approximately 70 percent of 
the disintegrations governed by the 30-hour level. 

Two factors lead to the decision that the three lowest energy 
beta-ray groups originate at the 30-hour level of the tellurium. 
In the first place, no gamma rays which could lead from these 
levels were seen in the gray wedge pictures of the 25-minute 
tellurium. Furthermore, from the data in Table I and the assign- 
ment of the four higher-energy beta groups given in Fig. 4, 22 
percent of the total disintegrations come from the 25-minute 
level. If the beta group of end point 0.98 Mev, the lowest in 
intensity of the three remaining groups, is also considered to come 
from the 25-minute level the K-internal conversion coefficient 
for the 0.180-Mev transition in tellurium is calculated to be 6.2, 
whereas that theoretically* predicted for this 4 transition is 20. 
Obviously if either of the higher intensity, low-energy groups 
came from the lower level in tellurium, the calculated value of the 
internal conversion coefficient would be even smaller. With these 
last three groups proceeding from the upper level in tellurium, 
the 1.12-Mev gamma ray most logically follows the beta group of 
highest intensity. Of the remaining gamma rays yet to be discussed 
only that at 1.12 Mev is of sufficient intensity to follow the 0.42- 
Mev beta-ray group. While other assignments cannot be excluded, 
the position of the 1.12-Mev transition as shown in Fig. 4 seems 
most consistent with the gamma-gamma coincidence results and 
the beta-ray energetics. 

Arguments similar to those used in assigning the 1.12-Mev 
gamma ray are used to assign the 0.842-Mev gamma ray following 
the 0.57-Mev beta-ray group. The position of the 0.575-Mev 
gamma ray in the decay scheme is suggested solely on the basis 
of energy considerations. However, this assignment is consistent 
with the fact that both the beta-ray group and the photoelectron 
line of the gamma ray are weak. The 0.275- and 0.239-Mev 
gamma rays are assigned the positions shown in the decay scheme 
because of the energy fit with the gamma rays already placed. 
The placement of the 1.63-Mev gamma ray is doubtful particu- 
larly since it is not certain that this transition is present in the 
decay of Te! to I, It should be pointed out again that the many 
subtractions involved in completing this Fermi analysis of seven 
groups leave considerable doubt as to the accuracy of the lower 
energy groups. The assignment of the 0.099- and 0.051-Mev 
gamma rays is not certain. Coincidence work using scintillation 
counters, which was attempted with these lines, was inconclusive 
because of the large number of counts at these energies due to the 
many higher-energy gamma rays. 
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The coefficient a in the electron-neutrino angular correlation W(¢) =[1+a(p/W) cosd] for the He’—Li® 
transition has been determined by measuring the coincidence rate between recoil ions and beta rays of 
selected energy as a function of the angle between the particles. Since the decay of He® (allowed ft value 
and AI=1) obeys only Gamow-Teller selection rules, the interaction Hamiltonian for this transition is 
specified completely by (G4A+GrT). The measured values of the correlation coefficient are a1.25= +0.36 
+0.11 for beta rays with mean energy 1.25 Mev and a2,.o.=+0.31+0.14 for the mean energy 2.0 Mev. 
These results are compared with ay=+43 and a4=—}3 predicted from the pure tensor and axial vector 
invariants, respectively. The limiting value set by the experiment for (Ga/Gr) together with the observed 
absence of the Fierz interference terms for allowed beta spectra proves that the tensor invariant is dominant 


in the beta-decay interaction of He®. 





I. INTRODUCTION 


HE study of the electron-neutrino (e-v) angular 
correlations of allowed beta-active nuclei provides 
a method for identifying the Lorentz invariant operators 
of the beta-decay interaction Hamiltonian.! De Groot 
and Tolhoek? have calculated the allowed e-v angular 
correlation for an arbitrary linear combination of the 
five independent invariants, which are customarily 
denoted by the letters S, 7, V, A, and P. Their paper, 
as well as that by Hamilton,’ emphasizes the fact that 
the angular correlations for different admixtures of the 
invariants differ in shape. Electron-recoil nucleus experi- 
ments to determine e-v angular correlations have been 
reported in a number of papers.*~® Sherwin‘ measured 
the momenta of recoil nuclei from the decay of P® 
which were detected in coincidence with beta rays 
emitted at specific angles with respect to the recoil ion 
beam. An approximately monolayer source of P® was 
deposited on a thin composite film which had a suffici- 
ently high work function to insure ionization for the S® 
recoils. Although the majority of the recoil ions leaving 
the supporting surface were scattered, Sherwin was 
able to make the tentative conclusion that the e-v 
angular correlation of P® agreed approximately with 
the form [1+(p/W) cos¢], where ¢ is the angle 
between the directions of emission of the particles and 
p and W are the relativistic momentum and energy of 
the electron. On the assumption that the transition 
must be parity forbidden (yes) to account for the large 
ft value, the results favor either the tensor or the axial 
vector invariant in the interaction Hamiltonian for the 
decay of P®. 
+ Work performed under the research program of the U. S. 
Atomic Energy Commission. 
* Present address; International Business Machine Corporation, 
Endicott, New York. 
1F, Bloch and C. Mller, Nature 136, 912 (1935). 
2S. R. de Groot and H. A. Tolhoek, Physica 16, 456 (1950). 
5D. Hamilton, Phys. Rev. 71, 456 (1947). 
(19 “a Sherwin, Phys. Rev. 82, 52 (1951); Phys. Rev. 73, 216 
5 Allen, Paneth, and Morrish, Phys. Rev. 75, 570 (1949). 


a9 51) Kofoed-Hansen and P. Kristensen, Phys. Rev. 82, 96 


Allen et al.5 used the beta-active gas, He®, to eliminate 
any possible distortion of the recoil momentum spec- 
trum that might arise from the inelastic scattering of 
recoil ions in escaping from a surface. The recoil nucleus 
spectra were measured by a repelling-grid technique. 
The statistical error in the data first reported was large 
because of the difficulties encountered in obtaining 
sufficient source definition and strength; however, the 
data could not be fitted to the angular correlations 
predicted from the scalar or the polar vector invariants. 
Recently, Allen and Jentschke’ have published results, 
obtained with an improved apparatus, which suggest 
the angular correlation corresponding to the tensor 
interaction. 

The problem of identifying the linear combination of 
the invariants from angular correlation measurements 
is made simpler and the results are less ambiguous if 
particular beta transitions are investigated for which 
selection rules may be used to restrict the number of 
possible linear combinations among the five invariant 
interactions. The He®—Li® transition was chosen for 
the investigation reported in this paper because only 
the allowed selection rules (AJ=1, no) for the Gamow- 
Teller invariants (T and A) are obeyed. On the basis 
of the allowed ff value® of 815+70 seconds and the 
nuclear spin change? AJ =1 for He’, the selection rules 
that require AJ =0 are violated, and the nuclear matrix 
elements for the S, V, and P interactions vanish. The 
choice of He‘ is also favorable for experimental reasons. 
He® decays with the emission of a single electron and 
neutrino; the shape of the beta spectrum is of the simple 
allowed type® with an end-point energy of 3.50+0.05 
Mev. Since the gas is monatomic, there can be no 
distortion of the angular correlation between the elec- 
tron and recoil nucleus from molecular binding effects. 
The charge and mass of the nucleus are small; and the 


7J. S. Allen and W. K. Jentschke, Phys. Rev. 89, 902 (1953). 

8 Wu, Rustad, Perez-Mendez, and Lidofsky, Phys. Revs. 87, 
1140 (1952). 

9 Hornyak, Lauritson, Morrison, and Fowler, Revs. Modern 
Phys. 22, 291 (1950). 
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Fic. 1. Schematic diagram of the bombardment chamber and pumping system used to generate He® for the angular 
correlation experiment. The gas is flushed from the chamber, which is located in a position of high neutron flux near 
the center of the reactor, with ethyl alcohol vapor. The differential pressure relay is a safety feature which automati- 
cally isolates the bombardment chamber in case of an accidental break in the pumping system. 


maximum energy of the recoil ion is about 1405 ev, 
one of the highest known for allowed beta-emitters. 
The interaction for the He*— Li‘ transition is expected 
to be dominated by either the tensor or the axial 
vector invariant. From the observed energy spectra of 
allowed beta emitters, Davidson and Peaslee™ and also 
Mahmoud and Konopinski" have independently deter- 
mined the magnitude of the Fierz interference term 
which results from an admixture of these two invariants. 
Their results set an upper limit of about 4 percent for 
the (7,A) mixing; and it seems probable that one of 
the invariants is absent altogether. The Gamow-Teller 
interaction in the beta-decay Hamiltonian, therefore, 
can be uniquely identified from the observed e-v angular 
correlation of He®. Preliminary results of this experi- 
ment identifying the invariant have been reported.” 
The angular correlation is determined by measuring 
the coincidence rate between electrons and recoil nuclei 
as a function of the angle between the particles and 
also of the energy of the electron. A defined source of 
the beta-active gas is an essential feature of the experi- 


Davidson and D. C. Peaslee, Phys. Rev. 91, 1232 
A988); 9 "02, 1584 (1953). 
(1982). M. Mahmoud and E. J. Konopinski, Phys. Rev. 88, 1266 


12 B. M. Rustad and S. L. Ruby, Phys. Rev. 89, 880 (1953). 


ment. The results, when compared with curves pre- 
dicted from the Gamow-Teller invariants, have been 
consistently in good agreement with the tensor curves 
calculated from the e-v angular correlation 


[1+3(p/W) cos¢]. 
II. PRODUCTION OF He* 


The beta-active He® was produced according to the 
reaction Be®(n,«)He® by bombarding 250 g of Be(OH): 
powder in the Brookhaven reactor. The powder was 
specially prepared in a highly emanating form by the 
method of Sommers and Sherr.’* The surface area of 
the powder was approximately 200 square meters per 
gram, as measured by the Brunauer, Emmett, Teller 
method of low-temperature absorption of nitrogen. It 
was noted that the hydroxide produced fifteen times 
more available He® than the equivalent weight of 
300-mesh powdered beryllium metal. 

The gas pumping system is shown schematically in 
Fig. 1. Be(OH)2 powder was spread loosely in trays 
which were stacked in a vacuum-tight aluminum bom- 
bardment chamber. The chamber was then placed in 
an experimental hole at a position near the center of 


18H. R. Sommers and R. Sherr, Phys. Rev. 69, 21 (1946). 
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the reactor. Ethyl alcohol vapor, from a reservoir 
outside the reactor, was used to sweep the He® from 
the bombardment chamber to the source volume. The 
vapor pressure above the alcohol in the reservoir, 
which was kept at room temperature, was about 
6 cm Hg. 

As a high concentration of He® was desired at pres- 
sures below 1, it was necessary to remove the carrier 
vapor with a series of cold traps and to concentrate 
the He®. The dry-ice trap, shown in Fig. 1, condensed 
the greater part of the vapor as a liquid which was 
continually drained off. The vapor pressure above the 
liquid was Sy. A liquid nitrogen trap condensed the 
remaining alcohol vapor and reduced the pressure to 
about 5X 10-* mm Hg. An activated charcoal trap was 
used to absorb any trace activities, other than He‘, 
that may have been produced in the bombardment 
chamber by the intense; complex flux of the reactor. 
The remaining gas was concentrated by a small 7- 
liter/second oil diffusion pump, and a second liquid 
nitrogen trap removed the condensable vapors evolved 
from the pump. The delivery of the system averaged 
about 8107 He® atoms/sec, when the pile was in 
normal operation. 

The purity of the He® activity was determined by 
measuring the half-life of the gas as a function of the 
beta-ray energy. The gas was trapped in a small 
auxiliary source volume by toggle valves which could 
be tripped in unison by a solonoid. The radiation 
passing through a 3-mg/cm? mica window was examined 
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Fic. 2. Radioactive decay curve of the gas delivered from the 
He® generator. The activity was detected with a stilbene scintil- 
lation spectrometer adjusted to select beta rays in the energy 
range from 1.0 to 1.4 Mev. 
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Fic. 3. He® beta spectrum measured with the stilbene scintil- 
lation spectrometer. The Kurie plot of the spectrum is linear and 
the end-point is in agreement with the value 3.50+0.05 Mev 
reported by Wu et al. (see reference 8). The slight deviations at 
the ends of the spectrum are attributable to the resolution width 
of the spectrometer. 


with a stilbene scintillation spectrometer; the data was 
recorded on a fast tape oscillograph. A typical set of 
half-life results is shown in Fig. 2 in which the activity 
of the trapped gas in the beta energy range from 1.0 to 
1.4 Mev is plotted as a function of time. The loga- 
rithmic decay curve is linear, and the observed half-life 
of 0.85+0.03 second is in excellent agreement with 
the value of 0.823+0.013 second reported by Holmes. 
When the charcoal trap was removed, a trace impurity 
(0.2 percent) was noticed that was identified by its 
half-life as N'*. This activity was expected from the 
irradiation of oxygen in the ethyl alcohol vapor and 
beryllium hydroxide powder by fast neutrons in the 
reactor. Similar results were obtained for other channels 
in the energy range from 0.5 to 3.5 Mev. A conventional 
energy spectrum of the source gas was also measured 
to determine whether an impurity might be present 
with a half-life close to that of He® but of different 
end-point energy. Although this measurement is less 
sensitive than the half-life measurements, the Kurie 
plot of the spectrum shown in Fig. 3 is linear and does 
not indicate the presence of such an impurity. It is 
concluded from these results that the beta activity 
due to impurities was less than 3 percent of the He® 
activity at any energy above 0.5 Mev. 


Ill. DESCRIPTION OF THE APPARATUS 


The apparatus used for the electron-recoil nucleus 
experiment is illustrated by schematic sketches in Figs. 
4 and 5. It consists of a defined source of He‘, a colli- 
mator and electron multiplier for detecting recoil nuclei, 
and a stilbene scintillation spectrometer to measure 
the direction and energy of the beta rays. The decay 
of a particular nucleus in the source volume is identified 
by the recording of a coincidence between the scintil- 
lation spectrometer and the recoil ion detector. 


4 J. E. R. Holmes, Proc. Phys. Soc. (London) 62, 293 (1949). 
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Fic. 4. Schematic sketch of the apparatus used to determine the electron-recoil ion correlation in the 
decay of He®. The beta-active source volume and the scintillation spectrometer are located in the common 
vacuum of the “‘bell-jar.”” The pumping diaphragm, which collimates the recoil ions between the source 
volume and the multiplier, is illustrated in detail in Fig. 5. The vacuum enclosure around the recoil ion 
multiplier has been omitted for clarity. The differential pumping lines for the diaphragm are shown to 


the upper left and lower right of the source volume. 


A. Beta-Active Source Volume 


The He® source volume is defined by a 180-micro- 
gram/cm* aluminum foil and a differential pumping 
diaphragm. The length of the source is 3.5 cm; and the 
axis of the semicylindrical surface, which has a radius 
of 1 cm, is 0.9 cm above the pumping diaphragm. The 
pumping diaphragm shown in Fig. 5 serves the dual 
purpose of collimating recoil ions from the source 
volume and reducing the concentration of He® in the 
region surrounding the recoil ion multiplier. The eight 
holes in the diaphragm are 0.181 inch in diameter and 
0.787 inch in length. Thin aluminum rings, 0.138 inch 
inside diameter by 0.009 inch thick, in each hole 
collimate the recoil ions and prevent singly scattered 
ions from reaching the multiplier. The rings define the 
direction of the recoil ions to +10°. Differential pump- 
ing is achieved by evacuating about 90 percent of the 
gas through the separation at the center of the dia- 
phragm. The pumping diaphragm and the structural 
parts of the source volume were constructed of poly- 
styrene to minimize the scattering of beta rays. A very 
thin coating of aluminum was evaporated over the 
exposed plastic surfaces and grounded to eliminate 
the collection of static charge which could deflect the 
recoil ions. A 95 percent transparent tungsten grid is 
supported on insulators below the pumping diaphragm. 


This grid was used to repel the recoil ions in auxiliary 
experiments to test the operation of the apparatus. 

The cylindrical “bell jar” surrounding the source 
volume and the stilbene scintillation spectrometer was 
evacuated to prevent both the collapse of the very thin 
foil of the source volume and the possible gas scattering 
of the beta particles between the source volume and 
the spectrometer. The pumping diaphragm and the 
region surrounding the multiplier were each evacuated 
by a 700-liter/sec oil diffusion pump. A dry ice cold 
trap before each pump prevented back-diffusing oil 
vapor from reaching the surfaces of the source volume. 
The pressure during all data runs was reduced suffici- 
ently so that the mean free path of the recoil ions was 
large compared to the geometrical dimensions of the 
apparatus. During a typical data run, the pressure in 
the “bell jar” was 2X10-> mm Hg, in the multiplier 
region 3X10-* mm Hg, and in the source volume 
approximately 0.4 micron. The pressure measurements 
indicate that the concentration of He® near the multi- 
plier was at least one hundred times smaller than in 
the source volume. Direct counting measurements, with 
the potential of the repelling grid adjusted to shut off 
ions from the source volume, resulted in the same 
conclusion and proved that the particles which were 
recorded as true coincidences originated in a definite 
source volume defined by the aluminum foil and the 
pumping diaphragm. 
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B. Recoil Ion Multiplier 


The recoil ions are detected by a 12-stage Allen-type 
multiplier. The dynodes of the multiplier were fashioned 
from Be-Cu alloy and sensitized as suggested by Dare 
and Rowen!® by heating the dynodes to 600°C in a 
hydrogen furnace. The first dynode was held 4000 volts 
negative with respect to the grounded source volume so 
that the energy of singly charged ions impinging upon 
this electrode varied only between 4000 and 5405 ev. 
The two grids directly below the pumping diaphragm 
were also grounded during the He® data runs to electro- 
statically shield the recoil-ion collimating apertures 
in the diaphragm. The output of the multiplier was 
connected to a linear pulse amplifier of conventional 
design which had a rise time of 0.18 usec. Allen reports 
that the efficiency vs energy curve for a Be-Cu multiplier 
reaches a plateau of about 90 percent efficiency for 
Lit ions in this energy range. To verify this character- 
istic for the particular multiplier used in the He® 
experiment, the coincidence rate between electrons and 
recoil ions was measured for various first dynode 
potentials in the range between 3000 and 5000 volts. 
No variation in the true coincidence rate greater than 
that attributed to statistics was found. 


C. Stilbene Scintillation Spectrometer 


The beta-ray scintillation detector shown in Fig. 4 
consists of a collimator to define a beam of electrons, 
a clear stilbene crystal 4.5 cm in diameter by 1.6 cm 
thick, and a selected RCA 5819 photomultiplier. The 
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Fic. 5. Schematic cross section of the source volume and the 
differential pumping diaphragm. Gas from the He® generator 
enters the source volume at the end of the chamber. A collimated 
beam of Lit ions from the decay of He’ in the source volume is 
accelerated through a potential difference of 4000 volts between 
the grounded “repelling” grid and the parallel grid covering the 
entrance to the multiplier. The recoil ion multiplier is connected 
in coincidence with the beta scintillation detector shown in Fig. 4. 


15 J. A. Dare and W. H. Rowen, Oak ‘ed National Laboratory 
Technical Report No. 6 eagle 
16 J. S. Allen, Phys. Rev. 75, 570 (1949). 
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Fic. 6. Pulse height vs beta-ray energy calibration for the stilbene 
scintillation spectrometer. 


detector is surrounded by an iron shell which acts as a 
shield against scattered beta radiation. The entire 
detector unit, which is enclosed by an iron “‘bell jar,” 
is clamped to a “U” shaped frame that pivots about 
the axis of the source volume. The frame is connected 
to a gear drive operated from outside the vacuum 
system so that the beta-ray detector may be positioned 
at angles between 95° and 180° with respect to the 
recoil ion beam without breaking the vacuum within 
the “bell jar.” The collimator consists of three brass 
rings which have an inside diameter of 4 cm. The 
surfaces of the collimator exposed to radiation from the 
source volume are covered with a {-in. layer of poly- 
styrene to minimize the scattering and the brems- 
strahlung of the incident beta rays. The collimator 
defines the direction of the beta rays to +11}°. 

The stilbene crystal is covered with 180-microgram/ 
cm? aluminum foil and mounted in a Lucite light-piper 
which is cemented to the phototube. The foil served as 
a reflector and also prevented the sublimation of the 
stilbene crystal into the surrounding vacuum. The 
output of the phototube is connected to a preamplifier 
unit mounted on the end of the iron shield. The pulse 
from the preamplifier is clipped by a shorted delay line 
to produce an approximately rectangular pulse, one 
usec in width, and is amplified with a linear amplifier 
of the same type used for the recoil ion detector. The 
energy distribution of the beta rays striking the stilbene 
crystal was measured with a single-channel pulse-height 
analyzer. 

The energy response and the resolution of the 
scintillation spectrometer were determined in order to 
compare the observed coincidence rate between the 
recoil ion multiplier and the spectrometer with theo- 
retical predictions for the He® experiment. Bell!” and 
others have reported that the output pulse distribution 
of a stilbene scintillation detector for monoenergetic 
electrons is approximately a Gaussian function. The 
central value of the distribution is proportional to the 


17P. R. Bell, Phys. Rev. 73, 1405 (1948). 
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Fic. 7. Comparison of the observed high-energy portion of the 
P® spectrum with the theoretical shapes calculated for various 
resolution widths of the scintillation spectrometer. The form of 
the resolution function is given in Eq. (3). 


electron energy and the full width at half maximum 
varies as the square root of the energy. The energy 
response of the spectrometer was calibrated with 624- 
kev internal conversion electrons from Cs'*? and the 
Kurie-plot end points of the beta spectra of He®, P®, 
and Y®, The results given in Fig. 6 show that the 
average pulse height of the spectrometer is proportional 
to the beta-ray energy. The full width at half maximum 
of the spectrometer pulse distribution for the 624-kev 
internal conversion electrons of Cs'*? was 166 kev. 

The variation of the resolution with energy was more 
difficult to determine because monoenergetic beta-ray 
sources of several Mev energy were not available. The 
measured shape of a beta spectrum beyond the actual 
end point, however, is dependent upon the resolution 
of the spectrometer. The beta spectrum of P® was 
measured, and a Kurie plot constructed to calibrate 
the known 1.73-Mev end point of the spectrum with 
the pulse height output of the spectrometer. Theoretical 
spectrum curves were calculated for several different 
resolution widths and normalized to the experimental 
data at the midpoint of the spectrum. The best agree- 
ment between the theoretical curves and the experi- 
mental data, as seen in Fig. 7, occurs for a spectrometer 
resolution of 16 percent. This result is in good agreement 
with the prediction, based on the spectrometer resolu- 
tion for Cs"*? electrons, that the full width at half 
maximum varies as 0.21E!, where E is the kinetic 
energy of the electron measured in Mev. 

Careful measurements were also taken of the He® 
spectrum at angles of 100°, 145°, and 180° between the 
particle detectors to determine if there were any angular 
discrimination in the apparatus. The Kurie plots of 


these spectra were found to be almost exactly identical, 
agreeing within +1 percent from 0.75 Mev to the 
maximum beta-ray energy of He®, 


D. Electron-Recoil Ion Coincidence Spectrometer 


The amplifier and coincidence circuits for the particle 
detectors are indicated by block diagram in Fig. 8. The 
output of each of the detector amplifiers was brought 
to a calibrated discriminator. A lumped constant delay 
line, which could be varied between 0 and $ usec, was 
introduced into the beta channel to compensate for 
the difference in transit time of the pulses in the two 
channels. This delay line was also used to retard the 
pulse from the scintillation detector by an additional 
0.08 usec, which is slightly less than the shortest time- 
of-flight of the most energetic recoil nuclei between 
the source volume and the multiplier. The total number 
of pulses in each detector channel was recorded by a 
fast scaler and register. 

The decay of a nucleus in the source volume was 
detected by connecting the detector channels in coinci- 
dence at Mixer No. 1. The beta pulse actuated a 
modified Schmidt trigger and delay line combination 
which produced a rectangular pulse of constant ampli- 
tude that could be varied in width from 0.1 to 1.28 usec. 
A triangular pulse, with a full width at half maximum 
of 0.05 usec, was produced by a blocking oscillator when 
triggered by the discriminator in the recoil ion channel. 
Coincidences between these shaped pulses were detected 
in Mixer No. 1 and recorded with a scaler and register. 
During the He® experiment, the resolving time of the 
coincidence circuit was set for 1.07 usec as measured 
by recording accidental coincidences between the two 
particle detectors. This time interval is sufficiently long 
to detect recoil nuclei with energies down to about 
140 ev. The number of true coincidences resulting from 
the decay of single nuclei was obtained by subtracting 
the accidental coincidences from the total number 
recorded. The number of accidental coincidences (A) 
in any time interval was calculated from the simple 
relation A = rnynp/T, where 7 is the resolving time of 
the circuit and my and nz are the total number of pulses 
recorded during time T by the recoil ion multiplier and 
the beta detector, respectively. This relation is valid if 
the counting rate in each detection channel is constant; 
a rate meter and recording oscillograph were connected 
to the beta-detector channel to insure that there were 
no appreciable variations in source activity during a 
run. It is evident that any variation or drift in the 
value of 7 would directly affect the data measured with 
these circuits. The resolving time was, therefore, deter- 
mined at frequent intervals during data collection with 
an accurately calibrated double pulser and was found 
to be reproducible to +2 percent, which is significantly 
smaller than the statistical variation in the He® coinci- 
dence data. 

A pulse-height analyzer is also connected to the 
output of the beta channel amplifier to select beta rays 
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GAMOW-TELLER INTERACTION 


of given energy. Coincidences between Mixer No. 1 
and the pulse height analyzer were detected by Mixer 
No. 2 which had a resolving time of 6 usec. The scaler 
and register for this second coincidence circuit record 
the number of recoil ions that are detected in coinci- 
dence with electrons of pre-selected energy. 


IV. CALCULATION OF EXPECTED RESULTS 


The e-vy angular correlations derived from various 
forms of the beta-decay interaction Hamiltonian are 
written customarily in terms of the angle @ between 
the electron and neutrino. Since neither the angle nor 
the correlation can be directly measured, it seemed 
appropriate to perform a transformation to some new 
set of variables which are observable. The results of a 
particular experiment can then be compared immedi- 
ately with the various predictions. The relativistic 
energy W of the electron and the angle @ between the 
recoil nucleus and the electron were chosen for the 
parameters of this experiment after a study of the 
theoretical and experimental factors involved. The e-v 
angular correlation transforms to R(W,@), the proba- 
bility density that the nucleus recoils at an angle @ with 
respect to the direction of an electron which was 
emitted with an energy W. The most important prop- 
erty of R(W,6), as may be seen in following figures, is 
that the shape of this function depends critically upon 
the particular form assumed for the interaction Hamil- 
tonian. This choice of variables is also favorable because 
the quantities R(W,0)dW dé, 6 and W can be measured 
by relatively simple experimental techniques. 

The probability of an allowed beta-active nucleus 
emitting a neutrino into a solid angle element dw at 
an angle @ with respect to an electron of energy W has 
been derived by De Groot and Tolhoek? on the basis 
of an arbitrary linear combination of the five invariants. 
The form of this expression, when specialized for the 
He® transition, becomes 


2 


P(W,6)dWde= pW (Wo-W)? f o| F(Z,W) 
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where G4 and Gr are the mixing coefficients of the A 
and JT invariants in the interaction Hamiltonian 
H=(G4A+GrT), | fo|? is the square of the Gamow- 
Teller matrix element, and F(Z,W) is the Coulomb 
correction function. It has been shown by Biedenharn 
and Rose!® from time-reversal considerations that the 
coefficients G4 and Gr are real constants. The proba- 
bility density R(W,@) may be obtained from Eq. (1) 


18, C. Biedenharn and M. E. Rose, Phys. Rev. 83, 459 (1951). 
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Fic. 8. Block diagram of the electron-recoil ion 
coincidence spectrometer. 





if the conservations of energy. and momentum are 
assumed for the decay products. 

In an actual experiment, it is difficult to approximate 
point sources and detectors, and the expected coinci- 
dence rate must be obtained by integrating R(W,0)dWdQ 
over the finite solid angles subtended by the detectors, 
the volume of the source, and the energy resolution of 
the beta-ray spectrometer and recoil-ion detector. The 
expected coincidence rate C(W,0) has the form 


X[L1+y]Litafi(W,6) JT (W,E1,E2)T(Er)dWaQ, (2) 
where 
fi(W,0)=cosp= — y sin’?6Fcos0(1—" sin’6)}, 
y= (W?—1)!/(Wo—W), 
gi(W,6) = (sin¢d@)/ (sinddé), 


and the summation over 7 is introduced to indicate 
that ¢ is a double valued function of 6 when y is greater 
than 1. The factor g;(W,@) expresses the transformation 
between the solid angle elements dw and dQ." The 
resolution function of the stilbene scintillation spec- 
trometer is approximated, as was discussed earlier, by 
the Gaussian curve 


T (W,E1,Es) 


s0( aaa) dE. (3) 


E2 1 
=f [2nk(W—1)} 


The limits EZ, and £, of the integral define the pulse- 
height-selector channel width, and & is proportional to 
the square of the full width at half maximum of the 
pulse-height distribution function of the stilbene beta 


19A detailed examination of the integrand of Eq. (2) has 
recently been published by O. Kofoed-Hansen, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 28, No. 9 (1954) and 
Reynolds, Biedenharn, and Beard, Oak Ridge National Labora- 
tory Report ORNL-1444 (unpublished). 
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Fic. 9. The coincidence rate functions, Cr(W,@) and Ca(W,6), predicted from the pure tensor and axial vector invariants, 
respectively, represented as three-dimensional surfaces. 


detector. The resolution function T(Ep) of the recoil 
ion detector may be approximated by a suitable step 
function with parameters chosen to correspond to the 
resolving time of the coincidence circuit and the time- 
of-flight spectrum of the recoil ions. 

The integration of C(W,0) was performed numerically 
over appropriate limits corresponding to the geometry 
and energy resolution of the apparatus used for the 
He® experiments. The form of C(W,0) is dependent 
upon the e-v angular correlation coefficient a which in 
turn is a function of the mixing coefficients of the 
invariants and the energy of the electron. The angular 
correlation coefficient has the values +1, +4, —}, and 
—1 for pure V, T, A, and S invariants, respectively. 
Curves corresponding to these choices are presented for 
reference in the following section. 


V. EXPERIMENTAL RESULTS 


The coincidence rate between the detectors of the 
electrons and recoil nuclei was measured as a function 
of the angle (@) between the particles and the beta-ray 
energy (W). Since the interaction Hamiltonian for the 
He®—Li® transition is expected to be dominated by 
either the tensor (7) or the axial vector (A) invariant, 
the functions C7(W,6) and C4(W,6) were calculated 
assuming a pulse-height-selector channel width of 1 mc? 
to determine the experimental parameters which would 
provide the most sensitive test to distinguish between 
these invariants. In Fig. 9, the two expressions are 
represented by three-dimensional surfaces. The projec- 
tion is chosen to make both surfaces completely visible 
even though this tended to minimize the difference 
between the two figures. Both surfaces are peaked in 
the “forward” direction at approximately W=6.5 mc’, 
6=180°. The shape and height of the surfaces differ 


considerably, as may be observed from the cross sections 
outlined at equal intervals along the coordinates. The 
absolute difference in height is largest at = 180°; the 
shapes of the surfaces vary to the greatest extent along 
cross sections taken at constant energy in the range 
from about 2.5 to 5.5 mc. In view of the difficulty in 
eliminating every possible source of consistent error in 
an absolute determination of the electron-recoil nucleus 
correlation, it was decided instead to measure a family 
of coincidence rate curves relative to an arbitrary 
source strength and to normalize the resulting data to 
the predicted curves. 


A. Electron-Recoil Ion Angular Correlation 


In Fig. 10, the observed coincidence rate is plotted at 
angular intervals of 10° with the spectrometer channel 
width set to detect beta rays in the range from 2.5 to 
4.0 mc. The coincidence rate corresponding to these 
low-energy beta particles was small; and the channel 
width was purposely made broad in order to collect 
data in reasonable time. The experimental points 
represent the weighted average of ten individual meas- 
urements over the angular range. The error bars indicate 
the statistical variation in the weighted data. As the 
time required to collect these results covered many 
days, each run over the angular range was taken in a 
short period with relatively poor statistics so that the 
effect of any gradual time variation in the performance 
of the apparatus would be minimized. The He® source 
was monitored with the recoil-ion detector, and the data 
normalized to a given source activity to adjust for the 
variations in source strength caused by occasional small 
changes in the power level of the pile. 

Curves of the expression C(W,@) calculated for the 
channel width 2.5 to 4.0 mc? on the bases of the 7, 4, 





COINCIDENCE RATE 


GAMOW-TELLER INTERACTION 


V, and S invariants are presented for comparison with 
the experimental data. The calculated curves have been 
normalized to the data at the cross-over point 6= 128°, 
where all four pure invariants predict the same coinci- 
dence rate. To decrease the statistical error of the 
normalization coefficient, the calculation was averaged 
over the three points nearest to the cross-over by 
determining the ratio of the integrated area under the 
theoretical curves to that of the data at 120°, 125°, 
and 130°. The observed coincidence rate, when com- 
pared with the various predictions, agrees within sta- 
tistics with the tensor curve and cannot be made to fit 
the other invariants. 

The other members of this family of curves are shown 
in Figs. 11 and 12. The observed coincidence rate was 
measured for the beta-ray energy ranges, 4.5 to 5.5 mc? 
and 5.5 to 7.5 mc?, respectively. The corresponding 
predicted curves become. progressively more similar in 
shape and the cross-over occurs at increasingly higher 
angles (150° and 163°, respectively) as the energy 
selected in the beta-ray spectrometer is increased. The 
curves calculated for the channel width, 4.5 to 5.5 me 
are sufficiently different to provide another good test 
for the interaction. Three measurements over the 
angular range were weighted and averaged. The areas 
from 145° to 155° under the predicted curves and the 
data were determined in order to calculate the normal- 
ization coefficient at the cross-over point. In Fig. 11 it 
may be seen that the coincidence rate is again in 


agreement with just the tensor curve. Since the pre- 
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Fic. 10. The first electron-recoil ion, angular correlation 
measurement. The coincidence rate was measured as a function 
of the angle @ between the particles with the scintillation spec- 
trometer adjusted to detect beta rays in the energy range from 
2.5 to 4.0 mc. The curves, which were calculated from Eq. (2) 
on the basis of the 7, A, V, and S invariants, are normalized to 
the experimental data at the common “cross-over” point. 
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Fic. 11. The second electron-recoil ion, angular correlation 
measurement. Only those coincidences for beta rays with energy 
between 4.5 and 5.5 mc? are recorded. The predicted curves are 
normalized to the data at 150°. Chance coincidences have been 
subtracted from the total number which were detected, and the 
appearance of data at negative rates is caused by the statistical 
fluctuations in these measurements. 


dicted curves for the energy range 5.5 to 7.5 mc? are 
nearly alike in shape and coincidence rate, no attempt 
was made to collect data with the statistical accuracy 
required for a positive identification of the He® inter- 
action. The few experimental points, however, do tend 
to favor the tensor invariant. 

The data of Fig. 12 are of importance in that they 
provide a sensitive test for the effect of scattering of 
electrons and recoil ions in the apparatus used for the 
experiment. The predicted coincidence rates for all four 
invariants approach zero at 140° in Fig. 12 and 110° 
in Fig. 11. These angles, which are often referred to as 
the “momentum cutoff,”’ can also be derived from a 
classical momentum diagram of the He® decay products. 
For beta rays of momentum (p) and neutrinos of 
corresponding momentum (q), the limiting cut-off angle, 
which occurs only for p>gq is given by sind.=+q/p; 
and coincidences at smaller angles are forbidden by 
the conservation of momentum. The recoil nucleus is 
directed into the opposite hemisphere from the electron; 
and the cut-off angle approaches 180° as the electron 
carries away an increasingly greater proportion of the 
energy available to the transition. Any high-angle 
scattering of recoil ions or beta rays of the selected 
energy from the walls of the source volume and the 
collimators should produce coincidences at angles 
smaller than the momentum cutoff. From Figs. 11 and 
12, it may be seen that these “scattered” events are 
negligible since the measured coincidence rates after 
the subtraction of accidentals are zero below the pre- 
dicted cut-off angles. 


B. Electron-Recoil Ion Coincidence Spectrum 


The coincidence rate between the electrons and recoil 
nuclei was also measured as a function of the beta-ray 
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Fic. 12. The third electron-recoil ion, angular correlation 
measurement. The energy range selected for the beta rays is 5.5 
to 7.5 mc?. The measured coincidence rates are zero at angles 
smaller than about 140° in agreement with the predicted curves 
and the classical value for the “momentum cutoff.” 


energy with the angle between the detectors held fixed. 
This measurement was performed to obtain data for 
the identification of the electron-neutrino correlation 
which would be independent of any possible angular 
discrimination in the apparatus, even though the 
measurements of the He® energy spectrum vs angular 
displacement did not reveal such discrimination. The 
coincidence data were taken at the angle @= 180° with 
an energy channel width of 1mc*. Four separate 
measurements were taken over the He® energy spectrum 
and averaged. 

The comparison of the T and A cross sections at 
6= 180° in Fig. 9 shows that the curves do not cross to 
provide the obvious normalization point found in the 
angular correlation predictions. An alternate method 
was used, therefore, in which the integrated area under 
the predicted curves was normalized to the total number 
of coincidences that were recorded over the He® spec- 
trum. It should be noted that this procedure preserves 
the shape but not the proportional magnitude between 
the T and A curves. The results of this experiment are 
presented in Fig. 13. The coincidence rate data lie on 
the tensor curve; and the consistency of these measure- 
ments with the angular correlation determinations 
support the conclusion that the beta-decay interaction 


for the He*—Li® transition is dominated by the tensor 
invariant. 


VI. ANGULAR CORRELATION COEFFICIENT 


Although agreement is found between the predicted 
tensor curves and the measured electron-recoil nucleus 
coincidence rates, a determination of the angular cor- 
relation coefficient a is necessary in order that the 
results of this experiment may be quantitatively com- 
pared with the analysis of beta spectra for the existence 
of the Fierz interference term, 2X/(1+X*)W. From 


Eq. (2), it may be seen that the shape of the coincidence 
rate curve, Co(W,6) vs @ for constant W, depends upon 
factors involving W and 6 and also upon the magnitude 
of the coefficient a=}(1—X*)W/[(1+X*?)W+2X] 
which precedes the angular term {(W,@). A detailed 
examination of the data was carried out in which an 
observed ao was determined for every experimental 


point, other than these used for normalization, from 
the expression 
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where the measured coincidence rate is 


the normalization coefficient is 
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Fic. 13. The electron-recoil ion coincidence spectrum. The fi 
coincidence rate was measured as a function of the beta-ray 
energy with the angle @ between the detectors held fixed at 180°. 
The channel width of the scintillation spectrometer was 1 m¢’. 
The curves predicted from the T and A invariants are normalized 
to the total number of coincidences recorded over the spectrum. 





GAMOW-TELLER INTERACTION 


and 


Pr=(Ga?+Gr"*) (1+7) pW (Wo—W)?F (Z,W) 


2 


g(W,0) T(W,E:,E2) T (En). (7) 


x| fe 


The proportionality constant k, the ratio between the 
actual He® source intensity and the unit source strength 
assumed in numerical integration, indicates the terms 
which are experimentally measured. The subscript (c) 
denotes the evaluation of the respective integral at the 
tross-over point which was chosen for normalization. 
The remaining notation is the same as defined in Sec. 
IV. The summation over the index (i) has been omitted 
or simplicity and should be understood. 

For the experimental conditions of the data given in 
Figs. 10, 11, and 12, the expression for ao reduces 
identically to a=4(1—X?)W/[(1+X?)W+2X ] except 
for the indeterminate (0/0) which occurs at the normal- 
ation point. The reduction follows when it is observed 
that the energy limits, EZ; and E», were held fixed for 
each of the curves measured and that the magnitude of 
ais essentially constant between these energy limits if 
X) is taken to be of the order of less than 0.1 or 
greater than 10. 

From the coincidence rate data for the §-ray energy 
range 2.5 to 4.0 mc’, six individual determinations of ao 
were calculated. The weighted average of these values 
8 1.25=0.36+0.11, where the precision is calculated 
from the statistical variations of the measured coinci- 
dence rates and the mean beta energy in Mev is indi- 
tated by the subscript. For the energy range 4.5 to 
1.5 mc, a similar determination yielded a2,9.=0.31+0.14 
1s the weighted average of twelve different values. 
These results may be compared with the coefficients 
or the pure invariants ar=+4 and aa=—#. 

In Fig. 14, the analytic form of the coefficient a is 
plotted as a function of X=G,4/Gr for the mean 8 
energy, 2.0 Mev. It is noted by the authors that this 
unction has been independently derived for the special 
case of point sources and detectors by Kofoed-Hansen 
and Winther.” Their paper also points out that X is a 
double-valued function of a. It is interesting that the 
alue of a as observed in this type of experiment could 
exceed 3 in absolute magnitude even though only linear 
mixtures of the T and A invariants are considered 
(e.g., the value of a approaches unity for the mixing 
tatio X = —} and W~1). The curve for the mean beta 
energy 1.25 Mev is very nearly the same as that shown 
in the above figure, and a separate graph has not been 
included. The two determinations of ap are shown next 
0 the peak of the plotted curve. 


1935) Kofoed-Hansen and Aage Winther, Phys. Rev. 89, 526 
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Fic. 14. The angular correlation coefficient, a=}(1—X?)W/ 
[(1+X2)W+2X], plotted as a function of X=Ga/Gr. The 
coefficients, ao, determined from the electron-recoil ion correlation 
of He®, are shown next to the peak of the curve so that the corre- 
sponding range in X [i.e., of (7,A) mixtures] may be observed. 


VII. DISCUSSION OF RESULTS 


The most recent value appearing in the literature for 
(T,A) mixtures!” may be ‘expressed by the alternate 
limits, Ga/Gr<0.04 or Ga/Gr2 25, since the dominant 
invariant cannot be determined from the magnitude of . 
the Fierz interference term alone. From an enlargement 
of Fig. 14, the ratio X=G,4/Gr corresponding to the 
observed e-y angular correlation coefficient for He® is 
estimated to be within the range, —0.5<G4/Gr<+0.3. 
This result clearly identifies the mixture of Gamow- 
Teller invariants as G4<0.04Gr, where Ga should not 
be taken as significantly different from zero. The 
corresponding limits for the e-v angular correlation 
coefficient of He® are +0.325<a<+0.340. 

Since He® decay obeys only the Gamow-Teller selec- 
tion rules, other transitions must be examined to obtain 
further information on the invariants.4 The complete 
beta-decay interaction is generally assumed to be a 
linear combination of one or more of the five pure 
invariants”; and altogether, there are thirty-one pos- 
sible combinations. However, empirical evidence based 
upon the precise determination and analysis of a large 
number of beta spectra greatly restricts the number of 
combinations. The comparative ft values of the super- 
allowed transitions indicate that the beta-decay inter- 
action contains both the Fermi (S and V) and Gamow- 
Teller (J and A) types of invariants in approximately 
equal proportions,”* and the magnitudes of the Fierz 


21 Note added in proof.—Recent measurements of the e-v angular 
correlation of Ne! reported by Maxon, Allen, and Jentschke 
[Bull. Am. Phys. Soc. 29, No. 7, 15 (1954) ] and by W. P. Alford 
and D. R. Hamilton [Phys. Rev. 94, 779 (1954) ] indicate that 
the beta-decay interaction contains the scalar invariant (S) and 
that the vector (V) contribution is small or zero. 

036) A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 82 
1936). 

230. Kofoed-Hansen and A. Winther, Phys. Rev. 86, 428 
(1952); G. Trigg, Phys. Rev. 86, 506 (1952); J. M. Blatt, Phys. 
Rev. 89, 83 (1953); B. R. Bouchez and R. Mataf, Compt. rend. 
234, 86 (1952). 
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interference terms derived from the observed shape of 
allowed spectra, as has been discussed, provide con- 
vincing evidence against the combinations (7,A) and 
(S,V). These two important observations reduce the 
possible combinations to (S,T), (S,A), (V,T), and 
(V,A) with the inclusion of P undecided. Similar argu- 
ments, though less certain, against the combinations 
(S,A) and (V,T) have been advanced by Mahmoud 
and Konopinski,"” which are based on the observed 
statistical shape of first forbidden spectra. The present 
identification of T as the Gamow-Teller invariant 
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further narrows the possibilities for the beta-decay 
interaction to a form containing either the (5,7) or 
the less probable (V,7) combination of invariants. 
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Simple Model of the Li® Nucleus and the Li®(n,t)He* Reaction 
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A model of the Li® nucleus consisting of an alpha particle plus a deuteron is used to calculate angular dis- 
distributions of the Li®(n,t)He‘ reaction for several neutron energies under the assumption that it is a pickup 
process. The shapes of the calculated angular distributions are similar to those of the experimental data; 
however, there is a lack of agreement between experiment and theory at large angles that is ascribed to 


compound nucleus formation. 


ECENTLY’” a simple two-body model for the Li® 

nucleus has been used to discuss the photo- 

disintegration Li®(y,d)He‘. This “a particle+deuteron” 
model is supported by the following evidence. 


(1) The (y,d) threshold energy is very low (1.477 
Mev), whereas the average binding energy per nucleon 
is ~5.3 Mev and the threshold energies for (y,7) and 
(y,p) are, respectively, ~5.8 and 4.7 Mev; the energy 
for the disintegration Li®+-y=3H?(=H*+He') is ~25 
Mev (~16 Mev). 

(2) The spin J=1 is the same as that of the deu- 
teron, while the a particle has spin zero. 

(3) The magnetic moment u&the magnetic moment 
of the deuteron. [(2) and (3) suggest that the “a+d” 
system is in an S-state. | 

(4) The present model satisfactorily explained the 
results of Glenn* and of Jensen and Gis? for the (y7,d) 
reaction.! 

(5) It is also consistent with the results of Lauritsen, 
Huus, and Nilsson‘ concerning a-d scattering. 


It seems to be important to investigate the pickup 
reaction Li®(,/)He* with the help of this model and to 
compare the theoretical results with the experimental 
data of Frye® and of Weddell and Roberts.® 


17. S. Waszakidze and G. A. Czilaszwili, J. Phys. (U.S.S.R.) 
26, 254 (1954). 

2 Pp, Jensen and K. Gis, Z. agp 8a, 137 (1953). 

3H. B. Glenn, Phys. Rev. 88, 418 (1952). 

‘ Lauritsen, Huus, and Nilsson, Phys. Rev. 92, a (1953). 

5 Glenn M. Frye, Jr., Phys. Rev. 93, 1086 (1954). 

6 J. B. Weddell and J. H. Roberts. Phys.. Rev. 95, 117 (1954). 


On applying the Born approximation as done previ- 
ously,’ we get the differential cross section in the c.m. 


system: 
ia ky 1 
wva(sa) me('N (53) 
2rh* ko \2-3 


XL | xaxe expLik,- (r—s/3)]| Vnga|yo)|*, 
HO, Hd, Kt 
where M,;*=(12/7)M and M,*=(6/7)M are respec- 
tively the reduced masses of the triton and the incident 
neutron (M being the nucleon mass); k; and kp are 
their respective momenta in the c.m. system; po, sa, Mt 
are the neutron, deuteron, and triton magnetic quan- 
tum numbers; x«=Xe(é) is the internal wave function 
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Fic. 1. Angular distribution of tritons from Li®(n,t)Het for 14- 
Mev neutrons. a denotes the experimental curve; 6 and c—the 
theoretical curves for Ro=4X10~ cm and 6X 10-8 cm, respec- 
tively. The theoretical curves represent relative values. 


7 J. Dabrowski and J. Sawicki, Nuovo cimento 12, 293 (1954): 
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Center-of-mass di¢¢.cross section 
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Li® 


of the a particle and x:=Su:(op0n00)R;(s,u) is that of 
the triton, the o’s being the respective spin variables; 
s=—Ingt(fn+r,)/2 and u=(V3/2)(r,—ry) are the 
internal coordinates of the triton; r is the vector from 
the a particle to the c.m. of the deuteron; Vn,a is the 
incident neutron-deuteron interaction. Yo is defined by 


ho=Xuo(o0) expLiko- ($r—s) ] 
Xa(E)Sua(opon)W(2u/v3)o(r), (2) 


where xu0(¢0) and Syua(op,on) are the neutron and the 
deuteron spin functions, ¥(p) is the unperturbed deu- 
tron internal function,® and ¢(r) is the S-state “a+d” 
ystem internal function. 

Since the functions are known, the complete integra- 
tion in (1) can be carried out as in reference 7. It is, 
however, easier to calculate the matrix element in (1) 
vhen Vngd is replaced by V= V(r)—the a-d interaction 
‘the possibility of doing’ this treatment in the Born 


E Es § 


tn barns/steradian o(@ 


Center-of-mass di¢¢.cross section 
8 





100 
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Fic. 2. Angular distribution of tritons from Li®(n,t)He‘. a and 
denote the experimental curves for 1.5- and 2-Mev neutrons, 
respectively; 6 and c—the theoretical curves for 1.5-Mev neu- 
trons for Ro=4X10—8 cm and 6X10-" cm, respectively; e and 
{+the theoretical curves for 2-Mev neutrons for Ro=4X 107 cm 
ind 6X10 cm, respectively. The theoretical curves represent 
relative values. 


approximation for stripping was mentioned by E. 
Gerjuoy®). As a result we have 


(1/2-3)201¢ )[?=2| 2x17] Zel?, (3) 
where 


x= fae exp(iK- r)V (r)¢(r), 


(3a) 
Fists f dsdu exp(ik-s)R,(s,u)¥(2u/v3), (3b) 


and K=3ko—k,, k=4k,—ko. 


’Thus we neglect the distortion of the deuteron in the Lié 
nucleus. This fact seems to be the least satisfactory assumption in 
these calculations. 

*E. Gerjuoy, Phys. Rev. 91, 645 (1953). 


NUCLEUS AND THE Li®(2,t)He* 


TABLE I. The values of (do/dQ)g— in ub/sterad. 








E (Mev) 1.5 2 14 1.5 2 
Ro X108 R: 
cm = 


4 MHulthéne 
6 


Gaussian® Irvings.> 





Exponential4 








@ See reference 10. 
b See reference 13. 
¢ See reference 11, 
4 See reference 12. 


For V(r) we used a square well with Ro=4X10-" 
cm (the ‘channel radius” of Lauritsen e¢ al.‘ for the 
elastic a-d scattering) and also with Ro=6X10-* cm. 

The integral ;, was evaluated for two cases: (A) R; 
is a Gaussian function” and ¥(p) is a Hulthén" or an 
exponential” function; (B) R; is Irving’s® function and 
¥(p) is an exponential function. 

The resulting angular distribution for Case (A) [for 
this case it is independent of the choice of y/(p9) ], 
compared with Frye’s results for incident neutrons of 
energy E=14 Mev is given in Fig. 1. Although the 
theoretical values for large angles are far too low, as is 
usual in stripping calculations (mostly because of the 
compound nucleus background), we observe the general 
agreement of the shapes of the curves. At large angles 
we see a second maximum contrary to the case of small 
energies® (Fig. 2). This maximum for Ro=4X10-" cm 
is scarcely visible in the scale of Fig. 1. 

For smaller neutron energies the Born approximation 
seems to be less justified and there is also a Coulomb 
effect. In Fig. 2 we compare our results with the results 
of reference 6, and we see that better agreement with 
Weddell and Roberts’ results for E=1.5 and 2 Mev is 
obtained for Ro=4X10-" cm. 

The angular distribution for Case (B) is (as in the 
results of reference 10) nearly the same as for Case (A) 
[though for 14~-Mev neutrons Case (B) gives a slight 
increase of do/dQ at larger angles ]. 

The absolute values of the calculated (do/dQ) 0 are 
given in Table I. The experimental values of (do/dQ)»~0 
are: ~46 ub/sterad for E=1.5 Mev, ~27 ub/sterad 
for E=2 Mev, ~7.5 ub/sterad for E= 14 Mev. 

A more extensive paper on the subject will be pub- 
lished in Acta Physica Polonica. 


10H, C. Newns, Proc. Phys. Soc. (London) A65, 916 (1952). 

1 Kruse, Malenka, and Ramsey, Phys. Rev. 91, 1162 (1953). 

The exponential function was used with the normalization 
given by J. Smorodinski, Doklady Akad. Nauk. (S.S.S.R.) 60, 
217 (1948). 

18 J. Irving, Phil. Mag. 42, 338 (1951). 
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Values for the atomic masses of 42 nuclei from m' to S* are derived from data on 110 nuclear reactions and 
mass spectrographic doublets. A variance-covariance matrix for the results is also derived and a further 32 
masses in the same region are included. These results are found to be consistent with most of the data 


available. 





HE atomic masses of 74 elements up to Cl* have 
been calculated by a least squares fitting of all 
the available data of nuclear reaction Q-values (see 
Table I) and mass spectroscopic doublets (see Table IT). 
It has been found possible, after rejecting only a few 
results as seriously inconsistent, to obtain a set of 
masses consistent with both mass spectroscopic and 
nuclear reaction data (see Tables III and IV). Also, by 
using all the data available it is possible to quote lower 
probable errors for the final masses than previously. 
For each reaction the weighted mean of the experi- 
mental results was taken as the most probable value 


TasBLeE I. Nuclear reaction energies not listed by Li ef al.*> 








Q-value 
(Mev) 


8.113 (30) 
4.5(3 


Q-value 
(Mev) Ref, 


10.6 


0° 
2, 


Reactions 


F19(p,2)O16 
019 (8) F19 
Na(p,n)Mg® 
Na*5 (8) Mg? 
Mg*(d,) Als 
Al?6(8) Mg2é 
Mg* (a,p) Al? 
Al?7(p,2)Si27 
Al28(g)Si28 


Si?8(d,n) P® 
Al®(8)Si2 
P29(8*)Si%9 
Si**(d,n) P 


Al?7 (a) P30 
P30(B*)Si30 
Si (d,n) P31 
P31(y,) P30 
S31 (B*) P3i 
S*2(y,d) P% 


Reactions 


t(t,n) Hes 
He5(y,")a 


Li’ (d,a) He5 
Be® (a,2a) Hed 
Li®(p,a) He’ 
Li?(p,a)a 
Li?(d,p) Li’ 
Be®(7,a)a 
Be®(p,a) Lié 


Be®(d,a)Li? 





0.87 
0.95 (0.07) 
14.3 


—2.4 
4.024(5) 
17.344(13) 

—0.192(1) 
0.0945 (14) 
2.130(10) 
2.123 (4) 
7.159 (9) 
0.558 (2) 
1.1470(25) 

—0.536 (3) 


4.00 
—1.613 (10) 
—5 wittied 


me 
WuUane 
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Qu 
BO 
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29 (4) 


(7) 
(4) 
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moEwWoSiownaun 
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N 
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~14. '8(4) 
5.15 (7) 
5.1 


6.1(0.3) 


< 


O1(d, a)Nu 
3. '1130(25) 


N18(8)018 10.3 (3) 
N17(6,n)O18 2.7(4) 


RRS SS ORS re ee ORO pO ws 


(6) 
Cl4(6+)Sé 
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® Li, Whaling, ee and Lauritsen, Phys. Rev. 83, 512 (1951). 

b See reference 1 

; {1980 Lauritsen, Morrison, and Fowler, Revs. Modern Phys. 22, 
364 1950 

T. Leland and H. M. Agnew, ra Rev. 82, 559 (1951). 

°C D . Moak, Phys. Rev. 92, 383 (195 

f Williamson, Browne, Craig, and on Phys. Rev. 84, 731 (1951). 

eK. F. Famularo and G. C. Phillips, Phys. Rev. 91, 1195 (1953). 

bh K. W. Jones e al., Phys. Rev. 91, jd ‘a 3). 

iR. R. Carlson, Phys. Rev. 84, 749 (1951). 

i Craig, Donahue, and Jones, Phys. Rev. 87, 206 (1952). 

kL. Rosenfeld, Nuclear Forces (North Holland Publishing Company, 
Amsterdam, 1948 3), p. 501 ff. 

1 McMinn, samc and Rasmussen, Phys. Rev. * 963 (1951). 

mJ. H. Roberts and W. H. Guier, Phys. Rev. 81, 317 (19. 

2 Chao, Tollestrup, Fowler, and Lauritsen, Phys. Rev. 79, 108 (1950). 

e Willard, Kingston, and Bair, Phys. Rev. 86, 259 (1952). 

PE. Goldberg, Phys. Rev. 89, 760 (1953). 

4a Kaufmann, Goldberg, Koester, and Mooring, Phys. Rev. 88, 673 (1952). 

t Kingston, Bair, Carlson, and Willard, Phys. Rev. 89, 530 (1 953). 

*H. T. Motz, Phys. Rev. 83, 215 (1951). 

t Mandeville, Swann, and Chatterjee, Phys. Rev. 85, 725 (1952). 

uA. S. Penfold, Phys. Rev. 80, 116 (1950). 

v Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 


* The early part of this work was carried out at Canterbury 
University College, Christchurch, New Zealand. 


and the error assigned to the mean was the larger of 
the two calculated from weighted deviations of the 
experimental results and from the quoted errors, i.e., 


=>. wx/>d w, 


where w=1/p and p is the probable error, and the 
probable error in Z is the larger of 


0.6745(X0 w(x—2)*/(n—1) wt and {2 (1/p*)} 


The first part of the calculation consisted in using 
the 110 equations with probable errors less than or 
equal to 0.040 Mev connecting the masses of 42 of the 
atoms which were involved in two or more of the equa- 
tions. The equations were then multiplied by the in- 
teger that would bring the error of each nearest to 
0.040 Mev, and then the sums of squares and products 
were calculated for the 42 simultaneous equations for 
the masses. In this way a set of final equations is ob- 
tained in which the coefficients are all integers, and such 
equations can be solved with a desk calculating ma- 
chine by relaxation methods. The equations have in 
effect been weighted by the squares of integers closest 
to the inverse squares of their probable errors; the 
percentage difference caused by this change of weight- 
ing factors will be greatest for those reactions whose 
probable errors are near 0.050 Mev (weight 0 or 1) 


TABLE II. Mass spectrographic doublets. 








The following doublets were used in addition to those listed in 
recent work.®> 


(O'*).— Pat 82.45+0.12 (10-4 amu)* 
(O'*).— 177.82+0.254 
(C!?),H!— $8016 413.85.0.46¢ 


(C!2),(H")2—S#016 = 529.00-+0.40° 


After a preliminary check the following data were rejected as 
being inconsistent with the final results. 


H'C2®—C8 = 44.10+0.08 Low by 8} times the probable 


error! 
(C®),—S#016 = 331.82+0.07 High by 13 times the probable 


error? 


The latter error was later altered to 0.28 but it was considered 
safer not to use this result. 








® See reference 1. 

> K, Ogata and H. Matsuda, Phys. Rev. 89, 27 (1953). 

° rye Ogata and H. Matsuda, Phys. Rev. 89, 333 (1953). 
A. O. Nier, Phys. Rev. 81, 624 (1951). 

e * Colltag Nier, and Johnson, Phys. Rev. 84, 717 (1951). 

fH. Ewald, Z. Naturforsch. 1, 131 (1946). 
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TABLE III. Atomic masses. (The values marked with 
an asterisk are unconfirmed.) 








Li et al.* 
10~4 amu Mev 


Ogata et al.> 
10-4 amu 


M-A 


Element Mev 





8.3638 (29) 

7.5815 (27) 
13.7203 (60) 
15.8271 (100) 
15.8086 (100) 

3.6066 (140) 


19.399 (36) 
15.850(21) 
16.969 (24) 
23.296 (28) 
17.832 (24) 
7.309 (27) 
14.007 (28) 
15.560(26) 
15.076 (29) 
15.004 (26) 
11,909 (220) 
16.912 (20) 


13.889 (22) 
3.542 (15) 
6.958 (13) 
7.153 (10) 
9.179 (13) 
6.998 (10) 
4.528(11) 


8.3653 (11) 
7.5833 (7) 
13.7231 (12) 
15.8300 (26) 
15.8115 (26) 


H 81.45 (2) 
147.41 (3) 


He 
38.79 (9) 


(3) 
15.8563 (28) 
16.9694 (35) 
23.3011 (37)* 
17.8323 (35) 

7.3096 (26) 
14,0082 (29) 
15.5614 (42) 
15.0782 (36) 
15.0038 (35) 
11.9178 (34) 
16.9216(61) 
19.37 (10)* 
13.9003 (46) 

3.5640 (22) 

6.9776 (26) 

7.1644 (22) 

9.2007 (32) 

7.0088 (21) 

4.5464 (48) 
10.3 (3)* 
11.1(4)* 

7.251 (7) 

Zero standard 
9 


COSCBWBWHNIAAUNESwWwrde 


161.10(10) 
128.11 (9) 


38.44 (6) 
75.05 (12) 


75.50(S) 
49.02 (9) 


7.233 (12) 


4.221 (6) 
4.522 (22) 


6.988 (5) 
6.193 (21) 
4.149 (14) 
5.913 (16) 
7.405 (14) 
—1.139 (19) 
0.469 (21) 
—1.529 (23) 
1.646 (23) 
3.991 (37) 
1.312 (23) 
—2.742 (23) 
—1.333 (24) 


1.353 (24) 
—6.864 (24) 
—5.824 (25) 
—8.565 (27) 
—8.633 (28) 


48.83 (20) 


44,44 (22) 


—12.28(13) 


—16.18 (24) 
1.640(11)* 
3.983 (31)* 
1.305 (11) 

—2.743(7) 


—2.1(3)* 
1.353 (11)* 
—6.850(8) 
—5.828 (9) 
—8.554(12) 
—6.621 (14) 
—1.56(6)* 
—4.0(6) 
—9.221 (8) 
—8.578 (9) 
—10.8(5)* 
—4.393 (13)* 
—13.218(8) 
—13.328(8) 
—15.577 (10) 
—13.804 (8) 


—9.245 (28) —98.91 (23) 


—8.603 (30) 


—141.75 (16) 
—142.95 (21) 
— 166.93 (31) 


—13.253 (30) 
—13.362 (32) 
—15.609 (34) 
—13.837 (36) 


—15.317 (36) 
—14.883 (38) 


—14.841 (7) 
—16.606 (42) 


—16.558 (19)* 
—14.8* 

— 10.400 (70) 
—16.547 (7) 
—16.823 (12) 
—19.864(15) 
—11.67(7)* 
—13.80(30)* 


—16.590 (39) 
—16.871 (41) 


177.26(8) 
180.59 (37) 
212.91 (19) 








“Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951); and 
.W. Li, Phys. Rev. 88, 1038 (1952). 
+ K. Ogata and H. Matsuda, Phys. Rev. 89, 27, 333 (1953). 


pnd 0.030 Mev (weight 1 or 4), and these reactions con- 
tibute least to the final result. 

As a check on the reliability of the experimentalists’ 
sstimates of their errors, the final 42 masses were 
Substituted back in the original 110 equations and the 
esidual errors found. The sum of squares of these was 
then divided by the degrees of freedom (68) to give an 
stimate of the variance, 0.004093, and hence the esti- 
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TABLE IV. Isobaric differences. (The values marked 
with an asterisk are unconfirmed.) 








Difference (Mev) 


—0.7820(9) 

—0.0185(1.5) 
0.8629(16) 
1.0700(23) 
3.8120(1050)* 
1.9825 (29) 
2.2231 (23) 
2.705(5)* 
2.770(6) 
3.255(6) 
3.522(30) 
4.096(8)* 
4.240(60)* 
4.828(10)* 
5.05(16) 
4.88(7) 
5.15(7)* 


Elements 


H-n 
He’— H? 
Be’—Li? 
B°— Be® 
Cnv— Be? 
cu Bu 
NB’— cs 
Ou’ N15 
Fu— Ol 
Ne? — Fis 
Na?!— Ne?! 
Mg — Na’ 
Al?5— Mg? 
Si?7— Al?? 
p2— Si 
S31 a Pl 
C133— $38 











mated probable error was 0.043+0.003 Mev. This 
value is in very satisfactory agreement with the original 
assigned value of 0.040 Mev for the probable error in 
each equation. 

The probable errors are found by inverting the 
(42X42) matrix of coefficients in the least-squares 
equations. This was done approximately (Table V) and 
in the result as quoted, the diagonal elements should 
be accurate within 1 or 2 in the last digit quoted; 
however, some of the smaller and less important off- 
diagonal terms may be seriously in error. The errors 
quoted in the final result are probable errors obtained 
by multiplying the square root of the corresponding 
diagonal term by 0.043 Mev. The variance-covariance 
matrix is obtained by multiplying each term by 0.00409 
(Mev)*. Furthermore, the probable error in any rela- 
tionship involving these 42 elements may be obtained 
by adding the appropriate variance and covariance 
terms and multiplying the square root of the result by 
0.043 Mev. 

The remaining 32 masses are calculated from addi- 
tional reaction data by using the 42 first calculated as 
a basis on which to work. The masses which have not 
been confirmed by results from a second different type 
of experiment are marked with an asterisk and in the 
meantime these may be regarded as unreliable. The 
He® mass is such a case as it is in conflict with a result 
for the energy of the He®(8)Li® reaction. Here it was 
decided to accept the later data quoted by Li! as more 
reliable. 

The ratio of the three sulfur masses, 


(S*— S%) /(S*— S*) =0.500744(6), 


is in conflict with a value 0.500714(3) derived from fre- 
quency measurements? but as our value is derived from 
11 independent and consistent equations it appears that 


1C, W. Li, Phys. Rev. 88, 1038 (1952). 
( ee and R. Gunther-Mohr, Phys. Rev. 82, 346 
1951). 
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TABLE V. Inverse matrix. The scale changes across the table and terms must be multiplied by 0.00409 (Mev)? to 
obtain the variance terms. (The scale factor for columns is given at the bottom.*) 
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® The mathematical techniques used with the above matrix are described by S. S. Wilks, Mathematical Statistics (Princeton University Press, Princeton, 
1943), especially sections 2.74 and 2.94, or any other book on multivariate analysis. 
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the probable errors in the d—a and mass spectrographic 
results appeared to be underquoted, but in no case 
were these deviations significant. Furthermore, a crude 
statistical test on Li’s and Ogata’s results seems to 
indicate that the agreement between these values is 
better than can normally be expected, so there is 
little point in using these results separately. It would 
however be useful for individual experimenters to com- 
pare their own results with the values quoted in 
Table III. 


the error in the frequency value may have been 
underquoted. 

A pleasant feature of this calculation is that so few 
of the experimental results examined are in conflict 
yith the final values. It has been necessary to reject 
oly a few results as being seriously inconsistent. 

The corrections to experimental results were further 
dassified according to type of experiment and it was 
fund that the numerical values for the d—p and 
i—a reaction Q values were in general slightly low and 
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Decays of Ta'®? and Ta’**}* 


J. J. Murray,t F. Borum, P. Marmrer, AND J. W. M. DuMonp 
California Institute of Technology, Pasadena, California 


(Received November 15, 1954) 


The B~ decays of Ta!® and Ta'® into excited states of W1® and 
83 have been studied using a curved crystal gamma-ray diffrac- 
tion spectrometer and a homogeneous field, ring focusing beta-ray 
yectrometer. In each case de-excitation of the daughter nucleus 
sives rise to complex gamma-ray and conversion electron spectra. 
Energies and relative intensities of gamma rays and conversion 
ines arising from 27 transitions in W'* and 29 transitions in W!* 
are presented. Internal conversion coefficients and multipolarities 
have been deduced for most of the transitions and together with 
the gamma-ray energies form the basis of decay schemes proposed 
for both W!®2 and W!8, The two decays are reported together be- 


INTRODUCTION 


N regard to the decay of Ta!*® this work is comple- 
mentary to several earlier investigations,! its prin- 
tipal contributions being the investigation of a number 
of new gamma lines and the multipole assignments for 
most of the transitions, making possible the establish- 
ment of an energy level diagram for W'**. For Ta!® the 
results presented here provide the first detailed study of 
the decay of this isotope. They are in essential agree- 
ment with preliminary results* obtained earlier in this 





cause of the close experimental relationship which existed between 
them as a consequence of the method used for their production, 
namely, simultaneous production of Ta!®* by single neutron 
capture and Ta!® by double neutron capture from stable Ta!*!, A 
corollary result is the value 1.3 10‘ barns for the thermal neutron 
cross section of Ta}8, 

An interpretation of these results on W!® in terms of collective 
rotational motion has been given by A. Bohr and collaborators 
[Kgl. Danske Videnscab. Selskab, Mat.-fys. Medd. 29, No. 9 
(1955) ]. 


The Ta!® used in this experiment was produced from 
stable Ta!®*! by double neutron capture. This process 
was practical because of the unusually large thermal 
neutron cross section‘ of Ta!® together with the high 
neutron flux available in the Materials Testing Reactor 
at Arco where the irradiation was performed.® At the 
same time, of course, Ta!*? was produced. The ratio of 
the populations, V3; and N2 of Ta!®* and Ta!® which 
results after irradiation in a neutron flux, y, for a time, é, 
is (assuming the Ta!*! population to be constant) : 





1 —_ eos aon AglePAstAstoay) | 


sinh} ae 
3 (As—A2— oap)t 


ow /d3 (1) 


as [>0, 





1—e-Oztoay)t 
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1 Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 173 (1952). 
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— 0.055 cm 


Fic. 1. External conversion assembly used for observation of 
photoelectrically converted gamma rays. 


where a is the thermal neutron cross section of Ta!” 
and \2 and A; are the decay constants of Ta!® and Ta!® 
respectively. A nine-day irradiation was performed in a 
neutron flux of approximately 2.5X10" neutrons/cm? 
sec. For 112-day Ta!®*, \»=7.1X10-* sec” and for 5.2- 
day Ta!®, }\3;=1.5X10-* sect. When one uses these 
values and the value 1.3X10* barns for oe, the activity 
ratio of Ta!® to Ta? immediately after irradiation is 
found from Eq. (1) to be 


N3A3 1 ow 
=25~-—. (2) 
Node 2 re 


An order of magnitude reduction of either o2 or Y would 
have made observation of the decay of Ta!* difficult. 
But as it was, the high initial activity ratio together 
with the large difference in half-life of the two isotopes 
enabled essentially independent observations of the 
decays of both Ta'* and Ta!*, in that order, using the 
same sources. 


INSTRUMENTS, SOURCES AND METHODS 


Two instruments were employed. One is a curved 
crystal gamma-ray diffraction spectrometer; the other 
is a homogeneous field ring-focusing beta-ray spectrome- 
ter. The tantalum decays provided an excellent oppor- 
tunity to exploit the combined use of these instruments, 
in that good sources could be prepared for both. The 
present results rest strongly on the combination of 
information obtained with them. In particular, precision 
gamma-ray energies obtained with the curved crystal 
spectrometer enabled identification of most of the con- 
version lines observed with the beta-ray spectrometer 
and internal conversion coefficients were obtained from 
the combination of gamma-ray and conversion line 
intensities. 

The gamma-ray spectrometer and techniques for its 
operation have been described in detail elsewhere.! The 
gamma-ray spectrometer requires a line source, short 
compared to the 2-meter focal length of the crystal, 
bisected by and perpendicular to the plane of reflection. 
The actual source was a solid tantalum wire 3 cm long, 
0.028 cm in diameter with a total initial activity of 
approximately 10 curies. The resolution obtained with 

6 DuMond, Kohl, Bogart, Muller, and Wilts, Office of Naval 


Research Special Technical Report, No. 16, March, 1952 (un- 
published). ; é 


this source was only slightly poorer than the limiting 
resolution obtainable with an ideal source. The mini- 
mum wavelength difference resolvable with a crystal 
diffraction spectrometer is a constant, for a particular 
source, so that the energy resolution expressed as a 
fraction of the gamma-ray energy, AE/E, is proportional 
to the gamma-ray energy, E. In this experiment the 
resolution was given by 


AE/E=03EX 10, (3) 


where E is expressed in kev. 

# ‘All of the gamma-ray energies below 900 kev were 
obtained by the usual method of comparing or matching 
line profiles obtained by reflection from opposite sides 
of the crystal planes and were calibrated from the 
W Kay x-ray, a strong line arising from K-conversion in 
the daughter isotopes W'® and W!®. A lower limit of one 
twentieth of the resolution or 10 ev, whichever is larger, 
is believed to be a figure for absolute gamma-ray energy 
uncertainty large enough to include any systematic 
error or uncertainty in the calibrating x-ray energy. 
Counting statistics were sufficiently good so that the 
uncertainties for gamma-ray energies below 900 kev 
listed in the subsequent table are actually this lower 
limit. 

With the observed gamma rays emerging in a direc- 
tion essentially perpendicular to the axis of the wire, 
absorption in the gamma-ray spectrometer source was 
small enough so that observations down to about 30 kev, 
the low-energy limit of the instrument, could be made. 
As well as absorption in the source it was necessary to 
consider other factors, however, notably the reflection 
coefficient of the crystal and efficiency of the gamma-ray 
detecting device (a scintillation counter) in order to 
obtain relative gamma-ray intensities. The variation of 
the overall correction to observed intensities amounted 
to a factor of 10 so that uncertainties in the determina- 
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Fic. 2. Window transmission of the Geiger counter used in the 
beta-ray spectrometer. The counter had a circular, unsupported 
mica end window 3 cm in diameter, 0.7 mg/cm? thick. Electrons 
were incident at 45° to the window normal, resulting in an 
effective thickness of 1.1 mg/cm. 
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Fic. 3. A representative portion of the internal conversion line spectra of W1® and W!* as it appeared shortly after and long 
after the end of neutron irradiation of the source. The presentation was obtained by continuous chart recording of the output of a 
counting rate device. In the later run the beta-ray spectrometer was set for a higher transmission resulting in a resolution some- 


what poorer than that obtained in the earlier run. . 


tion of the foregoing factors resulted in rather large 
uncertainties for the relative gamma-ray intensities. 
Below 110 kev the uncertainty was of the order of 30 
percent; above 110 kev but below 900 kev, 15 percent. 

The beta-ray spectrometer makes use of a nearly 
homogeneous magnetic field provided by a set of coils 
designed to approximate a winding on the surface of a 
prolate spheroid having a constant number of turns per 
unit length along the major axis of the spheroid. With a 
small electron source located on the axis of the spheroid, 
a circular aperture concentric with the axis defines a 
solid angle of acceptance about a coaxial cone with a 
half angle of 45°. A circular resolving slit is located at 
the second order ring focus. An electron counter is 
placed on the axis in the region beyond the resolving 
‘lit where the electron trajectories intersect the axis. 
The 45° acceptance angle results in a maximum solid 
angle of acceptance, for a given resolution, for this type 
of instrument.” The homogeneity of the magnetic field 
permits the use of an absorption-type proton resonance 
system for its measurement and stabilization. 


7J. W. M. DuMond, Rev. Sci. Instr. 20, 160 (1949). 


A disk-shaped source is used in the beta-spectrometer, 
its diameter corresponding to the desired resolution. 
One of the assemblies used for observation of externally, 
or photoelectrically, converted electrons is shown in 
Fig. 1. The gamma-ray source was a tantalum disk 
0.0025 cm thick, 0.1 cm in diameter. The nine-day 
irradiation described above produced an initial activity 
of about 100 millicuries in this disk. The converter used 
for gamma energies below 400 kev was a disk of uranium 
0.5 mg/cm? thick, 0.2 cm in diameter. 

The diameter and thickness of the converter needed 
to obtain a practieal converting efficiency in the presence 
of a high Compton background arising largely from high- 
energy gamma rays in W!® set a limit to the resolution 
of low-energy external conversion lines. Reliable ob- 
servations of relative intensities of low-energy external 
conversion lines could be made for only the five most 
intense gamma rays in the spectrum of W'* above 240- 
kev gamma-ray energy. The relative gamma-ray in- 
tensities deduced from these observations by correction 
for the energy dependence of the photoelectric cross 
section in uranium and the effect of anisotropy of 
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TaBLE I. Data for transitions in W!® and W!®, 








Initial 
and final 
energy 
levels 


y-Tay 
energy -Tay 
(kev) 


Internal conversion coefficients* 
intensity @Li 


Decay> 
fraction 
percent 


@Lit @Liit 





Transitions in W188 


40.97+0.01 11.5 


46.48+0.01 <a 74 


52.59+0.01 
82.92+0.01 
84.70+0.02 


99.07+0.02 
101.94+0.02 
102.49+-0.02 
103.14-0.02 
107.93+0.02 


109.73+0.02 
120.382-0.02 
142.25+-0.03 
144.12+-0.03 
160.530.04 


161.360.04 
162.3320.04 
192.64+0.06 
203.27=0.06 
205.06+0.06 


208.81-0.07 
209.87=-0.07 
244.26+0.09 
246.05+0.09 
291.710.13 


313.0340.15 
354.04-0.2 

365.60-0.2 3.5 
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® These are experimental values except for the atotal in which theoretical values were used whenever significant conversion coefficients were not determined 
experimentally. Experimental M and N shell conversion coefficients from Table II are included in the appropriate atotai. All conversion coefficients are 
normalized by the assumption that the K-conversion coefficient for transition ID, 246.05 kev in W'%, has the theoretical value for an M1 transition. 

b Normalized so that the sum of the decay fractions into the ground state is 100 percent. A decay fraction is proportional to (1+-atotai) times the y-ray 


intensity. 


© These transitions do not appear in the decay scheme proposed for W!® (Fig. 8) although on the basis of half-life they definitely belong to the decay 


of Ta!8, 


4 The L-conversion lines of transitions DB, IF, and EB in W!® formed a strong but unresolved group. A hypothetical composition of the group with 
intensities of the components based on theoretical L-conversion coefficients for the assigned multipolarities produced a group profile closely resembling the 
observed profile. No other multipolarity assignments led to hypothetical profiles resembling the actual one at all. 


electron emission for this converting assembly were in 
agreement with those obtained with the gamma 
spectrometer and have not been listed separately. 

Using a much thicker thorium converter (10 mg/cm’), 
relative intensities between several of the gamma rays 
above 1 Mev in the spectrum of W'® were determined 
with an uncertainty on the order of 15 percent. Normal- 
ization of this group of intensities relative to those for 
the lower energy transitions in W!® was established 
with an auxiliary Nal scintillation crystal spectrometer 
by comparing the intensity of the unresolved group of 
high-energy lines relative to the intensity of the 100.09 
kev gamma-ray (transition BA). 

The sources used for observation of internal con- 
version lines were prepared by evaporation of irradiated 
tantalum on a mica backing. The radioactive tantalum 
was heated to a temperature near but below its melting 
point at about 3000°C. Heating for a few seconds 
sufficed to evaporate a tantalum deposit on a thin sheet 


of mica. Subsequently disks were punched from the 
mica 0.1 cm in diameter. The activity of the sources so 
obtained was on the order of 100 microcuries corre- 
sponding to thicknesses on the order of 50 yg/cm?. This 
figure is consistent with the observation that source 
broadening of the lowest energy conversion line at 28 
kev was small compared to 0.7 percent energy resolu- 
tion. No attempt was made to produce sources with thin 
backings since the large number of conversion lines 
prevented any interpretable study of the shapes of 
continuous beta spectra. 

An end-window Geiger counter was used with a 
circular, unsupported mica window 3 cm in diameter, 
0.7 mg/cm? thick. The window was concentric with the 
spectrometer axis so that the electron trajectories 
entered with an angle of incidence of 45° giving the 
window an effective thickness of about 1.1 mg/cm’. 
Observation of the shape of the continuous beta 
spectrum of Cs” in a preliminary experiment, using 
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TABLE I.—Continued. 








Initial 

and final 
energy 
levels 


y-Tay 
energy 
(kev) 


y-Tay 


Internal conversion coefficients* 
intensity aLi 


Decay» 
fraction 
percent 


Multi- 


Q@Lit @Lill polarity 





Transitions in W!® 


33.36-0.01 Weak 
42.71+0.01 Weak 
65.71+0.01 is 
67.74+0.01 85 
84.67+0.02 


5 
100.09+-0.02 40 
113.66+0.02 rf 
116.40+0.02 i 
152.41+0.03 5 
156.37+0.04 iV 


179.36-£0.05 16 
198.31+0.06 7.5 
222.05-0.07 35 
229.2740.08 , 20 
264,090.10 


927 
960 
1003 
1122 
1155 


1189 
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1454 
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+1 
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0.07 F 1 
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this same counter, and comparison of the result with the 
well known shape of the spectrum® yielded the relative 
transmission curve shown in Fig. 2 which cuts off 
completely at about 25 kev. Essentially the only correc- 
tion applied to observed relative intensities of internal 
conversion lines was that required by this transmission 
curve. Above 50 kev uncertainties for relative intensities 
of conversion lines were of statistical origin and on the 
order of 10 percent for weaker lines. Below 50 kev the 
uncertainty was larger because of the counter trans- 
mission. 

The momentum resolution obtained for internal con- 
version lines was 0.25 percent to 0.35 percent depending 
on the size of the source used. The uncertainty assigned 
to most of the conversion line energies corresponded to 
about 4 of the momentum resolution or 100 ev, whichever 
was larger. This accuracy was sufficient in most cases to 
enable identification of the conversion lines by com- 
parison with precision gamma-ray energies from the 
curved crystal spectrometer. 

For the group of transitions around 1 Mev in the 
spectrum of W!'® the resolution of the gamma-ray 
spectrometer was insufficient to permit good energy 
measurements. The gamma-ray energies given for those 


8 J. S. Osaba, Phys. Rev. 76, 345 (1949). 


transitions are based entirely on high-resolution meas- 
urements of their internal conversion line spectra. 

It should be noted that uncertainties described above 
for both relative intensities and energies are not stand- 
ard deviations. They represent the maximum possible 
errors which it is believed might exist. 


TABLE IT. M- and N-shell internal conversion coefficients for a few 
transitions in W!® and W!8, 








Initial 
and final y-ray 
energy energy 
levels (kev) 


M-shell 
conversion 
coefficient * 


N-shell 
conversion 
coefficient * 


Multi- 
polarity 





Transitions in W!8 
BA 46.48 (I) 0.45 (1) 
CB 52.59 (» 625. @) 

I 


FD 84.70 awe 

CA 99.07 (III) 0.2 (Iand/or III) 
5(I) 0.04 (1) 

0 (1) 


M1 
M1 
M1 

E2 
M1 
M1 


DC 107.93 
IG 144.12 


Transitions in W!® 


KJ 65.71 oes 
FD 67.74 0.014 

HF 84.67 0. 0.15 (1) 

BA 100.09 0.7 (III) 0.2  (Ifand/or III) 


M1+ (£2) 
Fi 
M1+ (£2) 
F2 








Mh aa numeral in parenthesis after conversion coefficient indicates 
subshell. 
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RESULTS 


Data from the beta-ray spectrometer were taken by 
continuous chart recording of the output of a pulse 
integrator. In Fig. 3 is shown a representative portion of 
the original recordings of the spectra of W!* and W!* as 
it appeared 13 and 80 days after the end of the nine-day 
irradiation of the source. In the earlier run the con- 
version lines of W'* are outstanding whereas in the 
later run they are almost completely gone. In the later 
run the beta-ray spectrometer was set for a higher 
transmission resulting in a resolution somewhat poorer 
than that in the earlier run. 

In Table I energies and relative intensities of gamma 
rays and experimental K- and L-shell internal conver- 
sion coefficients are presented for 27 transitions in W'™ 
and 29 transitions in W'*, Values for total conversion 
coefficients are also listed. These, however, contain 
theoretical values*° wherever significant conversion 
coefficients were not determined experimentally. In the 
appropriate cases, experimental M- and N-shell con- 
version coefficients from Table II are also included in 
the atotai. The decay fractions for the transitions are 
proportional to (1+a%otai) times the gamma-ray in- 
tensity and are normalized so that, according to the 
proposed decay schemes (see Figs. 7 and 8), the total 
decay fraction into the ground state is 100 percent. 


KINTERNAL CONVERSION COEFFICIENT 


0.02 


ie) 100 200 300 400 500 
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Fic. 4. Comparison of theoretical (curves) and experimental 
K-shell internal conversion coefficients for H1, £2, and M1 
transitions in W'® (crosses) and W!® (circles). 


( ° Ti Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
1951). 
10 Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 
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Since it was not possible to study the shapes of beta 
spectra because of the large number of conversion lines, 
only end point energies can be given. In the decay of 
Ta'® the principal beta spectrum has an end point 
energy of 61510 kev. Weak spectra of higher energy 
were observed, their combined intensity corresponding 
to less than 5 percent of the total decays. No decomposi- 
tion of these weaker spectra was possible but the end 
point of the most energetic spectrum definitely lies 
below 1 Mev. 

In the decay of Ta!* the principal beta spectrum has 
its end point at 510-10 kev. There is evidence for two 
other spectra of appreciable intensity and lower energy. 
Their end-point energies could not be determined 
with sufficient certainty to be useful because of the 
difficulties of decomposition in the presence of many 
conversion lines. 


NORMALIZATION OF INTERNAL CONVERSION 
COEFFICIENTS 

Up to a common normalization factor the internal 
conversion coefficients are determined by the ratios of 
relative internal conversion line and gamma-ray in- 
tensities. The normalization of the conversion coeffi- 
cients listed in Tables I and II was established by the 
assumption that the K-conversion coefficient for transi- 
tion ID, 246.05 kev in W'* had the theoretical value for 
an M1 transition of that energy. The K/L ratio for 
transition ID is 5.4 and L-conversion takes place almost 
entirely in the JZ subshell, definitely indicating a 
magnetic transition. Since both the K-conversion line 
and the gamma ray are among the stronger lines it is 
highly probable that it is an M1 transition. The only 
likely admixture is £2. If the transition were £2, 
conversion in the Ly; subshell would give rise to a 
resolvable line which, from the theoretical conversion 
coefficient for a transition of this energy, would have an 
expected intensity of 10.2 on the scale used for relative 
conversion line intensities. There was no Ly; contribu- 
tion with an intensity >1.5 which places an upper limit 
of about 15 percent on the possible amount of £2 
admixture. With a ratio of 3.8:1 between the M1 and 
E2 K-conversion coefficients this implies that the 
normalization could be as much as 10 percent too large. 

An independent check of the foregoing normalization 
was made by calculating the absolute value of the 
K-conversion coefficient for one of the transitions in 
W'*® from the ratio of intensities of its internally and 
externally converted K lines, the ratio of strengths of 
sources used for internal and external conversion and 
the converting efficiency of the external conversion as- 
sembly. Transition IC, 354.04 kev afforded the best case 
for applying the check. The absolute value of its 
K-conversion coefficient so obtained was 0.135, in 
reasonable agreement with the value 0.143 based on the 
foregoing normalization. The accuracy of the calculation 
was limited, however, by large uncertainty in the 
calculation of the converting efficiency of the external 
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conversion assembly. For this reason the result could be 
regarded only as a check against gross error and not as 
an accurate basis for normalization. 


MULTIPOLARITY ASSIGNMENTS 


Multipolarity assignments were made largely on the 
basis of the comparison of observed and theoretical®.!° 
K- and L-shell internal conversion coefficients shown in 
Figs. 4-6. In several cases, however, it can be seen that 
the comparison is ambiguous requiring additional argu- 
ments. For example, the arguments used in the case of 
W'!® will be given in detail. 

Except for the 102.49-kev transition all of the ob- 
served K-conversion coefficients for transitions in W!* 
differ by large factors from theoretical values for all 
multipolarities except M1, E2, and E3. Even with large 
uncertainty in the observed coefficients, however, and 
possibilities of admixtures (especially E2 and M1), the 
fact that K/L ratios below 350 kev are much larger, on 
the whole, for magnetic than for electric transitions 
enabled elimination of the £3 possibility for all those 
transitions appearing to be M1 from their K-conversion 
coefficients and for which L-conversion data were also 
available. Transitions DC, IG, IF, EB, HD, ID, HC, 
and IC are examples of this situation. 

Furthermore L-conversion below 350 kev occurs 
almost entirely in the Z; subshell for M1 transitions and 
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almost entirely in the Zy and Ly subshells for E2 
transitions. The low-energy transitions BA and CB are 
not K-converted, of course, but in both cases all three 
L-conversion lines were observed, the Ly lines pre- 
dominating with conversion coefficients consistent with 
theoretical M1 values. On this basis, these two transi- 
tions were interpreted as M1. (Transitions IH and FD 
were assigned multipolarity M1 in the same way but are 
not essential to the ensuing argument.) 

From the proposed decay scheme it may be verified 
that the ten M1 transitions just considered form a 
network connecting all levels of the scheme. Therefore, 
from only this much of the data (but among the more 
reliable parts) one can conclude that there is no parity 
change throughout the scheme. This conclusion elimi- 
nates any further possibility of Z3 transitions being part 
of the scheme. 

On this basis, other transitions for which no L-con- 
version data were available, but which from their 
K-conversion coefficients appeared to be M1 transitions 
were freely identified as such. The same procedure 
applied in the interpretation of the E2-E3 ambiguities. 
In these cases, however, there was also evidence of 
predominant L-conversion in the Ly or Lyi: subshells 
with conversion coefficients consistent with theoretical 
E2 values. Transition IE, 244.26 kev was an exception, 
its L-conversion lines being unresolved with the large Ly 
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line of transition ID, 246.05 kev so that its E2 assign- 
ment could be based only on the K-conversion coeffi- 
cient. 

Only the 102.49-kev transition was assigned other 
than M1 or E2 multipolarity. This transition does not 


appear to be part of the main scheme although on the 
basis of half-life it definitely belongs to the decay of 
Ta'*, Its large K-conversion coefficient is consistent 
with theoretical values for either M2 or E4. Its K/L 
ratio equal to 5.5, however, indicates a magnetic 
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transition so it was assigned M2 multipolarity. From 
this result one would again conclude that the transition 
was not part of the main scheme because of the parity 
change required by an M2 transition. 

For those transitions where the multipolarity has been 
inferred from the decay scheme, there was insufficient 
conversion data to make any assignment. The inferred 
multipolarities are consistent, however, in the sense that 
they result in the prediction of no conversion lines with 
intensities large enough to have been observed, or else 
observable lines so predicted would have been unre- 
solved with much larger lines of other transitions so that 
their existence could not have been verified. 

Similar arguments were used in the case of W'®. 


PROPOSED DECAY SCHEMES AND SPIN 
ASSIGNMENTS 

Proposed decay schemes for W'® and W'* are shown 
in Figs. 7 and 8. The internal ordering of the levels in the 
scheme for W!* depends entirely on energy relationships 
among the transitions and is unambiguous. Relation- 
ships among observed gamma-ray line energies, such as 
CA=CB+BA or IF+-FD=IH-+HD (see Table I and 
Fig. 8), formed the basis from which the level scheme 
was inferred. The chance of accidental relationships of 
this type depends of course on the precision of the 
gamma-ray energies. An analysis, based on the expected 
number of “true” energy relationships compared to the 


expected number of ‘“‘accidental”’ ones, indicated a very 
high statistical significance for the proposed scheme 
(Fig. 8). The ambiguity resulting from the possibility of 
inversion of the whole level system, however, could not 
be removed by means of energy considerations, since no 
beta spectrum with an energy higher than that of the 
main beta spectrum was sufficiently strong to enable 
measurement of its end point energy. But with the pro- 
posed orientation of the scheme there exists the unique 
set of spin assignments shown, starting with a ground 
state spin of 4 (determined spectroscopically),"' which 
satisfies all of the spin change requirements established 
by the multipolarity assignments. With the scheme 
inverted no satisfactory set of spin assignments exists. 

In the case of W!® the internal ordering of seven of the 
group of eight highest levels is also unambiguous and 
based on relationships among the gamma-ray energies 
together with considerations of spin and parity change. 
Level I is very uncertain. The two lowest levels of the 
scheme and their relation to the upper group, including 
the orientation of the whole upper group, are determined 
essentially by energy differences among the high-energy 
transitions. The energies of levels E through K are more 
certain relative to level D than to the ground state since 
their connection to the ground state involves only high- 
energy transitions with rather large uncertainties. With 
the proposed orientation, feeding and bleeding decay 


1G. R. Fowles, Phys. Rev. 78, 744 (1950). 
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fractions for the various levels are in reasonable 
agreement while with the inverse orientation there are 
serious disagreements in this respect. 

The spin assignments for levels B and C are definite 
while that for level D may be questionable because of 
uncertainties in the conversion data for transitions DA 
and DB. For the levels above D there are many possible 
sets of spin assignments compatible with the multi- 
polarities of the transitions. The proposed assignment, 
however, appears to be the most reasonable in terms of 
several interrelated arguments. 

There is supporting evidence from coincidence work 
by Mihelich? that transitions DB, FB, and GB in W'® 
are in coincidence with transition BA while transition 
DA is not. The proposed decay schemes are also con- 
sistent with evidence from Coulomb excitation experi- 
ments” that energy levels about 100 kev above the 
ground states do in fact exist in both W'® and W'® and 
should decay to the ground states by £2 transitions. 
Recent experiments by Huus ¢/ al." confirms the exist- 
ence of the 46-kev level in W'®. It is interesting to note 
that most of the levels of W'® (Fig. 7) can be described 
by the model of collective motion." Such an interpreta- 
tion has been given by Alaga, Alder, Bohr, and 
Mottelson.!® 
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APPENDIX 


A lower limit of 10* barns for the thermal neutron 
cross section of Ta!* was given in a preliminary report. 
This figure was based on a measurement of the ratio of 
intensities of total electron emission from Ta!® and 
Ta!®. It appeared as a lower limit because of assump- 
tions made concerning average conversion properties of 
the two isotopes, at that time unknown. 

From the present results it was possible to make a 
better calculation of this cross section by a different 
method giving the value 1.310‘ barns. The activity 
ratio of Ta!* to Ta'* immediately after irradiation was 


2 McClelland, Mark, and Goodman, Phys. Rev. 93, 904 (1954). 

18 T, Huus ef al. (to be published). 

14 A. Bohr and B. R. Mottelson, Phys. Rev. 90, 717 (1953). 

15 Alaga, Alder, Bohr, and Mottelson, “Intensity rules for 
nuclear data and gamma transitions to rotational states,” Kgl. 
Danske Videnskab. Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 
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Fic. 9. Activity ratio, N3\3/N2d2, of Ta!® to Ta!® calculated 
from Eq. (1) as a function of a2, the thermal neutron cross section 
of Ta!®, for a nine-day irradiation in a flux of 2.510" neutrons/ 
cm? sec. The cross corresponds te the measured value of N3\3/N2)2, 
indicating the value 1.310" barns for oe. 


calculated from the observed intensity ratio of the 
K-conversion line of transition ID, 246.05 kev in W'® 
and the Ly1-conversion line of transition BA, 100.09 kev 
in W'® using experimental decay fractions and internal 
conversion coefficients for these transitions. The relation 
is 

Ns\3 bba Lanm/(1+ar)]ea, (Tx) rp 


Wide Bie Lax/(1i+er) |rp (Trst)ea 


where Ix and Jz111 are the relative intensities of the two 
conversion lines under consideration corrected to the 
time at the end of the irradiation. (Ix)rp/(I x11) pa Was 
15.5. Using decay fractions and internal conversion 
coefficients from Table I, Eq. (4) gives N'3\3/N2\2=25. 
The curve of Fig. 9 gives the value of N3\3/NoA: as a 
function of o2 calculated from Eq. (1) for the nine-day 
irradiation in a thermal neutron flux of 2.510" 
neutrons/cm? sec which was actually performed. Com- 
parison of the calculated and observed activity ratios 
gives the value 1.3X 10 barns for o2 with an uncertainty 
of about +30 percent. 

Using essentially the same method, Mihelich, in an 
earlier report,!® gave an expression for o2 which, 
evaluated with decay fractions from Table I, gives a 
cross section about 20 times that reported here. 


16 J. W. Mihelich, Phys. Rev. 91, 427 (1953). 
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The spin assignment, 9-4—2-0, for the levels of the triple cascade of Pb” has been found consistent with 
angular correlation measurements provided the first and second gamma rays are multipole mixtures. The 
first gamma ray must be £5 with a one percent mixture of M6, and the second gamma ray must be E2 with 
0.5 percent M3. The gyromagnetic ratio of the 2.61077 sec state was measured by angular correlation 
techniques, and the result, g=+0.054+0.005 nuclear units, was obtained. If one assumes the validity of 
the spin 4 assignment for this state, the magnetic moment is 0.22+0.02 nuclear magnetons. 

An attempt to observe time-dependent attenuation of the angular correlation in an HNO; medium gave 
an upper limit of 10 percent attenuation with variation of the delay time from 1.851077 to 5.5X1077 sec. 





INTRODUCTION 


N some cases it is possible to use angular correlation 
techniques to determine the gyromagnetic ratio of 
an excited state of a nucleus which decays through this 
state by the successive emission of nuclear radiations. 
Up to the present time, measurements of this type have 
been restricted to gamma-gamma cascades. For such 
measurements it is necessary that there be an angular 
correlation pattern other than isotropy between a pair 
of gamma rays having one member of the pair before 
and one after the state of interest. Also, present tech- 
niques require that the state of interest have a lifetime 
in the range of 10~* to 10~® sec. The method of measure- 
ment involves studying the angular correlation pattern 
of the gamma rays as a function of a magnetic field 
applied perpendicularly to the plane of the two gamma- 
ray counters. The precession of the pattern depends on 
the gyromagnetic ratio of the intermediate state of the 
gamma-gamma cascade, i.e., on the interaction of the 
applied field with the magnetic moment of this state.!? 
A state of Cd! has been measured at Zurich by this 
method,? and the present authors have reported a 
measurement for an excited state of Ta'®*.4 The existing 
data on 1.1-hour Pb!" with a 2.6X10-" sec inter- 
mediate state indicated that it would be suitable for a 
similar measurement.® During the course of the present 
work a preliminary result for Pb”4” has been published,® 
and a group at the University of Illinois have been 
studying the same isomer.’ 


Apparatus 


The detecting equipment consisted of a pair of 
NalI(Tl) crystals and 5819 photomultiplier tubes. The 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1G. Goertzel, Phys. Rev. 70, 897 (1946). 

2K. Alder, Helv. Phys. Acta 25, 235 (1952). 

3 Aeppli, Albers-Schonberg, Frauenfelder, and Scherrer, Helv. 
Phys. Acta 25, 339 (1952). 

4S. Raboy and V. E. Krohn, Phys. Rev. 95, 1689 (1954). 

5Sunyar, Alburger, Friedlander, Goldhaber, and Scharff- 
Goldhaber, Phys. Rev. 79, 181 (1950). 

6 V. Krohn and S. Raboy, Phys. Rev. 95, 608 (1954). 
oc Lawson, and Jentschke, Phys. Rev. 93, 1126 


signals from the photomultipliers were received by a 
fast-coincidence circuit (10~" sec) acting in parallel with 
pulse-height analyzers (Fig. 1). The outputs from the 
two analyzers together with the output from the fast- 
coincidence circuit were then fed into a relatively slow 
triple-coincidence circuit (~3X10-® sec). The pulse- 
height analyzers could be used as discriminators or as 
analyzers with window widths up to 25 volts in an 
analyzer range of 100 volts. For delayed coincidence 
work, various lengths of 1500-ohm delay-line cable were 
inserted at the appropriate input to the fast-coincidence 
circuit. The resolving time of the system was obtained 
by measurement of chance coincidences at frequent 
intervals during the course of the experiment and was 
found to be independent of counting rate and pulse 
height throughout the ranges used. 

The NalI(T]) crystals were right cylinders, 1.5 inches 
in diameter and 1 inch long, packaged by the Harshaw 
Chemical Company. Lucite light pipes, 5 inches long 
and 1.75 inches in diameter, were used to reduce mag- 
netic field effects on the photomultipliers. The Lucite 
was optically bonded to the NalI(TI) package with 
Dow Corning No. 200 Fluid. The Lucite light pipes and 
photomultipliers were packaged by Moenich.® In order 
to minimize the effect of the magnetic field on the photo- 
multipliers, u4-metal shields were used together with 
three concentric cylinders of soft iron. 

The magnet was made of Armco iron, and fields up 
to 23 000 oersteds were obtained. Conical pole pieces 
with a full angle of 120° and flat ends were used. The 
gap height was 0.25 inch, and the gap diameter was 0.5 
inch. The sources were contained in small teflon holders 
placed in the magnet gap. The holders were cylinders 
with an inner height and diameter of 0.125 inch, and 
the walls were 0.06 inch thick. Lead“collimators were 
used to protect the NaI(TI) crystals from scattered 
radiation and to define the solid angles"which had a 
half-angle of 10°. 

In order to study scattering from the magnet and 
magnetic field effects, control experiments were per- 


8R. K, Swank and J. S. Moenich, Nucleonics 12 No. 8, 41 
(1954). 
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TABLE I. Measurements with Co. 








Integral bias level (kev) 
Counter 1 Counter 2 


510 
575 575 
575 575 


Magnetic field 


(oersteds) W (180°) /W (90°) 


1.125+0.010 
1.154+0.010 
1.148+0.013 





200 0 
0 
19 600 








TABLE II. Measurements with Co®, 








Integral bias level (kev) 
Counter i Counter 2 


510 200 0 
510 200 8400 
200 200 19 600 


Magnetic field 


(oersteds) W (225°) /W (135°) 


0.997+0.011 
1.012+0.023 
0.99 +0.025 











formed with the gamma rays of a Co™ source. The 
intermediate lifetime of this cascade is so short that the 
magnetic field would not be expected to distort the 
angular correlation pattern. The ratio of coincidences at 
180° to the coincidences at 90° was measured for the 
conditions shown in Table I. 

In addition, the ratio of coincidences at 225° to 
coincidences at 135° was studied for different fields. 
These angular positions are symmetrical, and the ratio 
expected is unity. The results are tabulated in Table IT. 

The data of Tables I and II demonstrate the lack of 
magnetic effects on the performance of the apparatus. 
The results of Table I are not corrected for solid angle, 
and the last two measurements are considered consistent 
with existing results*"" for the Co™ cascade. The first 
entry of this table shows the effect of scattering from 
the magnet. 


Pb?" Decay Scheme 


During the course of the present experiment it be- 
came evident that the Pb!" decay scheme which 
appeared in the survey literature was incomplete, and 
evidence for a third gamma ray (899 kev) was reported 
in a previous publication.” The proposed decay scheme 
is presented in Fig. 2. This result has now been con- 
firmed by groups in Stockholm'* and Amsterdam" who 
have reinvestigated the internal conversion spectrum 
of Pb". The energy values in the decay scheme were 
taken from the results of the Amsterdam group,!*> who 
report a precision of +1 kev for each gamma-ray energy. 
The order of the last two gamma rays in the decay 
scheme has not been determined experimentally, but 
there are several arguments in favor of the order given 
in Fig. 2, among which are the following: (1) If Pb™*4 
had a first excited state at 375 kev, one would expect 

® E. L. Brady and M. Deutsch, Phys. Rev. 78, 558 (1950). 

10 J. S. Lawson, Jr. and H. Frauenfelder, Phys. Rev. 91, 649 
OTE. D. Klemaand F. K. McGowan, Phys. Rev. 91, 616 (1953). 

2 V. E. Krohn and S. Raboy, Phys. Rev. 95, 1354 (1954). 

13], Bergstrom et al. (private communication). 

4 Wapstra, Nijgh, and Ornstein (private communication). 

a ne ‘ao Wapstra, Nijgh, and Ornstein, Physica 20, 521 
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the main branch in Tl‘ beta decay to proceed via this 
state,!® but no 375-kev gamma rays have been observed 
in the Tl‘ decay; and (2) Both transitions following 
the 2.6X10~7 sec state of Pb™4 have been identified as 
E2'*-® for which the Weiskopf formula’ predicts that 
the 899-kev transition should be 100 times faster than 
the 375-kev transition which is itself anomalously slow 
by a factor of 10°. 

The spin assignments of Fig. 2 are suggested by the 
internal conversion measurements'*-!® and are con- 
sistent with the angular correlation measurements 
described in the next section. 


Angular Correlation Measurements 


A series of measurements were made to determine the 
anisotropy of the angular correlation patterns of the 
912-375-kev and 912-899-kev gamma-ray cascades. 
For these measurements the Lucite light pipes were not 
used, the resolving time of the apparatus was increased 
to 2.0X10~’ sec, and the half-angle subtended by the 
detectors was increased to 12°. The sources used were 
thallium foils irradiated with 22-Mev deuterons and 
dissolved in concentrated nitric acid. 

In order to select the 912-899-kev cascade, 0.125 inch 
of lead and 0.015 inch of tantalum absorber was used 
on each counter. The analyzers were set to accept pulses 
above 500 kev, and the input to one side of the fast 
coincidence unit was delayed 3.5X10~’ sec. For select- 
ing the 912-375-kev cascade, the lead absorber was 
removed from one counter, this counter’s discriminator 
was set to accept pulses from 290 to 460 kev, and the 
output from the other counter was delayed 3.5107 
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Fic. 2. Proposed decay scheme of Pb™™. 
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sec. With the latter arrangement a small contribution 
from the 912-899-kev cascade is present. This contribu- 
tion can be determined by changing the delay from one 
input to the other as the change does not alter the 
efliciency of the system for detection of the 912-899-kev 
cascade. It was found that 16 percent of the coincidences 
detected came from the 912-899-kev cascade. The 
measurement of the 912-375-kev cascade was corrected 
for the 16 percent contribution of the 912-899-kev 
cascade. After solid angle corrections, the measured 
anisotropies, [W(180°)/W (90°) ]—1, were 0.44+0.02 
for the 912-899-kev cascade and 0.34+0.02 for the 
912-375-kev cascade. 

In order to obtain calculated values in agreement with 
the measured anisotropies it was necessary to consider 
multipole mixing of both the first and second gamma 
rays. The formulas used in the calculation are outlined 
in the following paragraphs. We are indebted to Pro- 
fessor Fritz Coester'® for this extension of the work of 
Biedenharn and Rose.’® 

The A; in the angular correlation formula, 


W (0)=>: A;,P;(cos6), (1) 
are given by 
A,=Aj,(ab) Ax (cb) (2) 
for two successive gamma transitions; and by 


A,=A,(ab) A, (bc) Ax (de) (3) 


for the case where the second gamma ray of a triple 

cascade is not observed. The A;(ab) and A;(dc) are 

given by 

A, (ab) = Fy, (LiLi jojo) +62F.(Lit1 Lit1 jojo) 
+26:Fi.(L1 Lit] jojo), (4) 

and A;(bc) is given by 

A, = LW (joLokje; jojo) +52W (jo Lot+1 kjc3 jojo) ] 

X (2p+1)'(27-+1)4, (5) 
where ja, jo, etc., designate the spins of the nuclear 
states; Li, Lo, etc., indicate the lowest allowed multi- 
polarity of the gamma rays; 41, 52, etc., are the mixing 
parameters of Biedenharn and Rose; and the W’s are 
Racah coefficients. The indices a, b, etc., and 1, 2, etc., 
start at the top of the cascade. Note that 


A, (bc) = A;.(cb). (6) 
The F coefficients of Eq. (4) are identified by 
F,(L L jajr) =F, (L jojo), (7) 
Fy (L L+1 jojo) = (—) 0-471 (27,+-1)! 
X (2L+1)*(2L+3)'G.(Ljaj), (8) 
where the terms on the right involve the F and G 
coefficients of Biedenharn and Rose.’ An extensive 


18 F, Coester, Argonne National Laboratory Report ANL-5316 
(unpublished). 

1 L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 


TABLE III. Values of some F coefficients. 








k=6 


— 0.0037 
0.0647 
0.0412 


k=4 


0.0963 
—0.3997 
—0.2319 


k=2 


—0.5523 
0.1481 
0.2957 





Fy (5594) 
F;, (6694) 
Fy (5694) 








table of F coefficients as defined above is being pre- 
pared at this laboratory,” but for the present calcula- 
tion, values involving spins less than 4 were obtained 
from the tables of Biedenharn and Rose,’ and the 
values indicated in Table III were calculated from the 
formulas of the same authors. 

For 6’s less than unity and the 9-4-2-0 spin assign- 
ment, only one solution gave calculated anisotropies 
equal to the measured values. This was 6:=—0.09 
+0.06 with 6.=—0.07+0.02. The errors indicate the 
range of the 6’s corresponding to the uncertainty in the 
measured anisotropies. 

The expected values of the K shell conversion coeffi- 
cients can be calculated with the mixing parameters 
obtained from the anisotropy measurements. The pure 


TABLE IV. Calculated and experimental values of K conversion 
coefficients and relative intensities of K conversion lines of 
Pb*™m, 








ak (375) 


0.049 
0.040 


ax (912) 


0.063 
0.059 


51 52 Ks15/Koiz Keo0/Koie 


—0.09 -—0.07 0.78 0.11 
0 0 0.69 0.12 





Experiment® 0.75+0.03 0.135 +0.02 








® Preliminary results from reference 14. 


electric- and magnetic-multipole conversion coefficients 
were obtained by interpolation from tables.” The 
expected conversion coefficients were then calculated 
and are given in Table IV together with measurements 
of the Amsterdam group.” 

We conclude that the 9-4-2-0 spin assignment with 
mixing parameters in the neighborhood of 6;= —0.12; 
52=—0.07 is consistent with the existing data. The 
912-kev gamma ray is then E5 with a one percent mix- 
ture of M6, and the 375-kev gamma ray is E2 with a 
one-half percent mixture of M3. The values of the A; 
were calculated for this spin and mixing assignment 
and are presented in Table V. These values for A; 


TABLE V. Calculated values of the angular correlation coefficients 
for the 9-4-2-0 spin assignments and 6;= —0.12; 52= —0.07. 








Gamma-ray 
cascade 
kev Ao Az As Ae 
—0.041 0 
—0.058 0.00004 
0.000 0 





0.271 
0.227 
0.143 


1.013 
1.013 
1.005 


912-899 
912-375 
375-899 








2 M. Ferentz and N. Rosenzweig, Argonne National Laboratory 
Report ANL-5324 (unpublished). 

21 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report ORNL- 1023 (unpublished). 
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correspond to an anisotropy of 0.23 for the 375-899-kev 
cascade, and an experimental measurement of this 
quantity would be worthwhile. This measurement 
is rather difficult with deuteron-irradiated thallium 
sources because of prompt coincidences from Pb”. 
However, either fast neutron irradiation of Pb (sepa- 
rated isotope) or “milking” of a Bi*™* solution® should 
provide better sources. 

It should be noted that the difference in the measured 
anisotropies leads directly to mixing of the second 
gamma of the Pb™™ cascade if the £2 assignment for 
the last two gamma rays is accepted. An extension” of 
a theorem of Weneser and Hamilton* requires that these 
anisotropies be equal if neither of the E2 gamma rays 
is mixed. As the ground state of Pb has spin 0, there 
can be no mixing of the third gamma ray. 


Note added in proof.—The spin schemes, 8-3-2-0 and, 


7-3-2-0, have been considered and found inconsistent 
with the existing data for Pb*™”. 


Gyromagnetic Ratio of the 2.6 X10~’ sec 
State of Pb? 


One method used to measure the gyromagnetic ratio 
of the 2.6X10-7 sec state of Pb” involved measuring 
the ratio of coincidences at 135° to coincidences at 225° 
as a function of the magnetic field. This method has 
the advantage that both the sign and magnitude of g 
are obtained. Counter 1 was biased to count pulses 
above 510 kev while counter 2 was biased to count 
everything above 200 kev. The output from counter 1 
was delayed 3.5X10~7 sec. The NalI(TI) crystal of 
counter 1 was covered with a lead absorber 0.125 inch 
thick and 0.015 inch of tantalum foil. Counter 2 was 
covered with 0.015 inch of tantalum foil. The sources 
were deuteron-irradiated thallium foils dissolved in 
concentrated nitric acid. 

Coincidences were obtained when counter 1 detected 
the 912-kev gamma ray in delayed coincidence with 
either the 899-kev gamma ray or the 375-kev gamma 
ray. A variable magnetic field was applied perpendicu- 
larly to the plane of the two counters. Under these 
circumstances the angular distribution is given by 


W (0,0) = f ” S AgPalcos (0-bt) letras, (9) 


where 7 is the mean life of the intermediate state, f; is 
given by the delay minus the coincidence resolving 
time, ¢2 is the delay plus the resolving time, and w is 
the angular velocity of the Larmor precession and is 
given by 

w=g(e/2Mc)H. (10) 


The ratio, W(135°, w)/W (225°, w), is unity for zero 
field, rises to a maximum, and then falls to values below 


2S. Raboy and V. E. Krohn (to be published). 
%3 J. Weneser and D. R. Hamilton, Phys. Rev. 92, 321 (1953). 
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Fic. 3. W(135°)/W (225°) calculated as a function of w (smooth 
curve) and fitted to the experimental points obtained as a function 
of magnetic field. 
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one (Fig. 3). The return to unity corresponds to a 
rotation of the pattern of approximately 90° during the 
delay time. If the resolving time were negligible, the 
return to unity would correspond to a rotation of ex- 
actly 90°. The resolving time of 1.0 10-7 sec together 
with the exponential decay of the intermediate state 
leads to a smear of various angles of rotation so that 
the oscillations of W (135°, w)/W (225°, w) are rapidly 
damped. 

One can calculate W (135°, w)/W (225°, w) as a func- 
tion of w by using Eq. (9). The solid curve in Fig. 3 is 
the result of such a calculation. The magnetic field 
scale and the w scale were adjusted to obtain a fit of 
the experimental data to the calculated curve in the 
vicinity of the region where the curve returns to unity. 

In calculating the curve, we assumed that the angular 
correlation pattern contains only a P2(cos#) term. The 
asymmetry, i.e., W(180°)/W(90°), measured in the 
presence of the magnet at zero field was used to calcu- 
late an A». This value of Az was used in Eq. (9) to 
calculate W(135°, w)/W (225°, w). It is easily shown 
that the nonzero values of w which give unity for 
W (135°, w)/W (225°, w) are independent of A» and A; 
provided there is no time-dependent attenuation™® of 
the angular correlation pattern. The neglect of A,, 
therefore, does not contribute error to the gyromagnetic 
ratio determination. The coefficients of terms higher 
than P,(cos@) are negligible for the Pb?” decay scheme. 

The measurements made in the presence of the 
magnet are not corrected for solid angle. The entire 
experiment was performed with the same solid angles, 
and proof that the solid angle correction is independent 
of magnetic field is given in the Appendix. 

From the adjustment of the w and H scales of Fig. 3 
we obtain g= +0.055+0.003 nuclear units. 


A. Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953). 
oF Coester, Phys. Rev. 93, 1304 (1954). 
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GYROMAGNETIC RATIO OF AN EXCITED STATE 


An additional measurement was made with the 
irradiated thallium foils dissolved in concentrated sul- 
furic acid. The 912-kev gamma-ray pulse was delayed 
2.4X 10-7 sec. Inasmuch as the magnetic field was not 
adequate to rotate the pattern 90° during this shorter 
delay time, a different measurement was made. The 
ratio of coincidences at 180° and 90° was measured as 
a function of magnetic field. This ratio starts from a 
maximum at zero magnetic field and reaches unity 
vhen the pattern has been rotated 45° during the delay 
time. Figure 4 shows the experimental results. The 
smooth curve is W(180°, w)/W(90°, w) as a function 
of w, calculated from Eq. (9). 

Values of w which give unity for W (180°, w)/W (90°, w) 
are independent of A» and A4, so for purposes of calcu- 
lation, we assumed only a P2(cos@) term and adjusted 
the abscissa scales to get the gyromagnetic ratio. The 
sulfuric acid curve gives g=0.050+0.006 nuclear units, 
which is in good agreement with the value obtained 
with nitric acid. 

The agreement of the values obtained for g with 
different delay conditions indicates that the interaction 
of the magnetic moment of the first excited state of 
Pb%™ with the magnetic field does not make a large 
contribution to the results. The effect of this interaction 
would be determined by the lifetime-and gyromagnetic 
ratio of the first excited state and would be independent 
of the delay (for lifetimes as short as the longest which 
would be reasonable for this state). However, the calcu- 
lated curves of Figs. 3 and 4 require that the observed 
precession be roughly proportional to the delay time if 
consistent values for g are to be obtained. 


Time-Dependent Attenuation of the Angular 
Correlation Pattern 


In the interpretation of the angular correlation data 
and the determination of the gyromagnetic ratio it was 
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Fic. 4. W(180°)/W (90°) calculated as a function of w (smooth 
curve) and fitted to the experimental points obtained as a function 
of magnetic field. 
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Fic. 5. Anisotropy as a function of delay. The results are for an 


unknown combination of the 912-375-kev and 912-899-kev cas- 
cades and are not corrected for solid angles or scattering. 


assumed that there was no time-dependent attenuation 
of the angular correlation pattern.” :?5 Such attenuation 
could cause errors in the spin and mixing assignments 
and in the g-factor determination. For this reason, plus 
interest in the attenuation problem for its own sake, 
an attempt was made to observe time-dependent at- 
tenuation in the nitric acid medium. 

The anisotropy, [W(180°)/W (90°) ]—1, was meas- 
ured as a function of the delay time which was varied 
from 1.85X 1077 to 5.5X 1077 sec. The results are shown 
in Fig. 5. The theory of time-dependent attenuation in 
liquid media**** predicts that each term in the angular 
correlation formulae [e.g., the terms in the sum of 
Eq. (9) ] will be attenuated by a factor of the form 
G,=exp(—Axl). The results of Fig. 5 do not show evi- 
dence of such attenuation, but a ten percent attenuation 
of the anisotropy during the interval of time investi- 
gated would be consistent with the data. If a ten percent 
attenuation were present, it would cause less than one 
percent error in the gyromagnetic ratios measured under 
the conditions of the present experiment. 

From Fig. 5 an anisotropy of 0.289 and, hence, 
A,=0.176 was taken for the calculation of the curves in 
Figs. 3 and 4. These values are uncorrected for solid 
angle and scattering by the magnet and apply for an 
unknown combination of the 912-375-kev and 912-899- 
kev cascades. Hence, they are considered consistent 
with the anisotropy measurements previously reported. 

The Illinois group*® have reported that Pb?” ani- 
sotropies measured in nitric and sulfuric acid did not 
give reproducible results and fell below measurements 
made with metallic melts. We are unable to reconcile 
their results with the absence of attenuation found in 
the present measurements. 

The best value obtained for the gyromagnetic ratio 
of the 2.6X10~7 sec state of Pb?!” is 


g=+0.054+0.005 nuclear units. 


26 Frauenfelder, Lawson, Jentschke, and DePasquali, Phys. 
Rev. 92, 1241 (1953). 
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If the spin of this state is 4, the magnetic moment is 
u=0.22+0.02 nuclear magnetons. 


The uncertainties quoted for the last values of g and u 
include an attempt to allow for systematic errors. 
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APPENDIX 


In order to demonstrate that the solid angle correction 
to the angular correlation expression is independent of 
magnetic field and can be applied to Eq. (9) of the 
text, we start with Eq. (127) of Biedenharn and Rose” 
from which Eq. (9) of the text is derived for the case of 
detectors with negligible solid angle 


4r A. 
Wa=—e*!* mH 
T » 2v+1 


XD V1, 0) ¥*" O2,¢2)e-™et, (Al) 
M=y 


This is the relative probability per unit solid angle 
for emission of a gamma ray with direction 02, ¢2 at 
time ¢ after emission of a gamma ray with direc- 
tion 61, ¢1. 7 is the nuclear lifetime, w is the angular 
velocity of the Larmor precession, and the Y,” are the 
spherical harmonics. The magnetic field direction is 
along the z axis. 

We take the y axis along the axis of crystal 1 and 
define @ as the angle between the two crystals in the 
xy plane. 

With detectors of finite solid angle, the number of 
coincidences observed is proportional to 


Ar A, v 
Wier > ff 
T » 2v+1 M=+ Jo; Joo 


XdQdQ22Y,™ (61,91) V¥>™" (82, p2)e*", ~(A2) 
where dQ; and dQ are elements of solid angle in crystal 1 
and crystal 2, respectively, and the indicated integra- 
tions are over the faces of the crystal detectors. 

Let 8; be the polar angle of the first gamma ray with 
respect to the axis of crystal 1, and a, be the azimuthal 
angle of this gamma ray measured in the surface of 
crystal 1. Let 82 and a» play similar roles for the second 
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gamma ray with respect to crystal 2. We can expand 
the Y,” as follows: 


VY,” (61,91) => Dum” (Ri) Y,™ (81,01), 
M’ 


and 
Y,™ (02,92) = 2 Dum’(R2)V,™"' (B2,02),  (A3) 
mM’ 


where R; is that rotation which brings the initial z axis 
coincident with the axis of crystal 1, i.e., Ri= (0, — 37,0) 
in terms of the Euler angles. R: is the rotation which 
brings the initial z axis into coincidence with the axis of 
crystal 2, ie., Re is (—0,—}32,0). The Day” and 
Dum” are the elements of the vth irreducible repre- 
sentation of the rotation group.”’ 
Substituting (A3) into (A2) we obtain 


Ar a » 
Wi=—e"" > 
» 2v+1 M=» 


r 
Qn Qn Boi Boz 
x f f f f daxdasdprdBs 
0 0 0 0 


X{sinBi singe  Dum?*(Ri)Dum’(R2) 
M’',M’ 


XV," (B1,01)V,"" (Beos)e ot}. (A4) 

The integration over a; reduces the sum over M’ to 
one term, M’=0, and similarly the sum over M” is 
reduced to one term by the integration over az. (A4) 
becomes 


/ 
v 


4r 
Wierd 
T » Qv+1 


X XY Dao*(Ri)Dauv'(Re)e*™*#, (AS) 


M=—» 
where 
Bo1 
A /= A,Ar? f FP (cos@1) sinB,dp1 


0 


Boz 
x f P,(cosBs) sinBadBs. (A6) 
0 


The A; of Eq. (9) are related to the A,’ measured 
with finite solid angle by Eq. (A6) and an arbitrary 
normalization factor. It is evident that the solid angle 
correction factor, A;/A;’, is independent of magnetic 
field, i.e., w, and in fact is the usual correction for 
angular correlation experiments.”* If the detector effi- 
ciencies are functions of 6; and B2, the efficiency func- 
tions appear in Eq. (A6) and the proof still holds. 


27E. Wigner, Gruppentheorie und ihre Anwendung auf die 
Quantenmechanik der Atomspektren (Friedrich Vieweg & Sohn, 
Breunschweig, Germany, 1931), Chap. 15. 

28S, Frankel, Phys. Rev. 83, 673 (1951). 
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The neutron capture cross section of Ta!® was measured by comparing the beta activity of Ta'* with 
that of Ta!® in a sample of tantalum irradiated in the Brookhaven National Laboratory reactor. The beta 
activities were compared by growing a NaI(TI) single crystal containing in it a trace of irradiated Ta and 
using this crystal as a scintillation detector for its internal source. This technique, which we call “internal 
source spectrometry,” allows one to realize a 4m solid angle geometry, ~100 percent efficiency for particles, 
and effectively zero source thickness, and is thus eminently suited to problems in which it is desirable to 
perform a comparison of the intensities of two or more beta activities over periods of time equal to weeks or 
months. A knowledge of the decay scheme is not necessary for this method, provided there are no “delayed” 


internal conversion electrons. 


A value of 47 000+5000 barns was obtained for the capture cross section of Ta!® for pile neutrons. 





INTRODUCTION 


TANTALUM activity of “6-day” half-life result- 

ing from a (7,p) reaction on wolfram was reported 
by Butement! and confirmed by Moses and Martin.? In 
both papers the activity was (tentatively) assigned to 
Ta!®, Muller, Hoyt, Klein, and DuMond,’ studying 
the gamma radiations emitted by a neutron-activated 
Ta!® source, detected a gamma ray of 250-kev energy 
which decayed with a lifetime of 7-10 days and which 
they were not able to identify as a known impurity. It 
was suggested by Mihelich* that this activity could be 
the 6-day Ta'®* formed by successive neutron capture 
in Ta!®! to form Ta!® and then Ta!*, That author 
arrived at an expression for the cross section in terms 
of a ratio 52/53, where 52 represents the fraction of Ta!*® 
decays involving a 100-kev transition, and 63, the 
fraction of Ta!® decays involving a 246-kev transition. 
However, he did not have a value for this ratio at 
the time of publication. DuMond, Hoyt, Marmier, and 
Murray® reported the half-life to be 5.20.1 days and 
they gave a preliminary cross section of o,$10000 
barns determined by measuring §-ray intensities. We 
have made a similar measurement of the cross section 
using a technique developed at this laboratory,® that 
of growing NalI(TI) scintillating crystals containing 
traces of radioactive sources. The comparison of the 
intensities of two 6 spectra may be performed with 
good precision when the source of the @ spectra is 
evenly distributed throughout the detector, since solid 
angles and efficiencies of detection will be fixed and 
close to 100 percent. In this method it does not matter 
whether the beta spectra are complex, but an error 


t Work performed under auspices of the U. S. Atomic Energy 
Commission. 
1F, D. S. Butement, Nature 165, 149 (1950); Proc. Phys. Soc. 
(London) A64, 395 (1951). 
2 A. J. Moses and D. S. Martin, Jr., Phys. Rev. 84, 366 (1951). 
§ Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952). 
4J. W. Mihelich, Phys. Rev. 91, 427 (1953). 
“98s Hoyt, Marmier, and Murray, Phys. Rev. 92, 202 
® Scharff-Goldhaber, der Mateosian, Goldhaber, Johnson, and 
McKeown, Phys. Rev. 83, 480 (1951). 


would be introduced by delayed conversion electrons. 
Such an error is avoided by observing the §-ray spectra 
and correcting for any delayed conversion electron lines, 


EXPERIMENTAL DETAILS AND CALCULATIONS 


Several samples of tantalum (including spectroscopic 
standards obtained from Johnson Matthey and Co., 
Ltd.) were irradiated in the Brookhaven National 
Laboratory nuclear reactor for a period of 11 to 14 
days and a record of the irradiation pattern was kept. 
Minute amounts of the active material and 100 mg of 
thallous iodide were added to twenty grams of Nal 
which had been placed in a glass crucible, attached to a 
forepump, and heated to 700°C under vacuum to drive 
off water of hydration. The crucible was then sealed 
off under vacuum and placed in the growing furnace 
whose temperature was kept at 700°C. Details of the 
method are illustrated in Fig. 1. A crystal of 0.5X0.5 
0.5 cm? was then mounted in a flat-bottomed weigh- 
ing bottle with MgO powder pressed around it to 
reflect light and with DC 200 fluid cementing the crystal 
to the bottom of the weighing bottle. The bottle was 
placed onto a Dumont photomultiplier tube and the 
assembly was made light-tight. 

With one sample a decay curve was taken of total 
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Fic. 1. Apparatus for growing sodium iodide scintillating crys- 
tals. The oven in which the crucible is suspended is shown on the 
right. The synchronous motor is used to lower the crucible in 
the oven at a rate of 0.25 in./hr. At the upper left a crucible is 
shown, while a quick method for mounting crystals in a wide- 
mouthed weighing bottle is shown at the lower left. 
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Fic. 2. Total 8 intensity as a function of time for an 
internal source of Ta!® and Ta!®, 


counts to see what lifetimes were observable in its 
decay (Fig. 2). Within our limits of error the sample 
decayed with only an ~5.3-day activity into a long- 
lived component which we assumed to be the Ta!® 
111-day activity. The ratio of the initial intensities of 
the 5.2-day Ta'® and the 111-day Ta’® activities was 
1.1. This sample had been irradiated 14 days in a 
neutron flux of 3.0 10" cm™ sec“. 

A second sample was prepared in the above fashion 
and the 6-spectra of Ta!® and Ta!* were plotted with 
the help of an Atomic Instrument Company single- 
channel pulse-height analyzer. No delayed conversion 
electrons were seen superimposed upon the beta spectra. 
Repeat runs were made once a week until no further 
decay was observed (Fig. 3). External sources of Cs!’ 
were utilized for energy calibrations and the detection 
of drift or changing conditions. With the help of a 
planimeter the areas under the largest and smallest 
curves were measured. The fraction of Ta!® was ob- 
tained by subtracting the area representing the long- 
lived Ta!® (corrected for decay) from the initial area, 
representing the addition of the two activities. After 
correcting the areas back to the time irradiation ceased, 
the Ta!**/Ta!® activity ratio for that time was deter- 
mined to be 0.67. This sample had been irradiated 10 
days in a neutron flux equal to 2.6 10" cm™~ sec". 

An expression for the activation cross section of 
Ta'® in terms of the above quantities can be readily 
obtained by successive solution of the “growth” equa- 
tion describing the rate of formation of radioactive 
isotopes in a reactor. If Ni, No, N3 represent the number 
of atoms of Ta!*!, Ta!®, and Ta!* respectively, ¢ repre- 


sents the flux in the reactor, and o; and ae represent 
the capture cross section for pile neutrons in Ta!*®! and 
Ta!®, then the rate at which Ta!® is formed when 
Ta'*! is inserted into the reactor is given by 


dN>2/ a= Nido — Aol 9 — goo2N>. 
The rate at which Ta!® is formed is given by 
dN;/dt= Nopo2— A3WV3. 


By dividing the solution of one equation into that of 
the other, one obtains 


G YI 
o2> _ 


where Az and Xz; are the decay constants of Ta!® and 
Ta'® respectively, and \’=)2+o2¢. One notices that o, 
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Fic. 3. Decay of the 8 spectra observed in an internal source of 
Ta!® and Ta!®. The data were taken on successive weeks. 


does not appear in this expression. The known pa- 
rameters were substituted in this equation for the two 
runs and values of 49000 and 45000 barns were ob- 
tained for o2. To allow for unknown and systematic 
errors we place a 10 percent error on our final value, 
giving 47 000-5000 barns for the capture cross section 
for pile neutrons in Ta!®, 
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Geometrical Corrections in Angular Correlation Measurements* 
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(Received July 29, 1954; revised manuscript received November 1, 1954) 


It is shown that given a point-point angular correlation of the form W (@)=2Z: a:P:(cos0), the experi- 
mentally measured angular correlation using finite-sized detectors of arbitrary shape and efficiency distri- 
butions is given by W (6) =Zit-mm: a1bimCim' Smm'""’ Pv (cos@), where bim and cim are the Legendre coefficients 
describing the efficiency functions of the detectors, and gmm-'!’ are numerical coefficients. An extensive table 
of these latter coefficients, sufficient for most applications, is included. The manner in which detector sym- 
metries of various types affect the form of the measured angular correlation is discussed; in particular it is 
shown that if the efficiency function of both counters is invariant to reflection about both horizontal and 
vertical axes, the measured angular correlation will contain no P;’s of higher order than the P; of highest 
order appearing in the point-point correlation. The above formula for the measured angular correlation is 
also shown to apply if an axially-extended source instead of a point source is used, the detector coefficients 
simply being replaced by a new set of suitably averaged coefficients. Tables of correction factors to fourth 
order in detector and axial source size are included for the special cases of rectangular and circular detectors 


of constant efficiency. 





. 


I. INTRODUCTION 


UCLEAR measurement techniques have in the 
past few years increased in accuracy and as a 
result the need for precise means of correcting angular 
measurements for the finite size of both source and 
detector has grown. In addition a knowledge of these 
corrections allows the use of ‘“‘poor geometry” experi- 
ments with a resulting decrease in experiment time but 
without an attendant loss in measurement accuracy. 
The efficiency of detection, E, of the most general 
detector is both a function of the coordinates (6,¢), 
which locate a point on the surface of the detector, 
and (6,¢) which specify the angle of incidence of the 
radiation at this point. Gamma-ray detectors of arbi- 
trary dimensions may be described in this manner. The 
efficiency of charged particle detectors, however, can 
usually be made to be independent of the angle of 
incidence of the radiation and are therefore only func- 
tions of (8,¢). Such detectors we shall denote as inci- 
dence independent detectors. If we choose to describe 
a gamma ray detector with a point source of radiation 
at the center of the coordinate system defining the 
angles 0, ¢ we will have 6=6, g= @. Thus for incidence- 
dependent detectors, with this restriction, and for all 
incidence-independent detectors we may write 


1\3 
) GimY 1"(8,¢) 
(arbitrary detector). 


21+ 
E@e)=2 ( P 


(1) 


For the special case where the efficiency does not depend 
on the azimuthal angle, ¢, 


21 


+ 2/+1 
OF 


1\3 
) ayo ° (8) >= » a1P1(cos@) 
tl 4 


(2) 


* This work has been supported in part by the Office of Naval 
Research and the Office of Ordnance Research. 


(y-symmetric detector). 


The special case of an incidence independent detector 
with constant efficiency over the detector surface we de- 
note as the constant efficiency detector. Most charged- 
particle detectors are of this type. 

Walter et al.! have treated the effects of certain con- 
stant-efficiency detectors to a first approximation in the 
detector solid angle. The g-symmetric detector has 
been treated exactly by Frankel? in terms of an arbitrary 
efficiency function. Rose* has calculated theoretically 
the efficiency function to be expected in the case of an 
unshielded right circular scintillator exposed to gamma 
rays. His efficiency function formula has been tested 
experimentally by Klema and McGowan.‘ In many 
experimental arrangements, however, it is necessary to 
obtain the efficiency functions of the detector by a 
direct experimental measurement. Experimental prob- 
lems that arise in determining E(@) for gamma rays 
have been discussed by Church and Kraushaar,°® 
Steffen,® and Lawson and Frauenfelder.’ 

In the present paper we shall assume that the effi- 
ciency functions of the detectors are known and are of 
the general form given by Eq. (1). In Sec. ITI the effect 
of such detectors, when used with a centered point 
source of radiation, is calculated exactly. The manner 
in which detector symmetries of various types affect 
the form of the measured angular correlation is dis- 
cussed in Sec. III. In Sec. IV the case of an extended 
line source of radiation used in conjunction with arbi- 
trary detectors is solved by showing that it is equivalent 
to the point source situation provided the efficiency 
function of the detectors are replaced by suitably 
modified functions. The proper functions to use for the 


1 Walter, Huber, and Zunti, Helv. Phys. Acta 23, 697 (1950). 
2S. Frankel, Phys. Rev. 83, 673 (1951). 
3M. E. Rose, Phys. Rev. 91, 610 (1953). 
95) D. Klema and F. K. McGowan, Phys. Rev. 92, 1469 
1 
5 E. L. Church and J. J. Kraushaar, Phys. Rev. 88, 419 (1952). 
® R. Steffen, Phys. Rev. 91, 443 (1953). 
1983). Lawson, Jr. and H. Frauenfelder, Phys. Rev. 91, 649 
953). 
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two important cases of circular and rectangular de- 
tectors of constant efficiency are then found explicitly. 
These latter results are an extension of the results pre- 
viously obtained by Walter ef al.! and by Frauenfelder.® 


Il. ARBITRARY DETECTORS WITH POINT SOURCE 


We consider two finite arbitrary detectors 1 and 2 
where detector 1 is sensitive to radiation 5 and detector 2 
is sensitive to radiation c. (The requirement that each 
counter be sensitive to only one radiation is easily 
removed by proper weighting.’) 

We wish to find the experimental angular correlation, 


2l+1 


hiP l (cos6), 
4a 


W() =2 (3) 


when the true point-point correlation is 


21+1 
aiP; (cos6’) . 
4a 


W@)=r (4) 


We assume the efficiency functions of the detectors to 
their respective radiations are expressed in a series of 
Y,"’s in a coordinate system whose origin is a point 
source of radiation. This origin and a fixed point on 
each detector determine the Z; and Z: axes as shown 
in Fig. 1. We let 


Ex (61, ¢1)= 


lm! 


2I’+1\ 3 
( ) bum Vu™ (61,91); 
4a . 


(= 


Tv 


3 
E.2(02,¢2)= Do ) Curm Y v™" (00,2). 
I 


, 
tm! 


The experimental correlation will then be 


W (6)= Sf Ex: (01,91) W (0) E.2(82, ¢2)dQ1dQ». 





Fic. 1. Angular correlation geometry. 
8H. Frauenfelder, Ann. Rev. Nuc. Sci. 2, 129 (1953). 
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We may express P;(cos6’) via the addition theorem! in 
terms of 0;, g: and 62’, gs’ (see Fig. 1): 


P,(cos6’) => Y."* (61,91) V1" (02',¢2"). (7) 


2i+1 


We may also express Y;™”’ (62,2) in terms of 62’, go’ by 
a rotation of the coordinate system through the angle @: 


fad (02, $2) =t > Darme” (0,0,0) Yun (02’, ¢2') 

=)>> dnt m* (8) Vy” (09', 92’), (8) 
where the D’s are the representation coefficients” of the 
rotation group corresponding to the rotation through 
the Eulerian angles 0, 6, 0 which rotates the coordinate 


frame of detector 1 into coincidence with the coordinate 
frame of detector 2. From 6, 7, and 8 we obtain 


[(20’+-1) (27’+-1) }! 
Ar 


vv’ 


W@O=2 2 


Um! U'm"' Inn’ 





Kab mCvim dn m 
x fo" Gred¥ Gerda, 
xf Yom GeV ier ,ex)d. 0) 
The Y,™ used here satisfy the orthonormality relation: 


f (V1")*¥y™ dQ=b bm. (10) 


Also 
Eat tr". (11) 


Thus (9) becomes 


+4 
WO)= XZ (—1)™"——adbimcim’dm, m8). 


Imm!’ T 


(12) 


The remaining problem is to resolve the dimm'(8) into 
P;(cos). We let 


U 


+1 
dmm’* (0) = >> ——2mm'"" Py (cosé), (13) 
O)=Z Bent Pe cost 


so that 
21 


Sam! = 


+1 ft 
“a f ; dmm''(0) Pv (cosé)d(cos#). (14) 


® We shall use throughout the normalization and phase con- 
vention as given by E. U. Condon and G. Shortley, Theory 
of Atomic Spectra (Cambridge University Press, London, 1935). 

10 E. Wigner, Gruppentheorie (Friedrich Vieweg & Sohn, Braun- 
schweig, Germany, 1931); G. Goertzel, Phys. Rev. 70, 897 (1946); 
G. Racah, Phys. Rev. 84, 910 (1951). The definition of D used 
here follows Goertzel and Racah and differs from Wigner’s D in 
that Dmm'= D_m,—m’. For the definition and properties of D see 
the Appendix. 
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TABLE I. gmm/?’ for 1<6; m, m’ even. 








Qmmett!” 


Wmn! 


Qmmett” 





1 

—1/ (3/10) 
3/10 
3/4/10 
9/10 
if. 
(9/7)/10 

9/5 

—3/5 

5/126 
13/24/105 
13/21 

(13/5)V (2/7) 
(26/7)4/ (2/15) 
26/21 

(13/10)/ (33/7) 
(13/7)4/ (11/5) 
(13/7)/ (11/6) 
13/7 


—221/420 
—13/144/30 
13/42 


(3/7)/10 
6/5 

3/710 
—3/ (2/35) 


—9/10/7 
18/35 


—13/21 
(—13/10)+/ (11/21) 


 Pewedaleainies 
65/84 

—13/210 
(221/84)4/ (2/15) 
2/9 

(—13/42)4/ (11/5) 
(—13/42)4/ (11/6) 
13/42 

a ee 


6542 
6544 
6562 
6564 
6566 
6600 


6620 
6622 


121/210 
11/4/70 


1 

—+v (10/21) 
(1/3)/ (5/14) 
—5/21/3 


65/84 

— 65/21/30 

26/63 

(13/84)4/ (5/11) 
(—13/126)/ (6/11) 
13/924 

1 

(—1/2)4/(15/7) 
15/28 


1//14 
— (1/28)4/30 
1/14 


(13/28)4/(11/5) 6422 
(13/14)4/(11/6) 6440 
39/28 6442 
13/2/105 6444 


143/420 6460 
(13/10)/(2/7) 6462 


(—26/15)/ (2/7) —1/24/231 
—13/424/30 (1/28)4/ (5/11) 
1/144/66 


52/63 
(13/10)4/ (3/77) 1/924 
13/424/55 








Thus the final coefficient in the experimentally obtained 
angular correlation will be 


h= > © (— 1) "ayy mCv m'Z—m, m'"! 


mm’ 
, , ’ 
os , (—1)™+m +1+1 AybymCvm'&mm' L 
Umm’ 


(15) 


The latter form is obtained by the use of (16). The 
problem of correction therefore reduces to evaluating 
the gmm’""’. Below are listed some of the more important 
properties of the gmm/'”’, and a useful recursion relation- 
ship. The derivation of these formulas appears in the 
Appendix. 


, , , , 

mm tt =g_m',—mi! _ (— 1)™+m Sm' mit 
ee ee Ne a ig 
= ( 1) ‘i Fg n,m! ’ 


S00” =Siv 5 Bmo"’ = gom'!’ =0 for (I+-l’+-m) odd, 


Smm'"” =0 for l’/>1 and (m+m’) even, (16) 


w= > att ay! 0| Lm) (Ul'm'0|Lm')gmm™. (17) 
8mm" = 2, —— (Wm m m it haw! 
L 2L+1 


Table I gives exact values of gm!” up to 1=6 for m 
and m’ even. (The case m and m’ even is the only case 
of practical importance.) 

The final expression (15) for arbitrary detectors 
shows that g-dependent detectors mix the a; which 
appear in the point-point angular correlation. If one 
uses g-symmetric detectors, m and m’ are zero, and 


from (16) we obtain the well-known result? 


hy= aybicy. (18) 


If there is g-symmetric scattering present in the source 
and the scattering distributions have the coefficients k, 
and j; the point-point correlation will be? a;’=4a;k;j1. 
The experimental angular correlation will therefore be 
given by 


4 , . , 
h= ze (— 1) leita ayRyjubymevm Smm" . 


l’mm’ 


(19) 


Church and Kraushaar® have shown that if one uses a 
source of annihilation radiation and g-symmetric de- 
tectors the angular correlation that results is just 
hi= b,c). This follows from (18) if one makes use of the 
fact that the coefficients a; in the expansion of the 
annihilation distribution, 59,, are unity. This method 
is useful provided the energies of the gamma rays in 
the angular correlation measurement are close to that 
of annihilation quanta. It is clear from the mixing of 
coefficients in (15) that the annihilation method of 
determining correction factors experimentally cannot 
be used with arbitrary detectors. 


Ill. EFFECTS OF SPECIAL DETECTOR SYMMETRIES 


We first consider how special detector symmetries 
are evidenced in the bm. We may then determine the 
effect of special detector symmetries on the angular 
correlations, We define the following types of detector 
characteristics : 


(A) Horizontal symmetry.—The detector is invari- 
ant to a reflection about the g=0°, 180° line, i.e., 
E(6,¢)=E(6, —¢). 

(B) Vertical symmetry.—The detector is invariant 
to a reflection about the g=90°, 270° line, i.e., 
E(6,¢)=E(6, ™—¢). 

(C) Inversion symmetry.—The detector is invariant 
to inversion through the origin, i.e., E(0,¢) = E(0, r+ ¢). 

(D) Double symmetry.—The detector satisfies both 
(A) and (B); this is a special case of (C). 

(E) g-symmetry.—The detector is invariant to an 
arbitrary rotation about the Z axis. 


In Table II we list the general properties of these 
detectors. In all cases E(0,¢) real requires 


bin = (— 1)™b;, wee. 


TABLE II. Characteristics of detectors of various symmetries. 








Conditions on bim 


bim=bim*; bim= (— 1), -m 
im>= 01, —m 

bim=0 for m odd 

bim=0 for m odd; bim=bim* 

bimn=0 for m¥0 


Detector 





Horizontal symmetry 
Vertical symmetry 
Inversion symmetry 
Double symmetry 
¢g-symmetry 
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TABLE III. Characteristics of experimental angular correlations.* 








Hori- 
zontal Vertical Inversion 
sym- sym- sym- 
metry metry metry 


Double 
sym- 
metry 


¢g-sym- 
metry 





Horizontal symmetry 
Vertical symmetry 
Inversion symmetry 
Double symmetry 
¢g-symmetry 








® Legend: a denotes no /'s in experimental correlation other than those 
appearing in true point-point correlation. 8 denotes no /’s in experimental 
correlation higher than those appearing in true point-point correlation. 
denotes no odd / in experimental correlation if none appear in true corre- 
lation. 6 denotes no special properties such as a, 8, y. 


In Table III the effect of various detector symmetries 
on experimental correlations is tabulated. These results 
follow immediately from the special form of the b;, for 
special detector symmetries as given in Table II to- 
gether with the symmetry properties of the gmm/'’ as 
given in Eq. (16). Note that the bottom row of 
Table III, relating to one detector being g-symmetric, 
can also be used for the case of an angular distribution 
measurement where one scatters a narrow collimated 
beam off a target into a detector. In this case the initial 
source of the beam acts like a point detector (¢y-sym- 
metric with b;= 1) of an angular correlation experiment. 


IV. ARBITRARY DETECTOR WITH AXIAL SOURCE 


In many angular correlation measurements source 
dimensions are not many orders of magnitude smaller 
than detector dimensions and it becomes necessary to 
introduce additional corrections to the data. The 


Fic. 2. (a) Geometry for transformation 6, gx’, 9’, ro. 
(b) Geometry for transformation 0, g—p, , ro. 
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parameters specifying the corrections are €0/2r) and 
a/2ro, where €o is the source size and a the detector size, 
ro being the source-detector separation. Source and de- 
tector corrections are independent to second order in 
these parameters but mixing occurs in the fourth order 
terms. 

By the use of the results of Sec. II, however, it is 
possible to calculate an exact correction for an “axial” 
source. An axial source is a line source located at the 
origin and oriented perpendicular to the plane of rota- 
tion employed in the angular correlation measurement. 
While this source geometry is not a practical one, the 
fact that the correction is exact is quite valuable. Source 
geometry is usually at one’s disposal. By making the 
source a long thin cylinder the off-axis corrections can 
be reduced at the expense of the axial correction. Since 
off-axis corrections are available to second order! and 
since to this order the off-axis, axial, and detector cor- 
rections are independent, corrections to almost any 
desired accuracy can be obtained by the procedure of 
suitably choosing the diameter of the cylindrical source. 

To calculate the axial source correction we need only 
note that a displacement of the source above the plane 
of rotation is equivalent to an equal displacement of the 
detector below the plane of rotation. If the center of 
the detector is now defined as the original point in the 
plane of rotation it is clear that the 0;,,’s of the detector 
have changed. The angle @ employed in Sec. IT has not 
changed. The new 67», resulting from this displacement, 
e’, of the center of the detector we call bim(e’). If the 
source is placed symmetrically about the plane of 
rotation," is of length €, and has the density of activity 
n(e’), we have 


+e0/2 +€0/2 
bin(e’\n(¢")del 7 f n(é)de. 


—e9/2 €0/2 


bim(€o) = (20) 


The new bjm(eo) contain both source and counter 
corrections and are to be used in Eq. (17). 

The determination of bim(e’) for an incidence de- 
pendent detector is in general a difficult problem. It can 
of course be done experimentally by two dimensional 
scanning of the detector with a narrow collimated beam 
for various displacements ¢’ of the detector. Alternately 
one might consider applying the analytical method of 
Rose? to the displaced right circular scintillator. How- 
ever, the analysis would be complicated since the dis- 
placed scintillator and consequently its edge effects 
would be no longer g-symmetric. 

For an incidence independent detector the analysis is 
much simpler, in principle, since the change in its efhi- 
ciency distribution is simply due to the change in 

Jt is important to point out that where sources having re- 
flection symmetries are employed the first order terms in the 
source correction are zero. Displacements of the source from its 
true origin, however, introduce first order corrections (see refer- 
ence 1). Thus a point source displaced a distance d from the origin 


results in larger errors than a source of dimensions d properly 
located. 





aspec 
sourc 
undis 
tecto: 
what 
bim(€ 
circul 
bim(€ 
the 4 
densi 
tions 
(29), 
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aspect of its surface as seen from the centered point 
source. Thus bim(e’) is determined completely by the 
undisplaced values of the b;m and the shape of the de- 
tector surface (which will be assumed to be flat in 
what follows). Two cases of practical interest where 
bim(€o) can be readily calculated are the rectangular and 
circular detectors of constant efficiency. The values of 
bim(€o) for these two cases are calculated below under 
the assumption that the axial source has a uniform 
density of activity, m(e’)=constant, though other situa- 
tions may be handled with equal ease [see Eqs. (28), 
(29), and (30) ]. 


A. Axial Source Corrections for Rectangular 
Detectors 
From (5), 


4r \i 
a : 7m ’ q d q 
bi SS | V"0,¢)E(,¢)d2. (21) 


We transform (21) to Cartesian coordinates at the 
center of the detector to obtain 


4r \? 1 a 
in(=( ) —{ ay f de 
Bal wits Es 


V(x, y—e)E(x,9) 


22 
ce to—oe 





where x= x'/19, y='/ro, e=€'/10, B=b/2ro, and a=a/2ro. 
The pertinent quantities are shown in Fig. 2(a). Thus 


dr ' 4 + (B+) +a 
bim(c,B, €0) — ( ) J dy" f dx 
21+1 Tr o7€o —(B+e) —a 


it ae (x,y")E (x, y+ €) 
[1+a%+y""} 





» (23) 


with y’=y—e. For the constant efficiency detector, 
E(«,y)=1; and defining y= 0/270, we obtain 


ab 
bo=—{ 1+-file?+p?+77] 
r 
+ folat+ 8+ y+ (10/3)8%2] 
+g20°[8?+7"]}}, 


ab 
be= aa Iyla?— (6°?+7?) ] 
. +heLat— (84-+-y!+ (10/3)6%y2) J}, 


ab 
bu= —Afelat Bt yt+ (10/3)6?y*] 
To 
+g20"[8?+-7"]}}. 
The values of the coefficients of the above expansion 


are given in Table IV. By judicious choice of y? the 
second order term in bj. may be made zero. With this 


(24) 
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TABLE IV. Rectangular detector correlation coefficients. 








A te hi he 





3/8 (1/12)/6 —(1/8)/6 

5/8 (1/12)4/30 — (3/20)./30 

9/8 (3/12)4/10 — (11/20)4/10 
21/10 (1/12)4/210 — (9/40)4/210 
30/8 (1/6)/105 — (11/20)/105 

= 51/8 


207/20 3/2 
= (1/80)4/70 —(1/24)./70 
(3/80)/70 —(1/80)./70 
oe (3/16)/14. —(5/8)/14 


—2/3 
1 








choice the coefficient of 42 becomes (4/3)6*y*. Note that 
the bin(a,B,y) are obtainable from the bim(a,8,0) by 
replacing 6? by (6?+y”) and 64 by [84+y4+ (10/3)6*y7]. 


B. Axial Source Corrections for Circular 
Detectors 


We transform to polar coordinates on the face of the 
detector as shown in Fig. 2(b). 


ar } €0/2 a Qr \ 
balan) =(——-) j ae f rir f dws 
2i+1 —e9/2 0 0 
Y ,"(r,w,¢)E (rw) 


, 
[1+r?+ e?+ -2re sinw |} - 





where a=a/2ro, r=p/ro, e=€'/ro, and y=€/2r. For 
the special case E(r,w)=1 it is easy to show that 
bio(a,y) can be obtained from the b,o(a,0) by replacing a? 
by (a+3y7’) and at by (a*+3y4+2a"7’). The exact 
bio(a,0) is just 


i) 
bio (a,0) = 27 f P;(cos) sin6dé 
0 
P141(00) — Pr-1 (0) 
+1 


(26) 





This expression has been expanded in powers of a” to 
obtain byo(a,y) using the above replacements. Since 
bim(a,0)=0, Eq. (25) must be used to obtain bim(a,7). 
For the circular detector 


bo=ma*{1+F i[a?+3y?]+Folat+3y4+ 2077’ }}, 
bim= ma*{ Ayy?+J vy*+J2077’}. 


The pertinent coefficients are listed in Table V. 
It is not necessary to restrict these calculations to 
constant efficiency detectors provided they are ¢-sym- 


(27) 


TABLE V. Circular detector correction coefficients. 








i ai Je 


— (1/12)/6 (1/8)/6 (5/16)4/6 
— (1/12)4/30 (1/4)4/30 (3/8)4/30 
— (1/4) /10 (11/20)/10 (11/8)/10 
0 (1/8)/70 0 
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metric. If E(r) is the detector efficiency for a circular 
detector, we make the following replacements. In the 
mo?-coefficient in (27), 


2r fr” 
Trae = — 1] E(r)rdr. (28) 
ro’ Jo 


In the power series we make the replacements: 


hie, ; recerar | [ E(r)rdr, (29) 


ro" 9 


3 


of=— 


ro Yo 


” AE yrdr / f “ E(rdr. (30) 


Note that for a circular gamma-ray detector 
E=E(rw), i.e., it is incident-angle dependent and the 
above results cannot be used. The error should however 
be of fourth order in ¢. 

ACKNOWLEDGMENTS 
The authors wish to thank Mr. Herman E. Saffran 
for his aid in computing the tables of gmm!” and bim. 
APPENDIX 
Properties of Dmmm'(0,6,0) 
According to Wigner,’ page 180, we have 


Dinm*(0,0,0) =dmm'(0) =>. (—15* 
k 





¥ [(l+-m) !(l—m) !(I+-m’) \(l—m’) 1} 
(l+-m—k)!(l—m'—k)!k!\(k—m+m’)! 


X [cos (0/2) ]?-™’+™—24['sin (9/2) ]*-™*™’,  (A1) 


where the integral summation index & runs from the 
larger of the values 0 and (m—~m’) to the smaller of 
the values (/+-m) and (l—m’). We restrict ourselves to 
the case J, m, m’ integral. 

From the form of the definition of d it follows immedi- 


ately that 
d_ny,—m'(0) = dun, w*(0). 
Also by the substitution k=k’+-m—wm’, it follows that 
d_m,—m’*= (—1)”—"dinm’!(0)=dmim'(8); — (A3) 


(A2) 


and by the substitution k=/+-m—R’, 


Om, m’' (0) = (— 1)? dim! (r—8). (A4) 
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We also have the relations (Racah) :! 
doo! (0) = P:(cos6), 
(AS) 


4n \3 
dmo' (8) = (- 1)™dom' (0) = (=) Y,"(6,0). 


Properties of gmm'!” 

From the definition of gmm’ [Eq. (14)] and the 
aforementioned symmetry properties of dmm'(6), it fol- 
lows that 
Lm? = Bayt, tl = (— 1)" garg tt 


=(—1)™ mg yell’, 
The relation 


mmr = (—1)H tm, gl 


(A6) 
(A7) 


follows from (A4) and the definition of gmm-!’ upon 
noting that P;(cos6) is an even or odd function of cos# 
when / is even or odd respectively. The relation 


&mo'"’ = gom'’ =0 for (1+1'+m) odd (A8) 


follows from (A5) and the even or odd character of 
| 1(cos@). 
To prove 


Smm'""’ =0 if l’>1, (m+m’) even, (A9) 


we note that if m-+-m’ is even, then dmm'(@) will con- 
sist of a sum of integral positive powers of cos0, the 
highest power occurring being cos'#@. Therefore the ex- 
pansion of dmm'(8) into Py (cos@)’s will contain /’=/ as 
the largest possible value of /’. 

The recursion relation 


+1 
Smm? => ——(Il'm0| Lm) (Ul'm'0| Lm’) gmm (A10) 
L 2L+1 


may be derived as follows. We have 


al+1 et 
| Pe ce dmm’ . (8)doo"” (0)d(cosé), 
-1 


by Eq. (A5) and the definition of g. But from Eq. (16b) 
of Wigner,” page 204, we have 


(Alt) 


v 


[+0 | 
dmm'*(B)doo" (0)= SY)  (Ul’m0| Lm) 

L=|I-V’| 
X (l'm'0| Lm’) dim (8), (A12) 


where (Il’m0| Lm) is a Clebsch-Gordan (Wigner) coeffi- 
cient. Substituting (A12) into (A11), we obtain (A10). 
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The beta spectrum of Ce"! has been examined with an intermediate-image spectrometer adapted for 
coincidence measurements. The beta decay was found to be complex with two beta groups of maximal 
energies 574+3 kev and 4322 kev. The data obtained indicated the presence of a single gamma ray, with 
an energy of 144.9+0.7 kev. Coincidence measurements inferred that the gamma ray was in coincidence 
with the lower-energy beta group. Gamma-ray spectra obtained with a scintillation spectrometer and a 
thin-lens spectrometer indicated that only one gamma ray is present in Ce. Transitions ascribed to higher- 
and lower-energy beta groups are AJ = —1, “yes” and AJ =0, “yes,” respectively. The gamma ray is probably 
magnetic dipole radiation. An f7/2 state, with odd parity, is assigned to the ground state of Ce™!; a g7/z state, 
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with even parity, is assigned to the first excited state of Pr’), 





N intermediate-image spectrometer! was used to 
‘& obtain coincidence and total beta spectra. In 
addition, a photoelectron spectrum was obtained by 
means of a thin-lens spectrometer.? The sources were 
prepared from 500 mg of Ce metal which had been 
bombarded by neutrons in the Argonne National 
Laboratory pile for approximately two months. The 
Ce metal was kindly supplied by Dr. F. H. Spedding 
and Mr. David Dennison of this laboratory. The Cel 
was allowed to decay for about ten half-lives to Pri 
which was then separated from the cerium. A Zr(IO3)4 
scavenging was made to separate impurities, especially 
Pa*8 which may be formed in significant quantity if 
even a small (<10~‘) part of thorium is present.* 
A source of surface density of about 1.5 mg/cm? was 
prepared by evaporation from solution on a 0.05 
mg/cm? collodion film which was coated with evapo- 
rated Al. The film was grounded to prevent charging. 
In Fig. 1 are shown the total and coincidence beta 
spectra of Ce’, The coincidence beta spectrum was 
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Fic. 1. Total and coincidence beta spectra of Ce, N and N, 
are the number of counts per minute of the total beta spectrum 
and the coincidence beta spectrum, respectively; J is the current 
in the spectrometer coil. 


1 Nichols, Pohm, Talboy, and Jensen, U. S. Atomic Energy 
Commission Report No. ISC-345, 1953 (to be published). 

* Jensen, Laslett, and Pratt, Phys. Rev. 75, 458 (1949). 
a9 50} S. Freedman and D. W. Engelkemeir, Phys. Rev. 79, 897 


obtained by counting only those betas in coincidence 
with the gamma rays and x-rays detected by a NaI(T1) 
crystal placed far enough behind the source to prevent 
distortion of the beta spectrum by scattering. A few 
points, with momenta greater than 1.56 m,c, have been 
omitted from the graph to facilitate plotting. The two 
internal conversion peaks shown in Fig. 1 may be at- 
tributed to a single gamma ray. In order to check the 
presence of gamma rays not internally converted, 
a photoelectron spectrum was obtained with a thin-lens 
spectrometer.” A 12.2-mg/cm? Pb radiator foil was used. 
In addition to low-energy peaks ascribed to Pr x-rays, 
two peaks of greater intensity were found and at- 
tributed to a single gamma ray. No other peaks were 
observed up to 2100Hp. The energy of the gamma ray, 
as determined from all measurements made, was found 
to be 144.9+0.7 kev. 

Gamma-ray spectra of purified and impure samples 
of the source material were obtained with a scintillation 
spectrometer. The results indicated that a single gamma 
ray of about 143-kev energy was emitted from the 
purified source material, whereas from the impure 
source material two gamma rays were emitted with 
energies of about 144 kev and 300 kev. The maximal 
counting rate of the peak corresponding to the gamma 
ray of 300-kev energy was about one percent of that 
corresponding to the gamma ray of 144-kev energy. 
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Fic. 2. “Allowed shape” Kurie plots for the total and 
coincidence beta spectra of Ce™!, 
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TABLE I. Multipolarity of Ce! gamma radiation. 








Gamma radiation K/L ratio» 





7.7 
1.4 


Experimental value 6.4 








*® Obtained by extrapolation from the graphs given by Rose, Goertzel, 
and Perry, Oak Ridge National Laboratory Report ORNL-1023, 1951 
(unpublished). 

b Approximate values obtained from the figures of reference 7. 


A gamma-ray spectrum of a sample resulting from a 
Zr(IO3)4 scavenging of the source material was also 
examined. In addition to a peak of about 143-kev 
energy, there was found a very prominent peak at about 
300 kev. Freedman and Engelkemeir*® have shown that 
this gamma ray is probably due to a Pa*® activity. 

,. The conclusion can therefore be made that Ce! has 
only one gamma ray. This is in agreement with the 
results of Freedman and Engelkemeir*® and Johansson.‘ 
From the data of the total beta spectrum shown in 
Fig. 1, the K/L ratio and K-shell internal conversion 
coefficient, ax, were determined to be 6.35 and 0.22, 
respectively. 

Figure 2 shows the “allowed shape” Kurie plots of 
the total and coincidence beta spectra of Fig. 1. The 
Kurie plot of the total beta spectrum indicates that two 
beta groups are present. A least-squares line, drawn for 
the higher-energy beta group, indicated a maximal 
energy of 57443 kev. This least-squares line was 
extrapolated back to determine the intensities of the 
two beta groups. The least-squares line obtained from 
the coincidence beta spectrum indicated that the lower- 
energy group had a maximal energy of 432+2 kev. 
The relative intensities of the higher- and lower-energy 
beta groups were found to be 25 percent and 75 percent, 
respectively. Based on a total half-life of 32.5 days* and 
graphs given by Feenberg and Trigg,® the log/t value 
of the 574-kev beta group is 7.8; the log ft value of the 
432-kev beta group is 6.9. 
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Fic. 3. Kurie plot of the Ce™! high-energy beta group obtained 
by subtracting the low-energy beta group from the total beta 
spectrum. 


4S. A. E. Johansson, Arkiv Fysik 3, 533 (1952). 
5E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 
(1950). 
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Measurements by Engelder® indicate a gamma emis. 
sion lifetime of less than 2X 10~ sec. This value limits 
the gamma polarity to quadrupole or less. The data on 
the gamma radiation is given in Table I. The experi- 
mental value of 0.22 for ax is consistent with either 
electric quadrupole (£2) or magnetic dipole (M1) 
radiation. The experimental K/L ratio indicates that 
the gamma ray is probably predominantly M1 radia- 
tion ; of course, the choice of E2 radiation is not entirely 
excluded. The K/L ratio for E2 radiation is somewhat 
more certain than the K/L ratio for M1 radiation 
because more investigations have been made of the 
former.’ Ambler ef al.,8 on the basis of anisotropic 
gamma radiation from aligned nuclei, and Heath,’ on 
the basis of ax and K/L determinations, have also 
concluded that the gamma-ray transition in Pr"! is 
predominantly M1 radiation. 

The selection rule’ consistent with M1 radiation is 
AI=1, “no.” The logft values of the two beta groups 
are consistent with the selection rules AJ =0, +1, “‘yes,” 
for the beta transitions. For the ground state of Pr'"! 
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Fic. 4. Decay scheme for Ce™!. 


a spin of 5/2 has been measured.” According to the 
nuclear shell model,!! an assignment of d5,2, even parity, 
is given to the ground state of Pr’. For the ground 
state of Ce"! either /o/2 or f72, both with odd parity, 
is assigned. 

The coincidence beta spectrum, shown in Fig. 1, was 
normalized such that its relative intensity was three 
times that of the beta spectrum of the higher-energy 
beta group. By subtracting the normalized coincidence 
spectrum from the total spectrum, the Kurie plot shown 
in Fig. 3 was obtained for the higher-energy beta group. 
The choice of /g/2 for the ground state of Cel“! demands 
Al=—2, “yes,” for the 574-kev beta group. For this 
type of transition,” logft has a value of about 8.5; 
a logfé value of 7.8, obtained for the 574-kev beta 
group, is apparently too small. Kurie plots correspond- 

6 T. C. Engelder, Phys. Rev. 90, 259 (1953). 

7M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

8 Ambler, Hudson, and Temmer, Phys. Rev. 95, 625 (1954). 

9R. L. Heath, Phys. Rev. 87, 1132 (1952). 

10 J, E. Mack, Revs. Modern Phys. 22, 64 (1950). 

1 Mayer, Moszkowski, and Nordheim, Revs. Modern Phys. 23, 


315 (1951). 
12 R. W. King and D. C. Peaslee, Phys. Rev. 94, 1284 (1954). 





RADIATIONS FROM Ce?! 


ing to these transitions have a characteristic “S” shape, 
which is not apparent in Fig. 3. An f7/2 state is therefore 
asigned to the ground state of Ce". 

The lower-energy beta has a logft value of 6.9 and 
an allowed shape. A log/t value of 6.9 is in the range of 
Al=0, “yes.” Such a choice would demand for the 
gamma-ray transition in Pr“! that AJ=1, “no,” con- 
sistent with M1 radiation. The choice of a g7/2 state, 
with even parity, for the first excited state of Pr’ 
sitisfies these requirements. 

The tentatively proposed decay scheme for Ce! is 
shown in Fig. 4. Freedman and Engelkemeir,* and 
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Kondaiah*® have reported somewhat similar decay 
schemes, with the exception that the former authors 
concluded that the gamma ray is £2 radiation. 

The authors wish to express their appreciation to 
Dr. A. V. Pohm and E. W. McMurry for assistance in 
obtaining part of the data, to J. Powers and Dr. A. F. 
Voigt for preparation of the sources, and to A. A. Read 
and the staff of the electronics shop for the design and 
construction of the electronic equipment. 


13 E. Kondaiah, reported in M. Siegbahn Commemorative Volume 
(Almqvist and Wiksells Boktryckeri AB, Uppsala, 1951), p. 411. 
See also E. Kondaiah, Arkiv Fysik 4, 81 (1952). 
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Disintegration of As” 
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The disintegration of As”, formed by the deuteron bombardment of separated Ge”, has been investigated 
with the help of magnetic spectrometers, scintillation spectrometers, and coincidence counting. The half-life 
was found to be 62-43 hours. Two gamma rays are emitted whose energies are 175.00.3 kev and 23 kev. 
Positrons are emitted which have an end-point energy of 815+-10 kev. The state at 175 kev has a half-life 
of 0.07X 10-6 sec. A tentative decay scheme is proposed. 


1. INTRODUCTION 


HE disintegration of As” was first studied by 

Hopkins! who showed that it decayed by electron 
capture and positron emission to Ge” with a half-life 
o 60 hours. Mei, Mitchell, and Huddleston,? while 
studying the disintegration of As”, measured an internal 
conversion line of energy 162 kev having a half-life of 
) hours which they ascribed to As”. Atterling and 
Thulin*? made a further study of this isotope. They 
bombarded germanium metal with 25-Mev deuterons 
and made an electromagnetic mass separation of the 
arsenic products. The As” thus produced decays 
vith a half-life of approximately 60 hours. Atterling 
aid Thulin found internal conversion lines corre- 
sponding to gamma rays whose energies are 175 kev 
and 23 kev. They also found one group of positrons 
vith an end point energy of 815-20 kev with a possible 
indication of a second group at around 300 kev. Stoker 
and Hok* bombarded germanium with deuterons but 
made no mass separation of As”, Their measurements 
were therefore made in the presence of other arsenic 
isotopes. For As”, they found a half-life of 59.52 
hours, a positron spectrum having an end point at 


* This work was supported by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 

1H. H. Hopkins, Jr., Phys. Rev. 77, 717 (1950). 

* Mei, Mitchell, and Huddleston, Phys. Rev. 79, 19 (1950). 

*H. Atterling and S. Thulin, Nature 171, 927 (1953). 

‘P. H. Stoker and O. P. Hok, Physica 19, 279 (1953). 


800+20 kev, and an internally converted gamma ray 
of energy 175 kev. 

The present work stems from the original investi- 
gation made in this laboratory by Mei e! al. Since 
various arsenic isotopes appear as a result of the bom- 
bardment of ordinary gallium with alpha particles or 
germanium with deuterons, it was decided to use 
separated Ge” as the target and bombard it with 
deuterons. 

The disintegration of As” is of interest because it 
decays to Ge” which has 32 protons and 39 neutrons. 
At 39 neutrons or protons, the p12 and go/2 states have 
approximately the same energy, and isomeric transi- 
tions should exist. However, out of twenty-one species 
having 39 neutrons or protons, only four isomeric 
pairs are known to occur. Nevertheless, it is of interest 
to look for isomeric states in the disintegration of As”. 


2. BETA AND GAMMA-RAY SPECTRUM 


The samples were prepared by bombarding ger- 
manium oxide, enriched in Ge” (91.4 percent) with 
11.5-Mev deuterons from the Indiana University 
cyclotron. To the material thus prepared, arsenic 
carrier was added and the germanium and arsenic 
were then separated from each other and the remainder 
of the material by the usual methods involving the 
distillation of the chlorides. The arsenic was then 
precipitated as the sulfide and used in this form to 
prepare beta- and gamma-ray sources. Small amounts 
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Fic. 1. Low-energy particle spectrum of As activity showing 
Auger lines and internal conversion lines of As” and As”. 


of As” and As” appeared as contaminants and had to 
be accounted for in any quantitative treatment of the 
data. 


A. The Gamma Rays 


The spectrum of the photoelectrons produced by a 
lead radiator was examined in a magnetic lens spec- 
trometer. Two lines appeared, the annihilation radia- 
tion and a line corresponding to a gamma ray of 175.0 
kev. The ratio of the intensity of the 175.0-kev line 
to that of the annihilation radiation was distorted 
owing to positrons from the contaminant As”. The 
gamma rays were also observed using a scintillation 
spectrometer. Here again the annihilation radiation 
and a line at 175 kev were found. The intensity ratio 
of the two lines was further distorted, however, since 
the backscattered peak from annihilation radiation 
falls at 170 kev. 

The particle spectrum was measured in two different 
instruments: a magnetic lens, in which there was no 
separation of positrons and negatrons, and a 180° type 
spectrometer. Figure 1 gives the low-energy portion 
of the spectrum taken in a magnetic-lens type spec- 
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Fic. 2. The internal conversion line of As” at 175 kev. 


trometer. This spectrum shows Auger lines at 8.35 and 
9.45 kev, two lines at 11.85 and 21.6 kev (K; and L,), 
and two lines of longer period (Kz and Ly) arising 
from the 52.5-kev line from As”. The lines at 11.85 
and 21.6 kev have a half-life of 62 hours and are K 
and L internal conversion lines for a gamma ray of 
23.00-+-0.05 kev in As”. The K/L ratio is ~1. Because 
of window cut-off and Auger line contribution to the 
K line, a more precise estimate could not be made. 
Figure 2 shows a plot of the internal conversion line 
corresponding to the 175-kev gamma ray taken in a 
180° spectrometer. K, L, and M internal conversion 
lines can be seen. The energy of the gamma ray com- 
puted from all measurements on internal conversion 
lines is 175.0+0.3 kev and the half-life is 62 hours. 
The total intensity of the 175-kev internal conversion 
lines was of the order of 10 times as great as the total 
intensity of the 23-kev internal conversion lines. 


B. The Positron Distribution 


The position distribution had to be investigated in 
the presence of the As” and As” impurities. The more 
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Fic. 3.§Particle~spectrum (internal conversion lines 
omitted) from As” (with As” impurity). 


important of these was As” since As” has a long life 
and was suppressed owing to short bombardment 
times. The spectrum was investigated both in a mag- 
netic lens and a 180° spectrometer. Figure 3 shows the 
particle distribution from the active source, with 
internal conversion lines omitted. The figure shows 4 
high-energy distribution of about 29 hours half-life 
owing to As” and a 62-hour distribution arising 
from As”. 

In order to determine the distribution arising from 
the As”, the high-energy distribution was normalized 
to the distribution of positrons from As”, already 
determined in this laboratory,’ and subtracted from the 
remaining spectrum. A Fermi plot of the result is 
shown in Fig. 4. The end point of the spectrum comes 
at 815+10 kev. The points rise above the Fermi 
straight line below 300 kev, but it is not possible to 
say, from these data, whether this is caused by another 
group in As”. The value of log ft for the main transition 
is 5.73. The characteristics of the disintegration are 
collected in Table I. 
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DISINTEGRATION OF ‘As?! 


3. COINCIDENCE EXPERIMENTS 


In order to get further information about the dis- 
integration scheme, experiments to measure gamma- 
gamma coincidences were carried out using two scintil- 
lation spectrometers equipped with NaI(TI) crystals 
and differential pulse-height analyzers. Since the back- 
sattered peak from annihilation radiation and the 
175-kev line overlap, it is clearly impossible to perform 
coincidence experiments between annihilation radiation 
and the 175-kev line when the two crystals are in a 
straight line with the source (180° position). Coin- 
cidences were therefore measured between annihilation 
radiation and the 175-kev line with the two spec- 
trometers at 90°. Figure 5 shows the result when the 
discriminator of one spectrometer is set on the 175-kev 
line and the discriminator of the other spectrometer is 
swept across the spectrum. It will be seen that coin- 
cidences exist and hence that positrons are in coinci- 
dence with the 175-kev line. 

The intensity of the 23-kev line was quite small, 
indicating high internal conversion and low intensity. 
For this reason it was not possible to obtain reliable 


TABLE I. Disintegration characteristics of As”. 
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data on coincidences between this line and annihilation 
radiation. 

Experiments were performed to measure the delay 
between annihilation radiation and the 175-kev line. 
For this purpose a fixed delay was placed in the branch 
which measured annihilation radiation and a variable 
delay in that measuring the 175 kev. Coincidences 
were then measured as a function of the variable 
delay. The results are shown in Fig. 6. The half-life 
of the state is approximately 0.07X10~® sec. This is 
very close to the value predicted by the Weisskopf 
formula for E2 radiation. The predicted half-life of 
M2 radiation is about 100 times greater, while other 
multipolarities seem to be completely ruled out. 


4. THE INTERNAL CONVERSION COEFFICIENT 
OF THE 175-KEV LINE 


It is possible to measure the internal conversion 
coefficient of a line emitted by a positron emitter 
without recourse to the disintegration scheme if the 
quantities (V.)x/N, and I,/7, are measured. Here 
V4. is the total number of positrons per disintegration, 
(V.)x the number of K electrons per disintegration 
from the converted gamma ray, and J,,/J, the relative 
intensity of the unconverted gamma ray to that of 
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Fic. 4. Fermi plot of positrons from As”. 


annihilation radiation. Such a method is subject to the 
inherent errors in measuring gamma-ray intensities 
and, in this particular case, trouble arises on account 
of the As” impurities. It therefore seemed best to 
make use of some assumptions about the disintegration 
scheme in order to calculate the internal conversion 
coefficient. 

The assumed scheme is given in Fig. 7 and will be 
discussed in the next section. The assumptions involved 
here are that each positron emission or K capture leads 
to a 175-kev transition, and that positron emission or 
K capture to a more highly excited state than the one 
leading directly to the 175-kev transition, being too 
small to be observed experimentally, can be neglected. 
In addition it is assumed that any positron group 
(or K capture) leading to the ground state is forbidden. 
If one considers the rate of arriving at and leaving the 
excited state in question, it follows that 


(N.)xt+(N.)r4atNy=Ne(1t+-fx/fs)s 


where fx/f, is the ratio of the probability of reaching 
the excited state leading to the 175-kev transition by 
K capture to that by positron emission and can be 
found in tables. From the results of the present experi- 
ment (N.)x/N,=0.227 and (N.)x«/(N.)14m=6.3. In 
addition, the tables give fx/f,;=1.66. By using the 
relation given above, the value obtained for ax is 
ax=0.095. From the tables of Rose, Goertzel, and 
Perry® the values closest to this are for E2 (ax =0.082) 
and for M2 (ax=0.105). 
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Fic. 5. Coincidences between the 175-kev line 
and the gamma-ray spectrum. 


5 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report No. 1023, 1951 (unpublished). 
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Fic. 6. Delayed coincidences between annihilation radiation 
and the 175-kev line. Dashed curve gives prompt annihilation- 
annihilation coincidences for comparison. 


The experimental value of ax for the 175-kev 
transition, together with the estimate that ax for the 
23-kev transition is high, permits an estimate of the 
relative intensity of the two transitions to be made. 
Since the 175-kev internal conversion lines are about 
10 times as intense as the 23-kev internal conversion 
lines, the 175-kev transition (including both conversion 
electrons and gamma rays) must be about 100 times 
as intense as the 23-kev transition. 


5. DISINTEGRATION SCHEME 


It is now possible to draw a tentative disintegration 
scheme. The experiments of Saraf, Varma, and Mande- 
ville® on the decay of the 11-day Ge” to Ga” indicate 
that the ground state spin of Ge” is 1/2. The shell 
model prediction for the ground-state configuration of 
As” is either ps2 or fey. If the decay to the ground 
state of Ge” is to be forbidden, fs;2 must be chosen. 
Since the main positron spectrum is allowed and appears 
to lead directly to the excited state from which the 
175 kev follows, the first-excited state must have the 
configuration fs/2 or f72. The former was chosen since 
the 175-kev line would then be £2, in agreement with 


6 Saraf, Varma, and Mandeville, Phys. Rev. 91, 1216 (1953). 


experiment. The position of the 23-kev line is somewhat 
more uncertain. This line cannot be £3, M3, or of 
higher multipole order since the half-life of the parent 
state would then be long and inconsistent with the 
observed decay of the line. In addition, M1 and M2 
seem to be ruled out by the K/L ratio. The assignment 
in Fig. 7 makes this line an E1 transition. This forces 
a choice of either 7/2+ or 3/2+ for the configuration 
of this state. The configuration 7/2+ is chosen so that 
a cross-over transition to the ground state of El 
character will be forbidden. The beta decay to this 
level would then be first forbidden, which would be 
consistent with the relative intensities of the two lines. 
Such a weak positron component with an end point 
differing in energy by 23 kev from that of the main 
component would not be observed. 

The decay scheme as given does not exclude the 
possibility that a go/2 level lies between the 1,2 and 
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Fic. 7. Tentative decay scheme for As”. 


the fs/2 levels. The beta decay to such a state would be 
second forbidden, and any gamma rays to a gy2 state 
could be outcompeted by the two observed ones. 

The authors are indebted to Dr. M. B. Sampson and 
the cyclotron group for making the bombardments, to 
Mr. A. E. Lessor for making the chemical separations, 
and to Dr. K. W. Ford for many helpful theoretical 
discussions. They are also indebted to Mr. T. Lindqvist 
and Miss E. Hebb for help with some of the experiments. 
The separated Ge” was obtained from the Stable 
Isotopes Division of the U. S. Atomic Energy 
Commission. 
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Paramagnetic Resonance Absorption in Chromic Chloride* 


Yu Tine, L. D. FARRINGER, AND DupLEY WILLIAMS 
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(Received November 8, 1954) 


The paramagnetic resonance absorption of powdered anhydrous chromic chloride has been re-examined 
at a frequency 9308 Mc/sec. The line width between points of maximum slope was found to be 79 gauss; the 
line width at half-height was 148 gauss; and the measured root-mean-square width was 103 gauss. The line 
width at half-height is considerably smaller than the width calculated for dipole-dipole broadening on the 
assumption of a Gaussian line shape. The effective g value was found to be 1.997+0.003. 





ARAMAGNETIC resonance absorption by chromic 
chloride has been studied by several groups of 
investigators.'* The results obtained by Bagguley 
ed al.! yielded an observed half-width of 50 gauss at 
room temperature; 3-cm microwave radiation was 
employed. Kozyrev and Salikov,? working at frequencies 
of 68.8 Mc/sec and 207 Mc/sec reported a line width 
that would give a value greater than 180 gauss in 
the 3 cm region. Earlier studies in this laboratory* led 
to a value of 610 gauss for the half-width. In view of 
the disagreement in these results, further work on the 
subject has been done. 

Chromic chloride has a number of hydrated forms in 
addition to its anhydrous form. There are three common 
salts containing 6 molecules of water of hydration and 
one containing 10 molecules of water of hydration. 
In the earlier work in this laboratory, the CrCl; was 
prepared from chromic hexahydrate. It is possible that 
the water of hydration was not entirely removed; the 
possibility of the presence of an oxide could not be 
entirely excluded. If hydrated molecules were present, 
their effects may have reduced exchange interactions 
between chromic ions and hence contributed to the 
large line widths observed. 

In the present study, a powdered sample of highly 
purified CrCl; prepared by Professor H. H. Sisler of 
the Chemistry Department was employed. This sample 
was prepared by heating green CrCl;-6H,O and 
subsequent treatment with CCl,. The resulting CrCl; 
is light violet in color without traces of oxide or of the 
hydrated salt. 

The spectrograph employed in the present study 
embodied a type 723A reflec klystron as a source of 
radiation, a resonant cavity similar to one designed by 
Townsend,‘ and a 1N23 crystal detector. The resonant 
cavity containing the sample was mounted between the 
poles of a large electromagnet equipped with small 
auxiliary coils near the pole faces to provide Zeeman 


* This research was supported in whole or in part by the U. S. 
Air Force under a contract monitored by the Office of Scientific 
Research, Air Research and Development Command. 

1 Bagguley, Bleaney, Griffiths, Penrose, and Plumpton, Proc. 
Phys. Soc. (London) 51, 551 (1948). 

2B. M. Kozyrev and C. G. Salikov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 19, 185 (1949). 

3 Y. Ting and D. Williams, Phys. Rev. 82, 507 (1951). 

*Pake, Townsend, and Weissman, Phys. Rev. 85, 682 (1952). 


modulation at a low audiofrequency. The output from 
the crystal detector after amplification was applied to 
the input terminals of a “lock-in” amplifier,> in which 
the voltage across the modulating coils provided the 
reference. The output voltage of the “lock-in” amplifier 
actuated a pen recorder. A proton-resonance fluxmeter 
was used to measure the magnetic field as the field 
was varied slowly through the paramagnetic resonance 
line. A frequency standard® using multiples of signals 
from WWV was used to monitor the klystron frequency. 

The resonance curve for CrCl; is shown in Fig. 1. 
The curve shown in the figure was obtained by graphical 
integration of the “derivative” curve obtained on the 
recorder chart. The amplitude of the Zeeman modula- 
tion was approximately 1 gauss. The line width be- 
tween points of maximum slope is 79 gauss. The width 
of the resonance peak at half-height is 148 gauss. This 
observed width is approximately three times as large 
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as the width reported by Bagguley ef al.1 and somewhat 
smaller than the width obtained by Kozyrev and 
Salikov.? The peak is much narrower than that obtained 
in our earlier work.’ No evidence was found in the 
present study for the nearly constant absorption 
observed at magnetic fields far below the resonance 
field as observed in our earlier work; however, tech- 
niques involving Zeeman modulation are not well 
adapted for detection of such absorption. 

The root-mean-square width of the observed line is 
103 gauss as compared with the calculated value of 
1000 gauss to be expected for dipole-dipole interactions.’ 


7J. A. Van Vleck, Phys. Rev. 74, 1168 (1948). 
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Since exchange interaction does not affect root-mean- 
square width, the large difference between observed 
and calculated values is most likely due to our inability 
to detect the small derivative of the absorption in the 
wings of the resonance line. However, the line width 
at half peak height, determined independently of the 
absorption in the wings is definitely narrower than the 
value calculated from dipole-dipole interaction. This 
gives evidence that strong exchange interactions among 
chronic ions exist. 

The effective g value obtained in the present work 
was 1.997+-0.003 and is in essential agreement with our 
earlier value. 
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Supercritical Damping of Oscillating Disks in Liquid Helium II 


J. G. Dasx 
University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received September 20, 1954) 


The damping of a torsion pendulum in liquid He II, for relative velocities exceeding the'critical velocity, 
is calculated from the phenomenological theory of superfluid dynamics. The logarithmic decrement of a 
single disk and of an array of thin disks are treated with some simplifying assumptions and compared with 
the observations of Hollis-Hallett. Quantitative comparison indicates that the strength of the supercritical 
ps-wall interaction is given by k=8X10-*a~+ g cm™ over a considerable range of a. 


I. INTRODUCTION 


HE surface drag upon a solid object moving 
through liquid He II may be considered as the 
sum of two effects. The first is that of the viscous 
friction with the “normal” component of the liquid, 
and is computed as the contribution of a fluid of 
density p, and viscosity 7. The second effect is associ- 
ated with the superfluid component, of density p,. At 
sufficiently low, or “subcritical” relative velocities, 
there is no apparent tangential force between the 
superfluid and the solid object. Resistance to steady 
motion is then given solely by the contribution of the 
normal viscous fraction. The perfect slip of the super- 
fluid appears to be limited to relative velocities 2, 
below a characteristic “critical velocity” v,, for as 2, 
exceeds 2,, the resistance to motion begins to increase 
from the viscous type observed at lower velocities. The 
resistance in excess of the extrapolated viscous term is 
believed to be the contribution of the superfluid, in 
“supercritical” flow.! 

The author’s theory of superfluid dynamics” has been 
applied to the behavior of », and the supercritical 
resistance in fine channels. Comparison with experi- 
ments indicated the possibility of a regular channel 

1 Comprehensive reviews of recent work on He II flow properties 
are given by K. R. Atkins, Advance in Physics 1, 169 (1952), 
and J. G. Daunt and R. S. Smith, Revs. Modern Phys. 26, 172 


(1954). 
2 J. G. Dash, Phys. Rev. 94, 825, 1091 (1954). 


size dependence for the strength of the supercritical 
interaction. The basis of comparison, however, has been 
a rather restricted range of liquid dimensions, for the 
flow experiments have been generally limited to capil- 
laries or slits fine enough to limit severely the flow of 
normal fluid. Capillary radii employed for this analysis 
varied from 10~* to 10-* cm. In an attempt to extend 
the range of comparison we shall make a quantitative 
study of the damping of oscillating disks in He II 
volumes of about 1 cm dimension. 


II. THEORY 


Calculation of the viscous damping of an oscillating 
disk for conditions of laminar flow has been carried out 
by Hollis-Hallett.2 It is unnecessary to repeat the 
discussion here, except to note that the viscosity of the 
normal fluid leads to a damping decrement 6, that is 
constant throughout the laminar flow velocity region. 
Under the condition of purely viscous dissipation, the 
torsional oscillations are described by the equation 


6=6oe-** sinwt, 6,=constant. (1) 


We now consider the contribution to the damping 
due to the superfluid component in He II. At suffici- 
ently small relative velocities between the liquid and 
the surface of the disk, the superfluid component p; 


3A. C. Hollis-Hallett, Proc. Roy. Soc. (London) A210, 404 
(1951). 
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apparently exhibits perfect slip; oscillations decay as a 
result of the normal viscosity only, as in Eq. (1). At 
sufficiently high oscillation amplitudes, however, the 
relative velocity of portions of the disk exceeds the 
critical velocity that is peculiar to the superfluid. The 
breakdown of superfluidity introduces a new contri- 
bution to the decrement, which we define as 6,. The 
oscillations are now described by 


O= Oe ent 8s)¢ sin, (2) 


The fact that 6, vanishes for velocities smaller than 
critical permits a clear empirical distinction between 
the superfluid and normal fluid contributions. The 
constant decrement 6, determined at small, subcritical 
amplitudes may be subtracted from the larger decre- 
ment obtaining in the supercritical region; the re- 
mainder is simply 6,. 

In order to calculate the decrement 6,, we consider a 
circular disk of radius R, thickness d, and moment of 
inertia J. The disk is suspended normal to its plane by 
a fiber of torsion constant Z. Under the influence of a 
general velocity-dependent frictional force f(v) per 
unit area between the disk and the medium surrounding 
it, the disk executes damped harmonic oscillations 
according to 


0=Oe~** sinwt, w=(L/I)', where &®<1. (3) 


In the general case 6 varies with the angular amplitude; 
we shall assume that it is a slowly varying function 
and may be considered approximately constant during 
a single cycle. The decrement may then be defined in 
terms of the amplitudes of two successive swings: 


5(0;)—~(1/2m) In (0;/8;41). (4) 


The energy AE; lost by the disk during the jth cycle 
is related to the decrement by 


E; = 4L (07 =e 6 54.1?) ~2r LO 75 (0;) = 2rrw* TO 75 (0;) ) (5) 


for <1. In order to express the decrement in terms of 
the general force per unit area f(v), we note that the 
rate of energy loss d(dE/dt) by an element of area dA 
is d(dE/dt)=vf(v)dA. Integrating over the surface area 
of the disk and the time of one cycle, 


a= faa ef(oae (6) 


Assuming that the medium is stationary, the relative 
velocity v is simply the velocity of the disk; v(r,é) 
=10;w coswt at a point on the surface of radial coordi- 
nate r. Substituting for » and combining Eqs. (5) and 
(6), the decrement is given as the sum of the contri- 

butions due to the edge and the two plane faces: 
Rd 2r/w 

5(edge) =—— 


WLlU5“ 9 


coswi[_f(v) ],-rdt, 
(7) 


5(faces) =—— 
wl; 0 


R 2r/w 
rdr f coswt f(v)dt. 
0 
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Equation (7) is an approximation for conditions of 
small damping—it is fairly general in this respect. Its 
more serious limitation arises from the assumption that 
the liquid medium is stationary. It is therefore not 
applicable for the treatment of normal viscous liquids. 
The particular form of f(v) for the superfluid component 
of liquid He II may permit the use of Eq. (7) for a 
solution of the present problem; its validity is discussed 
in the next section. 

In order to obtain the force f(v) for supercritical 
motion, we accept the hydrodynamic equation for the 
steady flow of p, through capillaries? 


Vp= 0, Us <2} 
Vp= k(p:/p) (v2— v¢), Us> Ve, (8) 


where Vp is the pressure gradient along the capillary, 
k is the “friction constant,” v, is the velocity of the 
superfluid, and », is the critical velocity. The pressure 
difference over the tube length Z is LVp; the total 
applied driving force is ra*LV~, where a is the capillary 
radius. This force is transmitted by the liquid to the 
walls of the tube as a surface drag, and after dividing 
by the wall area yields the desired tangential surface 
force per unit area: 


fa (2) — 0, Vse<Ve5 
fs (2) = fak(p./p)(v2—0-2), Us>Ve. 


In terms of the properties of the oscillating disk, we 
define the critical velocity by means of a “critical 
amplitude” @, at which dissipation begins to occur. 
Since the critical velocity is first reached at the pe- 
riphery, 1-=Rw6,, f(v) is finite in the supercritical 
region only, i.e., where 70;w cosw!>Rw6,. The time 
integration will therefore be carried out over the super- 
critical portion of the first quarter cycle, for the region 
0<t<(1/w) cos—!(R0./r0;), and then multiplied by 4 
for the complete oscillation. The range of integration 
for r includes all radii that achieve supercriticality, and 
consequently extends over R@,/0;<r<R. Combining 
Eqs. (7) and (9), and substituting for v, and 2, 


—— are cos(@¢/6;) 


(9) 


5,(edge) = 
7 0 


X (cosw#) (6;? cos’wt—6,?)dt. 


4wak(p./p) R (1/w) are cos(R6¢/r0;) 
5, (faces) =——————_ f rdr J 
10; R018; Yo 


X (cosw) (7°0;? cos*wt— R°6.”)d1. 


Defining y=0./0;, we obtain the total decrement due 
to the excitation of p,, 


4 d 2R 
5(0,)=—Reak(o/oe-(1—y6"-+—C1- 39) (11) 
af y Sy 


We now consider the case of a stack of N parallel 
disks, each of radius R and thickness d. The disks are 























Fic. 1. The supercritical decrement of a single disk oscillating 
with a 3.15-second period. 


axially separated on a thin mandrel by gaps of distance 
s, where s<R. The previous solution for a single disk 
applies to the two outer exposed faces and to the total 
thickness, Nd, of the array. The solution for the 
damping contributed by the 2(m—1) inner faces is more 
difficult. The critical velocities associated with these 
inner regions should vary markedly with the radial 
coordinate, rising toward a value appropriate to the 
disk spacing as r is reduced. For as we move a small 
distance, of the order of a few multiples of s, in from 
the periphery, it becomes improbable for the surface to 
radiate appreciable numbers of phonons having wave- 
lengths greater than the order of magnitude of the 
thickness of the liquid contained between the plates. A 
lengthy calculation, taking account of v,(7), does not 
appear to be required for this geometry, since a simpler 
solution presents itself. The critical velocities associated 
with the stack of disks as a unit correspond to quanta 
of fairly long wavelengths, for the characteristic size of 
the liquid volume is usually of the order of R; the 
“corrugations” of the periphery have a wavelength 
much shorter than the sound radiated. The radial 
bounds of the stack should therefore emit the minimal 
energy phonons very nearly as a smooth surface, and 
we may treat the array of disks as a single disk of 
radius R and thickness Nd+ (N—1)s. 


III. DISCUSSION OF LIMITATIONS OF THEORY 


The assumption that the superfluid is unaffected by 
the motion of the oscillating disk appears to be valid 
at subcritical relative velocities; this condition is stated 


DASH 


in Eq. (9) for the tangential surface force. As the 
critical velocity is exceeded, however, the p, cannot 
remain stationary. For the supercritical dragging force 
that damps the pendulum must have an equal and 
opposite reaction upon the superfluid. The medium is 
accordingly excited into motion, in dynamic equilibrium 
under the influences of the supercritical drag and its 
own inertia. As the disk velocity is increased, the 
relative velocity tends to increase equally, but since 
this results in an enhanced “friction,” the p, speeds up. 
Hence, the relative velocity is not increased simply as 
the velocity of the disk ; the supercritical damping must 
accordingly be smaller than what would obtain for a 
stationary medium. An exact calculation requires a 
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Fic. 2. The supercritical decrement of a single disk oscillating 
with an 11-second period. 


knowledge of the p, velocity profile and the rate of 
phonon excitation over the entire liquid region. Neither 
information is at hand. In spite of this difficulty, the 
functional form of the dragging force suggests that the 
present analysis is a good approximation when the 
relative motion is not too strongly supercritical. The 
interaction rises from zero at 7,=,, i.e., where y=1 in 
the terminology of this analysis. The p, remains 
stationary throughout the region y>1, and begins to 
move as y decreases from unity. The motion of the 
superfluid becomes important only when the interaction 
is strong; we therefore expect that Eq. (11) provides 
an adequate description whenever y” is not much smaller 
than 1. Comparison with experimental data will demon- 
strate that the approximation appears to be satisfactory 
over a considerable supercritical range. 





DAMPING OF OSCILLATING DISKS IN LIQUID He II 


IV. COMPARISON OF THEORY WITH 
HOLLIS-HALLETT’S DATA 

Hollis-Hallett® has observed the damping of a single 
disk and of a pile of disks oscillating in He II, over a 
range of temperatures, angular amplitudes, and oscil- 
lation periods. The experimental decrement in excess 
of the low amplitude constant value (6, in the present 
terminology) will be equated here with the 6, predicted 
by the theory. 

Data for the single disk are given as: radius R= 1.52 
cm, thickness d=0.073 cm, and moment of inertia 
[=1.44 g cm’. The pile of disks consisted of 18 disks 
of R=1.73 cm, d=0.003 cm, separations s=0.011 cm, 
and had a total moment of inertia J=1.84 g cm’. 
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Fic. 3. The supercritical decrement of a pile of disks oscillating 
with a 12-second period. : 


Substituting these values into Eq. (11), we obtain 


Single disk : 
6,=0.494 (ak)0. (p / p) 
x[0.73-6.1(11-¥) 1-9/9, 4) 
Pile of disks: 
5,=6.44(ak)0.(ps/p) 
X[0.25—0.69(1—y*) ](1—y?)#/y. 
Comparison was made for two periods of vibration 
of each oscillating system. Each of these four special 
cases was traced at three temperatures and over a wide 
range of amplitudes. The critical angle @. was computed 
from the theory (2) as 


% #1 e690") 


Re (ap./p)* on 


§.=—= 


Rw 
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where »,(1,0°) is a constant, numerically equal to the 
critical velocity obtaining for a liquid region of 1 cm 
characteristic dimension and at 0°K. Values for the 
superfluid concentration were calculated from the 
relation p./e=1—(T/T))**. The damping equations 
were then fitted to the data by selecting the best values 
of the parameters (ak) and »,(1,0°)/./a for each of the 
four cases. The resulting curves are given in Figs. 1-4. 

The first two cases, representing the decrement of 
the single disk, show clearly the effect of the setting 
into motion of the superfluid at high amplitudes. While 
the theoretical curves agree closely with the data up to 
an amplitude of about four times @,, the experimental 
results fall below the calculated values in the higher 
range, due to the progressive failure of the assumption 
that the p, remains stationary. This high amplitude 
divergence is not as marked for the pile of disks. 
Measurements of the period of oscillation of the pile of 
disks, moreover, suggested a gradual increase of the 
moment of inertia at high amplitudes,’ giving support 
to the expectation that the p, is dragged with the surface 
at high supercritical velocities. The fact that the high 
amplitude decrements of the pile of disks do not level 
off may be due to an additional effect. We have treated 
this system as a smooth cylinder, based on the assump- 
tion that the radiated phonon wavelengths are much 
greater than the disk spacings. Phonons of shorter 
wavelength than the minimal-energy quanta become 
energetically possible at higher velocities than v,, and 
it is reasonable to expect that the peripheral surface of 
the pile of disks becomes effectively rougher as the 
amplitude increases, and the radiated sound wavelength 
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Fic. 4. The supercritical decrement of a pile of disks oscillating 
with a 19-second period. 
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Fic. 5. The supercritical friction constant. O: capillary flow 
measurements of Atkins; @: oscillating disk measurements of 
Hollis-Hallett; ——: function k=8X10-%a~4 g cm~. 





decreases. The progressive increase in the effective 
surface area tends to counteract the overestimate of 
the relative velocity. 

The parameters, in cgs units, representing the calcu- 
lated curves for the four cases are given in Table I. In 
the absence of a clear dependence on type of oscillating 
system or on period of oscillation, we shall use the 
average values (ak)=(8.3+1.8)X10-, 2.(1,0°)/\/a 
=0.081+0.023. The limits of error here represent the 
mean deviations. 

The appropriate value of a, representing the char- 
acteristic size of the liquid region, does not appear to be 
well defined in these disk experiments. The oscillating 
systems were centrally located within a liquid volume 
6 cm in diameter and approximately 5 cm high.‘ 
For both the single disk, and the pile of disks, this 
arrangement gave a radial distance between the edge 
of the disks and the wall of about 1.4 cm, and an axial 
distance of about 2.4 cm between the walls and the 
plane faces of the disks, yielding a mean distance 
between the surface of the disks and the container 
walls of 1.90.5 cm. The dimension a appearing in the 
equations for the damping was defined initially in terms 
of supercritical flow through capillaries, where a is the 
capillary radius. An analogy between the geometry of 
capillaries and the geometry obtaining in the disk 
experiments cannot be exact: it may, however, be 
reasonable to expect that the diameter 2a in the case of 


4A. C. Hollis-Hallett, (private communication). 
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capillary flow corresponds to the mean disk-to-wall 
distance in the present case. The disk-to-wall distance 
determines the lowest phonon wavelength that may be 
emitted by the surface of the disk: this distance should 
compare with the wall-to-wall dimension, or diameter, 
in capillary flow. Accordingly, we take the character- 
istic dimension of Hollis-Hallett’s experiments as 
a=0.95+0.25 cm. Substituting in the mean parameter 
values, we obtain k= (8.7+4.5)X10-%, 2,(1,0°)=0.83 
+0.036. »,(1,0°) compares well with the value 0.087 
given previously.? The present value of & is shown in 
Fig. 5, along with the values given by capillary flow, 
and the empirical function k=8X10~a7}, originally 
deduced from the capillary results. 


V. DISCUSSION 


The phenomenological theory of superfluid dynamics, 
to the present degree of approximation, appears to 
agree well with the observed damping of oscillating 
disks. The validity of two simplifying assumptions 
seems to be confirmed by the success of this approxi- 


TABLE I. Parameters representing best agreement with data. 








Period 


Oscillating system sec 103(ak) v(1,0°)//a 





0.088 
0.113 


0.087 
0.034 


Single disk 35 


Single disk 11.0 


Pile of disks 12.0 
Pile of disks 19. 








mation: neglecting the motion of the superfluid, and 
treating the pile of disks as a smooth cylinder. The 
second assumption has greater interest, for it provides 
a novel test of the phonon emission idea. Furthermore, 
it suggests a somewhat different, and perhaps more 
exacting test of these ideas: a study of supercritical 
capillary flow through tubes having walls of varying 
degrees of roughness. 

The empirical “friction constant” now appears to be 
given closely by k=8X10-*a~? g cm~, at least over 
the range 10-* cm<a<1 cm. Possible evidence for 
this function extending as far as a~10-* cm derives 
from information on Rollin film flow. There is no clear 
experimental indication of a hydrostatic head depend- 
ence for film flow.! Calculation of the flow of a theo- 
retical model of the film, subject to a friction constant 
k=8X10-a-?, indicated an insignificant hydrostatic 
head dependence.? This evidence tends to support the 
belief that the empirical k represents the supercritical 
p,-wall interaction strength over the entire range of 
experimental dimensions. 

I am grateful to Max Goldstein and the computing 
group of this laboratory, for carrying out much of the 
numerical and graphical work. 
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Stopping Power of Water Films* 
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By a method which has been previously used with polystyrene and acetylene, the stopping powers of 
water films and water vapor for low-energy alpha particles have been compared. There appears to be no 
anomaly, the mass stopping powers being equal to within a precision of about 5 percent. 





HE problem of the stopping power of water for 
heavy particles has been the subject of several 
experiments yielding conflicting results. Michl,' Philipp,” 
and Appleyard® have found stopping powers for liquids 
from 3 to 20 percent greater than would be expected 
from the Bragg law of additive stopping powers. For 
water their figures show a discrepancy of about 15 
percent. De Carvalho and Yagoda,*:> and Wilkins,® in 
experiments using photographic techniques, have found 
ranges which indicate an absence of such an anomaly. 
A method has been described’:* for comparing the 
stopping power of a thin film with that of a gas having 
identical chemical composition. It has recently been 
applied to water films and water vapor. 


I. APPARATUS 


Figure 1 shows the apparatus as it was used with 
water films. Polonium alpha particles from A are 
collimated by holes H and reach the ionization chamber 
D. (The slit S is removed when measurements with 
alpha particles are made.) When a film is placed at F, 
the beam of alpha particles can be used to find its 
“stopping thickness’”—that is, the decrease of range of 
the particles upon insertion of the film. 

The source of alpha particles, which has been de- 
scribed in reference 8, consists of a deposit of polonium 
covered by a thin aluminum foil, the whole being 
contained in a brass cartridge. Figure 3 will serve to 
indicate the range of the resulting radiation. The 
maximum range was adjusted to a convenient value 
(17 microns in water) by the choice of the covering 
foil. It appears that particles of all energies up to the 
maximum are present in the spectrum, but Fig. 3 will 
indicate that there was a preponderance at the maxi- 
mum energy. 

Meanwhile an optical measurement of thickness is 
made. Light from L is focused on A, whence it is 
reflected to the film F. From F it is reflected to the 


* Based on work under contract for the U. S. Atomic Energy 
Commission. 

t Present address: Box 257, Rangeley, Main 

1W. Michl, Sitzber. Akad. Wiss. Wien. KI. 123, 1065 (1914). 

2K, Philipp, Z. Physik 17, 23 (1923). 

= K. Appleyard, Proc. Cambridge Phil. a 47, 443 (1950). 

H. G. de Carvalho, Phys. Rev. 78. 330 (1950 

oH G. de Carvalho and H. Yagoda, Phys. sa “88, 273 (1952). 

6 J. J. Wilkins, Atomic Energy Research Establishment Report 
G/R 664, 1951 (unpublished). 

7 Ellis, ’Rossi, and Failla, Phys. Rev. 86, 562 (1952). 

°R.H. Ellis, Jr., Rev. Sci. Instr. 25, 336 (1954). 


reflection grating G which focuses a spectrum on the 
photographic film P. Mercury lines are superimposed 
on a continuous spectrum for calibration. The “‘optical 
thickness” of the film is determined from the wave- 
lengths of the fringes of zero intensity in such photo- 
graphs as are shown in Fig. 2. 

The required relationship is ‘=nd/(2u cos@), where ¢ 
is film thickness, m is order of interference, \ is a wave- 
length of zero intensity, u is index of refraction, and @ is 
the angle of internal reflection. \ was determined by 
plotting the positions of the mercury lines against their 
wavelengths, and uw was taken to be the index of 
refraction for water. The presence of the small amount 
of detergent is assumed to have an entirely negligible 
effect on yu. 

The values of m were assigned by choosing the set of 
integers which would make the quantity m\/(2y cos6) 
the same for all fringes of the photograph. Statistical 
examination of the resulting values of mA/(2u cos6) 
indicates that the optical thickness is considerably 
more accurate than the stopping thickness. 

Such statistics do not indicate possible errors in the 
selection of m, and the sensitivity of the method of 
selection is such that an error of unity in the set of 
integers might occasionally be made where a set of 
fringes is indistinct. In most cases, however, the best 


Fic. 1. The apparatus used for measurement of relative stopping 
power. A, source of alpha particles; H, collimating holes; D, 
detector; F, film; L, light source; C, condensing lens; S, removable 
slit; G, reflection grating; P, photographic film. 
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Fic. 2. Typical photographs from which film thickness was 
determined. Mercury lines are superimposed on the continuous 
spectrum. 


set can be clearly determined, and the internal con- 
sistency of the data of Table I leads the authors to a 
feeling of confidence that no errors of this kind have 
been made. In this connection it is to be emphasized 
that there is no way for the selection of a set of values 
for m to be influenced by other measurements on the 
same film—optical or stopping. 

Gas pressures have been determined by means of an 
oil-filled manometer. Conversion to density has been 
made by means of steam tables. While saturation 
pressure is extremely sensitive to temperature, the 
ratio of density to pressure is not, and there should be 
no difficulty from this cause in the determination of 
gas density. 


II. FILMS 


Films have been made from a 0.25 percent detergent 
solution. The technique was suggested by work on 
slow draining films published by Miles, Ross, and 
Shedlovsky,? and these investigators supplied a suitable 
detergent. 

For water measurements a glass ring was substituted 
for the brass film supports used with polystyrene. The 
ring is one inch in diameter and made of ;g-inch glass 
rod. It is made with a handle which is held in a chuck 
at the end of a brass rod passing into the evacuated 
part of the apparatus through an O-ring seal. Thus the 
ring can be manipulated by sliding the rod in the seal. 

To make a film, one pushes the ring forward to dip 
it in a cup of solution. Then it is withdrawn with a 
film across it, tilted, and advanced to a drainage 
position in which the edge of the ring touches the 
liquid surface. After draining from one to ten minutes 
for thinness and uniformity, the film is put in position 
for measurement. The resulting films were between 
2.9 and 5.0 microns in thickness. (This thickness must 
be multiplied by 1/sin45° to get the thicknesses shown 
in Table I, for the beam makes a 45° angle with the 
film.) 

Drs. Miles, Ross, and Shedlovsky are of the opinion 
that such a film consists of a monolayer of detergent 
on each surface and 0.25 percent detergent solution 
between. The effect of such a small amount of detergent 
on stopping power is considered negligible. In the 


® Miles, Ross, and Shedlovsky, J. Am. Oil Chemists’ Soc. 27, 
268 (1950). 


absence of contrary evidence it has been assumed that 
the bulk density of the films is equal to that of pure 
water. 

Visual inspection of the films by light from the 
mercury bulb shows that they assume a uniform wedge 
shape in their draining position. When they are posi- 
tioned for measurements, approximately the same shape 
is maintained. For this reason the first collimating hole 
of Fig. 1 has been placed as close to the film as possible 
so that stopping and optical measurements sample the 
film at the same spot. Recognizable fringes can be 
photographed only by restricting the aperture at the 
entrance to the camera. This aperture is placed in the 
center of the beam of light formed by the first colli- 
mating hole and reflection from the film. Thus the 
optical sampling is at the center of the area through 
which alpha particles pass. 


Ill. EXPERIMENTAL DATA 


The range of alpha particles coming from the thick 
source is determined by plotting the ratio of detector 
current J to gas density p against the product of p and 
d, the separation between detector and source (Fig. 3). 
With both acetylene and air it has been ascertained 
that such a curve can be repeated at any value of 
source-detector separation. When a film is interposed 
at F, this response curve is shifted by an amount which 
is a measure of the “stopping thickness” of the film. 
With water films only one point of the displaced curve 
can be recorded because of the limitation that the films 
must stand in a saturated atmosphere. 

The reference curve of Fig. 3 requires values of pd 
greater than those which exist when films are measured. 
Because of the saturation requirement on p, they must 
be obtained by increasing d. Therefore the curve is 
plotted with d at its maximum by varying the gas 
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Fic. 3. Graph of a typical set of data. Coordinates are (1) 
detector current divided by gas density and (2) product of gas 
density and source-detector separation. The curve was plotted 
without films. The left end of each horizontal line is a point 
determined with a film in place, and the length of the line is the 
optical thickness. Solid points were read while measurements 
with films were being made as a check on the reliability of the 
curve. 
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TABLE I. Results of measurements of 22 water films. The on 
Fig. 3. The optical thickness was obtained from photographs su 


allow for increased thickness in the direction of the alpha beam. The or 
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ping thickness was determined from the type of data illustrated in 
as ns 2. The latter datum is multiplied by a factor of 1/sin45° to 


r of the measurements is indicated in a vertical progression. 





Thickness (mg/cm?) 
Stopping Optical 


Thickness (mg/cm?) 
Stopping Optical 





eee 0.54 
0.57 “ee 
0.57 

0.54 

Cc is 0.52 
0.59 eee 

see 0.45 


0.54 


Group II 
A 0.578 


0.568 
0.520 
0.510 
0.540 
0.585 
0.558 
0.509 
0.452 


0.411 


0.385 


0.40 
Group III 
A cee 0.581 
0.599 tee 
B tee 0.556 
0.560 tee 





Group III—Continued 
Cc vee 0.544 

0.567 tee 

D 0.546 


0.532 tee 

tee 0.510 
0.517 vee 

see 0.505 
0.505 tee 

aes 0.475 
0.487 tee 

Group IV 

A see 0.699 

0.641 eee 


B 0.633 


0.596 see 
see 0.610 
+98 0.680 

0.601 ee 
mek 0.614 

0.571 cee 
aia 0.537 

0.524 ee 
pars 0.506 

0.487 vee 
+9: 0.583 

0.549 see 
ls 0.595 

0.522 ee 
sei 0.516 

0.475 tee 
soe 0.619 

0.529 tee 
sisie 0.584 

0.510 cee 
ie 0.547 

0.500 vee 





density over the required range of values. Then the 
detector is moved closer to the source, and the cup of 
solution is placed in the apparatus so that measurements 
can be made with films. Since the plotting of the curve 
requires pressures below saturation, the cup of solution 
cannot be in the apparatus while the data for the curve 
are taken. To make sure that the curve is still appro- 
priate to the situation after the changes are made, 
data are occasionally taken without a film. These are 
the solid points of Fig. 3. 

Each of the plotted points is corrected by subtracting 
the background current read with the source blocked. 
This allows for currents resulting from radioactive 
contamination in the vicinity of the source as well as 
any possible leakage currents. 

In Fig. 3 each horizontal line represents a film. Its 
left end is at the point which is read with the apparatus 
when the film is in place. The horizontal distance from 


this point to the curve is the stopping thickness in 
milligrams per square centimeter. The length of the 
line represents the optical thickness in the direction of 
the beam. 

The films invariably become thinner during measure- 
ments, and therefore the only reliable data are those in 
which an optical measurement is made before and after 
a stopping measurement, or vice versa, and the results 
averaged. Such data are referred to as “balanced data.” 
In Fig. 3, half of the lines represent films for which the 
optical measurement preceded the stopping measure- 
ment, and for the remainder the stopping preceded the 
optical. Thus there is no representation of truly “bal- 
anced” data in Fig. 3. The figure is offered only as a 
qualitative illustration of method. 

No measurements of the rate of thinning were 
attempted. However, the alternate observations of 
stopping and optical thicknesses were approximately 
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TABLE II. Balanced data obtained by averaging either optical 
or stopping measurements (see text). 








Relative stopping, 
Optical liquid to gas Averages 
thickness (stopping thickness by 
mg/cm? over optical) groups 


Stopping 
thickness 


Group mg/cm? 





Part 1. (All 3-measurement sets and 4-measurement 
sets from Table I.) 
0.54 
0.485 


0.568 
0.515 
0.558 
0.480 
0.385 


0.565 
0.510 
0.490 


1.03 
1.21 


0.555 
0.59 


0.515 
0.51 
0.570 
0.52 
0.410 


a pra salt mah 
> mes 
Sse sssgse 


0.599 
0.524 
0.505 


0.596 
0.586 
0.506 
0.522 
0.505 


HAO “I 00 bt 


0.622 
0.614 
0.506 
0.555 
0.547 
Average 1.010+0.015 
Part 2. (4-measurement sets from Table I selected in 

opposite way from above—see text.) 

0.51 0.573 0.89 

0.59 0.571 1.03 

0.510 0.452 1.13 

0.42 0.398 1.05 


0.532 0.528 
0.496 0.475 


0.647 
0.522 
0.516 
0.565 


1.01 
1.05 


0.93 
1.00 
0.97 
0.90 


0.996+0.058 


0.601 
0.524 
0.498 
0.510 


Average 








equally spaced in time, so “balanced” data adequately 
meets the difficulty. A confirmation of the adequacy of 
“balancing” data is in the fact that data which is 
unbalanced in one direction shows the same magnitude 
of discrepancy as data unbalanced in the other. 


IV. RESULTS 


In Table I are listed all of the measurements made 
on 22 films. The four groups were measured at different 
times, and three different base curves were used. The 
measurements (optical and stopping) are listed verti- 
cally in the order in which they were made. 

The data fall into three classes depending on whether 
a film lasted for two, three, or four measurements. 
(None were kept for more than four.) Three measure- 
ments are required for balanced data, and four permit 
balancing by leaving out either the first or last measure- 
ment. 

Table II summarizes the available balanced data in 
Table I. Part 1 includes all three-measurement sets, 
and selection has been made from the four-measurement 
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sets so as to keep equal the number of films for which 
there are two optical measurements and the number for 
which there are two stopping measurements. In part 2 
are included all four-measurement sets with the omis- 
sions made in the opposite way. In other words, if a 
four-measurement set is included in part 1 by omitting 
the last measurement, it is included in 2 by omitting 
the first. The ratio of stopping to optical thickness js 
the relative mass stopping power, liquid to gas. With 
the averages are their standard errors, > |“—#| /n'. 

It is to be expected that two-measurement sets in 
Table I will show a bias in favor of too low a stopping 
measurement. This is found to be true, the average 
relative stopping power from such data being 0.961 
+0.024. For comparison all available data unbalanced 
in the opposite way were selected from Table I. Their 
average was 1.043+-0.017. 


V. ACCURACY 


Two considerations are of primary importance in 
estimating the accuracy of these results. The thickness 
gradient in the films makes the alignment of optical 
and stopping geometries important. The gradient can 
be assessed by viewing the light from the mercury bulb 
reflected from the film when it is in the positions for 
measurement and for drainage. In the area subtended 
by the collimating hole one can see from two to four 
interference fringes. With the films used this suggests a 
thickness variation of 10 to 20 percent across the area 
explored. The maximum possible error due to misalign- 
ment would occur if one determined an optical thickness 
at the edge of the area traversed by alpha particles. 
Assuming that the average stopping thickness is the 
same as the thickness at the center of this area, the 
maximum error from this cause would be half of the 
total variation of thickness across the area; that is, 5 
to 10 percent. A reasonable value to anticipate would 
be not greater than 2 percent in view of the care 
exercised in aligning the optical system. 

A correction for scattering might lower the value of 
stopping for the liquid: by one or two percent. Exact 
treatment of the matter with the collimation used is 
difficult and has not been attempted. Particles scattered 
by the film so as to miss the collimating hole will be 
compensated for somewhat. Some will be replaced by 
particles scattered into the beam by the film from paths 
which would otherwise miss the hole. Altogether it 
seems unlikely that a correction of large magnitude is 
required, and it is of interest that any recognizable 
influence would indicate a discrepancy opposite in- 
sense from that indicated by earlier experiments. 


VI. CONCLUSIONS 


The conclusion is reached that to the accuracy of 
these measurements there is no anomaly in the stopping 
power of liquid water for natural alpha particles. The 
relative stopping power, liquid to gas, is 1.00-+0.05. 





STOPPING POWER 


The interesting question which remains is: Wherein 
ies the discrepancy among the different experiments 
designed to study this problem? Yagoda and de 
Carvalho® suggested that the experiments which show 
an anomaly are those in which the alpha particles have 
had to penetrate a gas-liquid interface, so that the 
interface might be responsible. Since this experiment 
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requires the penetration of two interfaces, it would 
seem that another explanation must be found. 

The authors wish to acknowledge the courtesy of 
Drs. Ross, Shedlovsky, and Miles of the Colgate- 
Palmolive-Peet Company who made many helpful 
suggestions concerning water films and who supplied 
the detergent used. 
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When scattering anomalies involving many phase shifts are to be studied, it appears desirable to treat 
the amplitudes directly before combining them into differential cross sections. Amplitudes suitable for the 
study of elastic collisions of charged and uncharged Fermi-Dirac particles of spin }, taking account of possible 
identity are, therefore, given in forms convenient for computation. The case of coupling between states of 
the same total but different orbital angular momentum is not discussed. Formulas using the spin functions 
usually denoted by xm are supplemented by forms based on spin functions which transform like the com- 
ponents of an ordinary space vector, the latter allowing more compact expressions in some cases. 


I. INTRODUCTION 


HE calculation of scattering of protons by protons 
and neutrons by protons has been the subject of 
many investigations. Recent experimental work in the 
region of several hundred Mev has made it desirable to 
be able to deal with scattering anomalies caused by 
many phase shifts. The calculations have been system- 
atized therefore to a greater extent than has been done 
previously. The present paper is restricted to a non- 
relativistic treatment and the introduction of coupling 
between states with the same total angular momentum 
Jh but different orbital angular momenta Lh is post- 
poned to a succeeding and closely related one. 

The treatment presupposes that either all collisions 
are elastic or else that the cross sections for inelastic 
collisions are so small that their damping effect may be 
neglected. In the approximations of this paper, there- 
fore, the phase shifts may be taken to be real.' Some of 
the mathematical forms worked with are very similar to 
those of Ashkin and Wu? for complex phase shifts. Both 
in the present as well as the succeeding paper it has been 
found convenient to make use of the fact that the triplet 
spin behaves under rotations like an ordinary space 
vector.’ The corresponding spin functions are denoted 
by £1, &, &. Many formulas are more convenient in 
terms of amplitudes referred to these variables. 


* This research was supported by the Office of Ordnance Re- 
search, U. S. Army. 

1G, Breit, University of Pennsylvania Bicentennial Conference 
(University of Pennsylvania Press, Philadelphia, 1941) ; C. Kittel 
and G. Breit, Phys. Rev. 56, 744 (1939); Breit, Kittel, and 
Thaxton, Phys. Rev. 57, 255 (1940); J. M. Blatt and L. C. 
Biedenharn, Phys. Rev. 86, 399 (1952). 

2J. Ashkin and T.-Y. Wu, Phys. Rev. 73, 973 (1948). 

5 F. Rohrlich and J. Eisenstein, Phys. Rev. 75, 705 (1949). 





The set of angular and spin functions used is presented 
in Eqs. (1) to (1.4). The amplitudes are introduced in 
Eqs. (2), (2.1). Formulas for amplitudes for non- 
identical particles and referred to magnetic quantum 
numbers are available in Eqs. (2.2) through (2.9). 
Effects of antisymmetry are introduced in Eqs. (3) 
through (3.3) and the modified results are collected in 
Eggs. (4) through (4.2). The relation to differential cross 
sections for unpolarized particles is as in Eqs. (5.1), 
(6.1). The £1, 2, ; modifications start with Eq. (7) with 
the scattering matrix S‘ as in Eq. (7.5), cross sections as 
in Eqs. (8), (8.1). 


II. NOTATION 


a,8=nucleon spin function for states with magnetic 
quantum number 3, —3, respectively. 

X1, Xo, X-1=triplet spin functions for two nucleons; 
X1= 12, Xo= (a182+a281)/2!, xX-1= Bie. 

X0°= (a182—a28;)/2? singlet spin function for two 
nucleons. 

r= distance between nucleons. 

v=relative velocity. 

M=nucleon mass. 

k= Mo/ (2h). 


= tone 
a ae ree 





d L+m 
) (cos?@—1)¥. 
d cos0 


Xeime sinvo( 


6=colatitude angle in polar coordinates=scattering 
angle. 
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y=azimuthal angle with x-axis corresponding to g=0, 
y-axis to p= 7/2. 

p=kr. 

n=e/(hv). 

y.u°=unsymmetrized Coulomb wave arising from a 
plane wave by adiabatic effect of e. 

s, c=sin(0/2), cos(0/2), respectively. 

Q(5) = (e#—1)/(2%). 

oo=argl'(1+7n). 

o1,0=oL—oo= tan ‘(n/L)+tan“[n/(L—1)]+-:- 
+tan™(n/1). 

exro= exp(2ioz0). 

= p—7 |n2p+2o0. 

hL=orbital angular momentum. 

hJ=total angular momentum. 

£1, £2, £;= triplet spin functions for two nucleons which 
form the components of a vector in ordinary space; 
£1=2-4(x1—x1), f= 42-4 (xr + x-1), Es= xo. 

Sum, Sum*= components of the triplet scattering matrix 
referred to the functions xm, corresponding to un- 
symmetrized and antisymmetrized wave functions, re- 
spectively. The incident state is labeled by the second 
subscript, the final by the first. 

S¢, S**= triplet Coulomb amplitudes. 

St, $*€=triplet scattering matrix referred to the func- 
tions &;. 

S00, Sco*= Singlet scattering matrix elements. 

o,0*=elastic differential scattering cross section for 
nonidentical and identical unpolarized particles, re- 
spectively. 


Ill. REAL PHASE SHIFTS FOR DEFINITE L 


Compounding spin and orbital angular momenta for 
the two nucleons, one obtains spin-angular functions 


L,J 


u—m, Mm 


yot.=5/ a (1) 


with values of transformation coefficients 
L, L+1 
(2L-+1)12L-+2)'( ) 
u—m, m 
={((L+u)(L+n+1)}, 
2§( (L+u+1)(L—n+1)}, 
[(L—n)(L—»+1)}}}, 


oto”) 


={((L+z)(L—»+1)}, 
—24y, = [(L—p) (L+n+1)}}}, 


pecer+1) 9 sae ) 


u—m, m 


(1.1) 


(1.2) 


={((L—»)(L—»+1)}}, 


—24[(L+)(L—n) }, [(L+u)(L+e+1)}}, (1.3) 
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the three numbers on the right corresponding to m=1, 
0, —1, respectively. While these transformation coef}. 
cients are well known and have been given by many 
authors, the freedom of the choice of phase for each of 
the angular-spin functions makes it necessary to list the 
coefficients explicitly, as above, so as to avoid mis- 
understandings. The unsymmetrized Coulomb wave y,, 
becomes modified by the presence of real phase shifts 
51,7 so that the scattered wave is given by 


p(Wuxm) se exp{ —ip—7 In2p+200 ]} 
ny 
= —[a/ (209) em exp{—t4 Ine} + ( ) 


u.J.L\0, m 


L,J 
x( Joc. J)V 1, m-1Xu EXP(2ior,o). (1.4) 
M— fh, be 


The symbols in the formula are as in the list of notation. 
The quantity 


71,0=TL—%0, 
where cz is the inherent Coulomb phase shift so that 
o1,o= tan (n/L)+tan“[n/(L—1) ]+-+-+tann. 


The employment of the transformation coefficients as in 
(1.1), (1.2), (1.3) gives now after a straightforward 
calculation the scattered wave which results if the inci- 
dent wave is the coulombian modification of 


Y= Lin Guxue™; 
y= Ym AUX, 
where, asymptotically at large distances, 
¥°~{1+9/[ik(r—2z) ]+---} 
Xexp{ilkz+n Ink(r—z) }} 
—{n/LR(r—z) }} {1+ (1+in)?/[ik(r—z)]+- ++} 
Xexp{ilkr—n Ink(r—z)+200]}. 
The triplet scattered wave is then 
Vec=) on m XwS », wal?, 
where the Sym are as follows: 


R(Si, 1—S*) seas k(S_14,1—S°) =are"* 
=e® Di 1 2ex0 (L+2)Qz, 141 
+(2Z+1)Q7,14+(L—1)Q1,1-1]P1, (2.2) 
—kSo, 167 *? = RSo, 1° = — 2-4 sinbe*® 
=2- te Yor exo L(L+2)01, 141 
— (2Z+1)Q1, 1— (L?—1)Qz, 1-1] 
XsindP2’/[L(L+1)], 
RS_1, 1677? = RS, _1€7*#=a3 sin*e** 
= fe® Dir ero LOz, 141 
— (2Z+1)Qz, -+(L2+-1)@z, 1] 
Xsin’P,”/(L(L+1)], 


i.e., 


(2" 


(2.1) 





AMPLITUDES IN NUCLEON-NUCLEON SCATTERING 


RS1, ¢*? = — RS_1, 0¢~*” 
= 2-ta, sinde** = 2-te* 
X¥z exo(Qz, r41—-Oz, r-1) sindP x’, 
b(So,o— S*) =ase*® =e Yo exo 


XC(L+1 Oz, 1414201, 1-1)P 1, 


é€Lto= exp (2icr, 0) 


(2.5) 


(2.6) 
(2.7) 
(2.8) 


where 


and 
b=p—71n2p+2o, 


with oo, the Coulomb phase shift for Z=0, defined in the 
list of notation. The quantity S* represents Rutherford 
scattering and may be expressed as 


S*=—[n/(2ks*)] expLi(6—n Ins*)], 


the superscript c standing for Coulomb. Equation (2.1) 
is directly applicable to n— p scattering by setting n=0. 
For p—p scattering the wave function must be anti- 
symmetric in the two particles. This requirement can be 
satisfied in the usual manner by interchanging space as 
well as spin coordinates in the wave function, subtracting 
from the original and dividing by v2. The normalization 
of particle density of the incident wave is unaltered by 
this change in the wave function provided one deals with 
the probability of finding a proton rather than the first 
or the second proton. A precise visualization of the 
conditions can be obtained by the construction of wave 
packets. For noninteracting particles the wave function 


W P= 2-4 Yr (11,51) 11 (2,52) — Yr (T2,52)Pr1 (11,51) ] (3) 


represents two particles moving toward each other in 
coordinate space provided the regions of space occupied 
by ¥r and yy move toward each other and do not 
overlap. Making 


(2.9) 


fx. ly (r,s) | *dr= fx. lor (r,s) | *dr=1 


secures this normalization, provided one adds the proba- 
bilities of finding particles 1 and 2 in the regions of 
configuration space I, II occupied by ¥ and Wy, re- 
spectively. For nonidentical particles the wave function 


V2=y1 (r1,51)~ur (r2,S2) (3.1) 


describes the condition of having particle 1 in I and 
particle 2 in II, so that the intensities of the two beams 
are the same for Eq. (3) and for Eq. (3.1). The functions 
in (3) and (3.1) are distinguished by subscripts a and u 
so as to indicate antisymmetric and unsymmetrized 
functions respectively. If the V,° is modified by the 
inclusion of effects of an interaction between the 
particles one can follow the scattering of the wave 
packets I and II by each other. The Fourier analysis of 
V.° in terms of plane waves gives terms, involving 


exp{iLkirit+kors }} 
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as factors. Each of these can be rearranged by means of 
kinit+-ker.= (kitke)[(rit+re)/2]+[(ki—ke)/2](1— To) 


so as to contain either the coordinates of the center of 
mass or the relative coordinates, r;— re. The usual con- 
sideration of the scattering problem is concerned with 
the relative coordinates factor because it secures the 
formation of the wave packets of I and II receding from 
each other. The outgoing wave modification of each 
Fourier term, when substituted into the Fourier integral, 
gives the unsymmetrized function 

Wu (11,513 T2,52). (3.2) 
The replacement of each term in the Fourier analysis by 
an antisymmetric combination including the factor 27}, 
as in Eq. (3), gives the corresponding 


Wa(r1,51; ¥2,52) 

= 2-41 (11,51; ¥2,52) —Vu(t2,52; 1,51) ]. (3.3) 
The scattered parts of VY, and W, give rise to wave 
packets of correlated probability for which protons 1 
and 2 move in correlated directions determined by the 
conservation of energy and momentum. In making use 
of the scattered part of (3.3) it is natural and customary 
to calculate for any given direction and spin orientation 
the chance that proton 1 is moving in that direction, 
while 2 is moving in the correlated direction, and to add 
to this probability that obtained by interchanging the 
roles of protons 1 and 2. This procedure thus auto- 
matically includes particles which in the case of (3.2) 
would be called recoils. The cross section for scattering 
may then be pictured as the sum of a direct scattering 
term, a term representing recoils, and a Mott-type 
interference term. The modifications in the scattering 
matrix corresponding to the change from V,, to VY, are 
now, for the triplet amplitudes, 


ae= 2-4 (n/2k)|— s~? exp(—‘n Ins?) 
+c exp(—iy Inc?) Je®, (4) 
S*, =2S,», (ux) (4.1) 
S44, — S%=23(Syy—S*), (4.2) 


an extra factor 2 in Eqs. (4.1), (4.2) arising from the 
fact that since all the L’s are odd in this case the space 
functions are of negative parity. 

For nonidentical particles the scattering matrix for 
singlet states is 


k(soo— S°) =e” > 1(2L+ 1)eroP 10x. (5) 


For unpolarized nonidentical particles the differential 
collision cross section ¢ is obtained from 


4o0= | Soo]? Dou, »| Sur]? (5.1) 
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For identical particles ‘the scattering matrix for 
singlet states is obtainable from 


$%9— S*°= 2? (soo—S°), 


S*°=2-4(n/2k)_— s exp(—in Ins?) 
—c~ exp(—in Inc’) Je*®, (6) 


and the differential cross section for unpolarized protons 
is obtainable from 


20°= | 5%00|?+ Don, »| S*ur!?. 


This cross section includes the effect of recoils as has 
been mentioned in connection with Eq. (3.3). The 
factor on the left of (6.1) is 2 rather than the 4 in the 
corresponding place in Eq. (5.1) because according to 
the convention used one needs the probability of finding 
both protons 1 and 2 rather than just proton 1. 

The triplet spin functions x1, x0, x-1 can be trans- 
formed by 


£1= (x-1—-x1)/V2, f2=i(x1+-x-1)/V2, £3=Xo. (7) 


The three quantities (£1, £, &;) transform under rota- 
tions like an ordinary vector. The functions £1, £2 repre- 


(6.1) 
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sent states in which the total spin is perpendicular to 
the x and y axes. In terms of the £; the incident wave 
may be rewritten as 


=D £, (Sa) W*, (7.1) 
where 

oa 1/v2, 0, 

[ST jul] = =e 0, 

0, 1, 


1/v2 
0 


the rows in (91) being labeled in the order j=1, 2,3 
going down and the columns in the order p=1, 0, —1 
from left to right. The scattered wave for nonidentical 
particles, referred to in Eq. (2.1), becomes 


Wse= iis &(MSM"),j0;/7, 
af;= (Ma);. 


with 


The incident amplitudes a, are thus replaced by the 
amplitudes a‘; which are the coefficients of the £; in the 
expression for the incident wave. The matrix ||S,,|| is 
replaced by the matrix ||(9%S9IN-),,|| as in Eq. (7.3). 
Substitution of Eqs. (2.2) through (2.6) gives for this 
matrix: 


S°’+a2—a3 cos2¢ sin?@, —a3 sin2¢ sin’@, —a,4 cos¢ sind 


S*=|| (OMSIM-) ;;|] = (e**/k) | —az sin2g sin’, S*’+a2+a3 cos2¢ sin’@, —a4 sing sind | , 


(7.5) 


—a, cos¢ sin?, —a; sing sin6, S°’+as 


with 
S° = ke~*#S¢= — (n/2s*) exp(—in Ins?);_ (7.5’) 


the order £, £, £; applying in the labeling of rows 
downward and in that of columns from left to right. The 
matrix (7.5) contains the angular dependence in real 
expressions and is convenient for numerical work. The 
effect of antisymmetrizing the wave function is to 
replace the above matrix by 


S*=MSeM. (7.6) 


According to Eqs. (4), (4.1), (4.2) this replacement is 
accomplished by the replacements in (7.5) of the 
quantities S*, ai, ---, a5 by S* and 


a= 24a, a%= has, est a%s= has. (7.7) 





The formulas for the cross section in terms of the S* type 
matrix elements are 


40= | so0|/?+20 i, 5| Sis”, (8) 
20°= |5%0/?+203,5| Ss ]?, (8.1) 


similarly to Eqs. (5.1), (6.1). In all of these formulas the 
expressions for the matrix elements of S contain sums 
over L which are taken over all Z in the case of non- 
identical particles; for identical particles as is well 
known triplet states occur only with odd, singlet states 
only with even L. The sums of squares of matrix 
elements can be expressed as a trace of the square of the 
unitary matrix S. 
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I. INTRODUCTION 


HE present paper is written in conjunction with 
the immediately preceding one.' It makes use of 
the same restrictions to elastic collisions and to a non- 
relativistic approximation. It amplifies the results in 
two respects. In the first place it includes in the calcula- 
tion of the amplitudes the effect of coupling of states of 
the same J but different Z, such as is produced for, ex- 
ample, by tensor coupling. These effects have been 
considered before in different connections but formulas 
for calculation are not available in the literature in a 
systematic form. Secondly, the present paper gives 
formulas for the calculation of polarization effects in 
double-scattering experiments. The fundamental theory 
of these is available in the papers of Schwinger,” 
Wolfenstein,? and Wolfenstein and Ashkin‘ and other 
publications.’ The extension to the case of identical 
particles has been treated by Swanson.® It was felt 
desirable to complete the latter in some respects as a 
matter of clarity of presentation and to present the 
formulas for polarization in a general form including 
coupling effects between states with different L. 

The paper starts out with the introduction of the 
coupling effects in Eqs. (1) through (3.3). The effect of 
the coupling on the scattering matrix in the magnetic 
quantum number reference system is worked out leading 
to Eq. (8). The equivalent form in the & representation 
of the preceding paper is Eq. (9). The effect of anti- 
symmetry of the wavefunction on the polarization is 
treated in connection with Eqs. (12) through (13.3). 
The more symmetric forms resulting from the & repre- 
sentation are discussed in connection with Eqs. (14) and 


* This research was supported by the Office of Ordnance Re- 
search, U. S. Army. 

1G, Breit and M. H. Hull, Jr., preceding paper [Phys. Rev. 97, 
1047 (1955) ], referred to as I. A preliminary account of some of the 
tesults of the present paper is contained in G. Breit and J. B. 
Ehrman, Phys. Rev. 96, 805 (1954) and in M. H. Hull, Jr. and 
A. M. Saperstein, Phys. Rev. 96, 806 (1954). 

2 J. Schwinger, Phys. Rev. 69, 681 (1946) ; 73, 407 (1948). 

3L. Wolfenstein, Phys. Rev. 75, 1664 (1949) ; 76, 541 (1949). 

4L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). 

5J. V. Lepore, Phys. Rev. 79, 137 (1950) ; L. J. B. Goldfarb and 
D. Feldman, Phys. Rev. 88, 1099 (1952); R. H. Dalitz, Proc. 
Phys. Soc. (London) A65, 175 (1952) ; A. Simon and T. A. Welton, 
Phys. Rev. 90, 1036 (1953). 

°D. R. Swanson, Phys. Rev. 89, 749 (1953). 


(15). Results for polarization in a form suitable for 
immediate numerical substitution are given in Eqs. (18) 
and (20). These formulas can be used for numerical 
work by evaluating the complex numbers ay, - - -, a, Qc, 
or else terms can be collected so as to exhibit more 
explicitly the angular dependence involved. In such 
cases many of the terms collect themselves in the 
Goldfarb-Feldman® symbols (62, 6;) of Eq. (20.1). The 
additions caused by nondiagonal terms of the coupling 
matrix are studied in Eqs. (20.2) through (22). Terms 
of highest order in cos@, where 6 is the colatitude angle, 
are seen to disappear. 


II. NOTATION 


U=unitary symmetric matrix transforming uncoupled 
states to coupled states. First row and left-hand 
column refer to orbital angular momentum /, second 
row and right-hand column to /+2, where 7=/+1 is 
the common total angular momentum of the states 
being coupled. 

T= “coupling matrix” = (U—1)/(2i). 

F 1, G_=respectively, the regular and irregular solutions 
of the differential equation for rX radial function in a 
Coulomb field, normalized so as to be asymptotic at 
r= to sin(oa—sLr—nIn2p+oz) and cos(ep—sLar 
—n In2p+crz), respectively. 

Hy.=Gr+iF 1. 

C= T—(Q where Q is a two-dimensional diagonal matrix 
with elements Q(5_) and Q(6,), 6. and 6, being 
parameters of Thaler ef al.’ 

y!7,= defined in Eq. (1) of I. 

Sz Sy, Sz= Pauli spin vector/2. 

P=polarization. Superscripts 1, v, a denote one-particle 
state, state v, and antisymmetrized state, respectively. 

3 = matrix defined in Eqs. (7.2) of I. 


Ill. COUPLING 


In the present section the effect of coupling between 
states of the same J but different Z will be considered. 
The matrix transforming the two uncoupled states with 
orbital angular momenta /, +2 to the coupled states 
will be referred to as U, and the matrix 


T=[(U)—1]/(2i) (1) 


7 Thaler, Bengston, and Breit, Phys. Rev. 94, 683 (1954). 
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will also be used. In terms of T, the contribution to the 
scattered wave arising from the presence of a term in P; 
in the plane wave modified only by the Coulomb field is 


ne 
[an 241) Mexpbio Io’ ‘ ) 


XO oY Ait Ty ey" 4,H 2], (1.1) 


while that arising from the presence of a term in Pi,» 
gives 


1+-2, 7 
iL (21+-5) Mexp ions) 67 ( ; 4 


»M 
XLT 2 YA i+ Tye, y2Y*4,A 2]. (1.2) 


Here uy is the value of the spin component of the spin 
function x, in the incident wave which gives rise to the 
two expressions just written. The notation 


Hi=Grt+ iF; (1.3) 


is used above. The matrix U is unitary and symmetric. 
It may be expressed® in terms of the reactance matrix X 
by means of 


1—X a,c 
U= ; x=x+=/( ). 
i+X c, b 


In terms of the matrix elements of X, one has 


(1.4) 


1+ab—c?—i(b—a), 2ic 
° = 1+-0b—2-+i(b—a) 
X[1-—ab+—i(a+b) }, 
a—i(ab—¢’), ‘) 


c, b—i(ab—c*) 


(1.5) 


{= [1—ab-+e—i(o+0)}+( 


Setting 


a= tanga, b=tangs, 


(1.6) 


Ta=€XxP(iga), Ts=exp(ign), 


one has 
T= [rer b- 


SiN Gat1c* COSHq COSY, C COSHa a (1.7) 
, e 


1+-¢? cosy, cosy, |? 


C COSGq COSHD, Ta? SINGYE+1C? COSGq COSYD 


If c=0 this matrix becomes diagonal with elements 
Ta SiNGa, Tp Sing» which are of the form of Q(¢a), O(¢»). 
In the notation of Thaler, Bengston, and Breit,’ who 
will be hereafter referred to as TBB, 


U-1 /0(6) "ee oe 
(OE), a 
Pore, 21 0, Q(64) Cy,-, C+,4 
8 E. P. Wigner, Proc. Natl. Acad. Sci. U. S. 32, 302 (1946) ; J. M. 
Blatt and V. F. Weisskopf, Theoretical Nuclear Physics (John 
Wiley and Sons, Inc., New York, 1952), p. 530; J. M. Blatt and L. 


C. Biedenharn, Phys. Rev. 86, 399 (1952) ; Revs. Modern Phys. 24, 
258 (1952). 
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the matrix (C) being expressible in terms of the 4 
parameters 6_, 6,, y, T as in their Eq. (1.4). The quanti- 
ties 6_, 6, are phase shifts which would exist if the 
coupling were removed by making the angle T=0, 
While in the model used by TBB the phase shifts 6_, 6, 
enter in a natural manner; they are not needed for the 
description of coupling by means of the three parameters 
a, b, c or the equivalent set of parameters ga, ¢2, c. The 
parameters y, 7, 6_, 6, of TBB will not be used in the 
present discussion and the symbols Q for the coupled 
states will be used in a different sense as will be seen 
presently. The parameters a, 6, c can be expressed in 
terms of y, T, 6_, 6,. In doing so it will be useful to 
rename (6_, 5,) as (61, 62), some of the relations becoming 
more obviously similar as a result. One has then 


1/c=[cos(T+61+82)+C? cos(T+62—41) 

+.S? cos(T—52+41) ]/(2CS sinT), 
S=sine= (1—y)}, 
b=—tan(@,/2), 


where 
C=cose=y}, 


a=—tan(@,/2), 
with ©, 2 being obtainable from 
tan(40;+6:+6.+7) 
=sin(xi+26;)/[(1/®)+cos(x:+26,)], 
R=[1—sin?(2e) sin?T]}, 
cosx1= (C?+-S? cos2T)/®, 
cosx2= (S?+C? cos2T)/R, 


sinx:=S? sin27/®, 
sinxe=C? sin2T/@. 
Another way of expressing a, b, c is to express c as previ- 
ously mentioned and to use 


a+é 
6:+6.+T= arctan(——), 
1—ab+¢ 


(1—y) sin2T 


61—52— 
y+(1—y) cos2T 





T+ arctan 


=arctan ; 
1+ab-—¢ 


expressing therefore (a+b)/[1—ab+¢] and (a—})/ 
[1+ab—c*] in terms-of 6), 52, 7, 

The employment of 7 as in Eqs. (1.1), (1.2) corre- 
sponds to the production of the following modifications 
by the nucleon-nucleon interaction: 


Pry tPF YF Ty Yo Ar 
bis a tao (3.2) 
Pye Y? oF yey t Tie, 1Y A 
+ Tips, 424"? 4H 2. 


These modifications may be assumed to hold outside the 
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range of nuclear forces. At a large distance, 7, the 
asymptotic forms are accordingly 


[-exp(—i¢:)+U1, 1 exp(ign) Y's, 
+U 1, 42 exp(igi2)Y*,, 
Vine, exp(igy) Y"4,+[—exp(—igi42) 
+U 42, 42 exp(tgiy2) SY, 
gi1=p—7 |n2p— (lr/2)+02. 


The physical assumptions regarding the interactions are 
sufficiently well summarized in the specification of these 
asymptotic forms for purposes of the present problem, 
since the asymptotic forms are the only properties of the 
interactions which affect scattering. Employing the 
transformation coefficients of Eqs. (1), (1.1), (1.2), and 
(1.3) of the preceding paper! and taking the incident 
wave to be 


(3.3) 


with 
(3.4) 


VX 
the factors multiplying 
i'[4mr(21+-1) }¥oLexp (to 1) JT 1, 42H y2¥ 142, xm 


in the expression for the scattered wave are the 
142, j=I+1\ s/, j=l1+1 
( u—M,M )( 0, p ) 
while the factors multiplying 


i 4 (21-+5) }loLexp (to 142) |T 42, HY 1, p-uxm 


in the scattered wave are the 


Ll, j=1+-1\ s142, j=/1+1 
er wh 0, u ) 
The combined contribution of these terms to the ele- 
ments of S,, is expressible as 
RAS, 1= — (+1) (I+2)[Z 79 +Z" Je*®B’, (4) 
RAS_y,1= —[(I+1) (1+2) 4 C(4-3) (+4) 2" 
+[(—1)1}'Z'2}e*B’, 
kASo,1= —(2(/+1) (/+-2) }! 
X{-LU+1) (7+-3)}'2"*, 
+[1(1+-2) }iZ ye’, 
RAS; o= —{ (1-+1)[2(1+2) (1+3) }!Z4**_1 
— (1+2)(210+1) }'Z*s}e*B’, (5) 
RAS_s o= —{(14-1)[20+-2) (14-3) 2% 
— (1+ 2)[21(1+-1) }'Z4s}e*B’, 
RAS, o= 2(+1) (I+-2)[ Zo +Z'o Je*B’, 


(4.1) 


(4.2) 


(5.1) 
(5.2) 


kAS1,-1= —[(1+1) (/+-2)}! 
X{LU+3) +4) i272 
+[(—1)1]}}Z'_2}e*B', (6) 
AS_1,-1=AS},1, (6.1) 
kASo, = —[2(/+1) (142) }! 
X{-L0+1) (+3) }'z"**_, 

+[1(1+2) }1Z*_s}e*B’, 
where use is made of the abbreviations: 
B= (T1, 42/2) (+1) (/4+-2) PexpLioxot+ions0], (7) 
B’=B/[(21+1) (21+5) }}, (7.1) 


and of a notation which can be applied to a given pair 
of coupled states but not in general, viz., 


Z42, =[4er(21+1) PY v2», 
Z',=[4e(21+5) }'V;,,. 


(6.2) 


(7.2) 
(7.3) 


The diagonal elements of 7 require no special considera- 
tion because according to Eq. (2) they enter in the same 
places as the Q’s of the equations for uncoupled states. 

Substituting the values of the Y;,,, Yx42,, in terms of 
Legendre functions through Eqs. (7.2) and (7.3) into Eqs. 
(4) through (6.2), one obtains 


kA||S,»|| = Be* 
—U, —2'W sin6e-‘*, — V sin*6e*‘¥ 
X| —2!W sinde‘*,2U,2*W sine“? |, (8) 
—V sin’6e*?, 2!W sinbe**, —U 
the rows and columns of the matrix corresponding to 
u=1, 0, —1 in the above order, starting the labeling 


with 1 for rows as well as columns in the upper left-hand 
corner, with 


(8.1) 
(8.2) 
(8.3) 


U= (+1) (/4+-2)LP:4- Pues, 
V=Pi'+Pu2”, 
W= (14-1) Prys!— (I-42) Py. 


The argument of the Legendre functions is cos# through- 
out, while the prime and double prime denote single and 
double differentiation with respect to the argument 
cosé. 

By means of S10 and Eq. (7.4) of I, one calculates the 
change in kS caused by the nondiagonal element of T 
to be 


RAS*= Be® 
V sin’@ cos2¢— U, V sin’@ sin2¢, 2W sin@ cose 
X | V sin’@sin2¢,—V sin’?@cos2y—U, 2W sin@ sing}. (9) 
2W siné cosg, 2W siné sing, 2U 


Comparison with Eq. (7.5) of I shows considerable 
similarity of structure between AS‘ and S‘. The effect of 
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Fic. 1. Schematic diagram of a double-scattering experiment. 


antisymmetrizing the wave function for identical nu- 
cleons is described by Eqs. (4), (4.1), (4.2), and (6) of I. 
All of these correspond to interchanging all of the 
coordinates, subtracting and dividing by v2. The addi- 
tion to S caused by 77,142 is obtainable, therefore, by 
formulas similar to Eqs. (4.1), (4.2) of I, viz., 


AS*¢, »=25AS,, », (10) 
the formula applying for y=» as well as uv. This 
addition can be made to the matrix S* obtainable by 
means of formulas listed in I. Similarly to Eq. (10) there 
is the relation 

AS ;;=2)AS5;;. (10’) 
The calculation of differential cross sections for un- 
polarized particles reduces to substitution of matrices 
completed through the additions designated here by 
prefix A to matrices S, S*, St, S** as needed in Eqs. 
(5.1), (6.1), (8), and (8.1) of I. 

While for identical particles (T=1) the coupling dis- 
cussed here applies only to states with odd L, states 
with even L may be coupled for nonidentical particles. 
The best known coupling of this type occurs between 
8§, and *D,, as known through the work of Schwinger 
and Rarita. 


IV. POLARIZATION, FORMAL QUESTIONS 


The polarization of nucleons in double-scattering 
experiments has been treated by many authors.?-* No 
attempt will be made here to discuss the symmetries 
involved in the general problem, the viewpoint here 
being primarily that of supplying a general formula. 
However, a study of the published papers failed to 
reveal a complete account of the reasons for not needing 
to calculate with a wave function antisymmetric in all 
of the three particles involved in a double-scattering 
experiment. The tracing of the factors 2 and v2 involved 


in a consideration of effects of antisymmetrizing the 
function in a pair of colliding particles has also not been 
carried out in a convincing manner in the literature. 
Sinceyboth of these tasks can be completed in a short 
space, ,they will be discussed briefly in the present 
section so as to make the remaining operations in. 
telligible. 

A complete theoretical description of the scattering 
experiments would involve a consideration of three 
particles and two slits, the interactions of the particles 
with each other and with the slits. Such detail is however 
unnecessary and it is inconvenient to work with a three. 
particle function. The fact that it suffices to work witha 
two-particle function for each collision is readily believed 
but apparently has not been demonstrated in print. A 
brief explanation will be given now as a matter of 
completeness. The two scattering chambers are sche- 
matically shown in Fig. 1 as separated by the slit S, 
with incident beam entering chamber A through slit 5; 
and the finally scattered beam emerging from chamber 
B through slit S;. In chamber A the incident beam in 
state u collides with particles in state a producing the 
scattered beam in state v and recoil particles in state a’. 
The particles in state v enter chamber B, are scattered 
by collision with particles in state 6 producing recoils in 
state b’ and scattered particles in state w, the latter 
emerging through slit $3. The initial condition is 


y= (u, a, b), 
where the symbol on the right side is meant to be 


w(1) y(1) (1) 
(x, y, 2)=(3!)-#x(2) (2) 2(2)], 
«(3) (3) 2(3) 


and it is assumed that the overlap between the functions 
is negligible in the calculation of the normalization 
integral or else that the factor (3!)~! is corrected for 
overlap. After the first scattering is taken into account 
in the calculations, an intermediate state 


Yo= (a’, v, b) 
is obtained, and it gives rise to the final state 
= (a’, B’, w). 


In the calculation of 2, one is concerned with the 
production of states a’, v from the states u, a. Expanding 
y and yz in products of b(1), (2), 6(3) by their cofactors 
in the determinants on the right side of Eqs. (11) and 
(11.2), one deals with the normalized determinants 
(u, a) and (a’, ») which occur with protons (2, 3), (3, 1), 
and (1, 2) in succession. The calculation of the collision 
in the first chamber by means of an antisymmetric 
function in two particles thus supplies the co-factor 
multiplying one of the three quantities b(1), (2), b(3) 
in the expansion of (11.2). Similarly the passage from 
the intermediate state, ¥2, to the final state, Ws, is 
obtained by finding out how the normalized determinant 


(11) 


(11.1) 


(11.2) 


(11.3) 
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(x, 6) changes to (b’, w). It is seen that the only compli- 
cation caused by dealing with three rather than two 
particles consists in working with the cyclic sum 


34D u(i) (a, 6) 5%, 


rather than with one term of the sum and factor 37} 
removed. The factor 3~} takes care of the three ways of 
gattering a particle in making the complete three- 
particle description equivalent to considering the third 
proton as though it were not identical with the two 
protons that participate in the scattering process. It is 
essential in the argument just presented that the state b 
should not participate in the interaction giving the pair 
of states (a’, v) out of the states (w, a), and similarly 
that the state a’ should not be changed in the transition 
from W2 to 3. 

In the first scattering chamber there is produced the 
cyclic sum F 


34D b() (a, 0) j= Ye, 


each term of which arises from a corresponding term in 
3 be b(i) (u, a) .=Y. 


It is seen that the expectation value of the y projection 
of the sum of spins for two particles, s,, has a definite 
value for the two-particle function 


(a’, 0) jk, 


this value being independent of the particular pair jk. 
Similarly, in the second chamber the change from the 
two-particle state (v, b) to (b’, w) produces a change in 
(ty). It is seen therefore that the calculation of (s,) for 
pairs of particle states (u, a) to (a’, v) to (b’, w) can be 
made by solving separate two-particle problems. From 
here on, one can fall back on existing theoretical treat- 
ments which give explicit formulas for the calculation of 
(,). It is desirable, however, to have a clear distinction 
between the cases of identical and nonidentical particles. 
For the latter case there is a definite meaning to the 
identification of a particle, for instance, a proton in 
distinction to a neutron. Referring to the particle 
scattered through the system as number 1, one has,’ 
after scattering of unpolarized by unpolarized particles, 


P=2s!,)=(o', 
= 24 ImL> m(S1, m— 5-1, m)*So, mJ}/ 
{| So0]?+ Xo w»| Sur}. 


It is to the discussion of this quantity in successive 
scattering that the usual developments apply. Applying 
Eq. (5.1) of I, we obtain 


(12) 


4oP!=23 Im) (51, 0—S—1,0)*So 0: (12.1) 


For identical particles one cannot observe the spin of 
one of them. The physically meaningful quantity is 


$,=5',+s°,. One obtains, in this case, 
(Sy) = 24{ Im m(S%1, m—S*1, m)*S%, m}/ 


{ | $%00|?-F 2 | 5%,» |}. (12.2) 


Presupposing, for the sake of definiteness, a clean 
separation of the states a’, » which result after the first 
scattering, one has 


(Sy)= (a'r, Sty a’1)+ (01, Sty 01) 


=2 (01, sty 01) =2(s"y), (12.3) 
as follows from a calculation with an antisymmetric 
wave function. The equality of the two parts in the 
intermediate step in Eq. (12.3) is a consequence of the 
occurrence of the same normalization of factors multi- 
plying the x, in a’ and v. The quantity (s’,) is the 
expectation value of the spin of a particle in state v. It 
does not matter, of course, which of the two particles 
one is talking about since 2 is a one-particle state. One 
may define now 


P?=25°y)=(Sy), (12.4) 
with (s,) given by Eq. (12.2). According to Eq. (6.1) 
of I, 


20¢P?= 23 ImL> m(S%1, m— 5% 1, ia} *$% om (12.5) 
The mean spin of the scattered state v which enters P” 
replaces the mean spin of a particle in the considerations 
regarding the effect of successive scatterings, as may be 
seen from the discussion of Eqs. (11) to (11.3). The spin 
of the state v determines the angular dependence of the 
(v, 6) scattering. It is obvious, first of all, that if the 
(v, 6) scattering is changed to be scattering between 
nonidentical particles, then P” plays the role of P! since 
it does not matter how the proton beam has been 
produced for incidence on neutrons 0. If next, in the 
(v, 6) scattering, both particles are protons, it proves 
useful to supplement the considerations of Wolfenstein 
and Ashkin‘ by the following. 

The statistical mixture and the scattering matrix of 
the nonidentical-particle problem may be referred to the 
functions x0", x1, Xo, X—1 instead of the set aya, 2182, a281, 
B82. The scattering matrix then has 6 vanishing non- 
diagonal elements and breaks up into the single element 
Soo and the three-row square matrix for the triplet state. 
The mathematical statement of the absence of polariza- 
tion of target particle 2 is simpler for the strong-field 
spin functions (decoupled spins) but is not very involved 
for the weak-field functions, the form of the density 
matrix being derivable for one case in terms of the 
other. One can write down therefore the formula for the 
scattered intensity in an assigned direction. With the 
usual reference system of Pauli’s o’s, the expression for 
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the intensity is of the form 


{| $00|?)a'poot+ Tr (S*pS*) 
= | 500|? Spot Lut? (Caateps) 
XC Su.1|?+] Sy, 017+] S,,-1]7] 
+4 (€aa—esa)L| Sp, 1]?— | S,,-1]7] 


+terms in éas, ga}. 


(13) 


Here éaa, €a8, etc., are matrix elements of the spin 
density matrix of the incident polarized particle. One 
has 


3(012)= 3 (€aa— €88)s (13.1) 


where subscript 1 refers to the polarized incident par- 
ticle. Also, for an unpolarized beam scattered from a 
target, 


(3 (o12t+o22))= DaL|S,, 1|2— 1S,,—1|*]. 


It is seen therefore that Eq. (7) of Wolfenstein and 
Ashkin (Wo-Ash), 


I=} Tr(MtM)+(6;); Tr(M'tM¢;), [Wo-Ash (7)] 


can be stated also in terms of (6:+2)/2 in both places 
where 6; enters their formula. The values of the mean 
spin of the first particle are seen to enter the formula for 
the intensity in an assigned direction only through the 
triplet scattering and may be replaced therefore by an 
expression involving the symmetric operator 6)+ >. 
The breakup of the scattering matrix into a singlet and 
triplet part secures the absence of effects of elements of 
6, between singlets and triplets. Equation (7) of 
Wolfenstein and Ashkin can accordingly be stated in 
terms of the symmetric combinations which are the only 
meaningful combinations in the case of p— p scattering. 
This statement is seen to be a consequence of the simple 
algebraic rearrangement mentioned in connection with 
Eqs. (13), (13.1), and (13.2) and need not even be based 
on their more elegant procedure. The parts of the 
matrices representing 6; and (6:+¢:2)/2 with rows and 
columns belonging to the triplet system are readily seen 
to be the same. In fact (x,, (¢:—62)x») is zero as a 
consequence of the symmetry of the x, to particle 
interchanges. The relation between the (3 (6:+ 62)) after 
scattering of unpolarized particles represented by the 
last factor in Eq. (7) of Wolfenstein and Ashkin has been 
gone into in the discussion which led to Eq. (12.3), 
while the term in (6;); after being replaced by ((6;+ ¢:)/2); 
can be evaluated as the expectation value of ¢ for state 
v as follows from (12.3). The simple manipulations 
which express the intensity in terms of the mean spin 
of the incident beam and of the mean spin which would 
be produced in a scattering experiment are practically 
independent of whether one is dealing with identical or 
nonidentical particles. The polarization of the state v 
replaces the polarization of an identifiable particle and 
states with T=0 drop out, but the form of the expres- 


(13.2) 
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sions remains the same since the manipulations take 
place for submatrices referring to the triplet system. ]j 
is clear therefore that one may use the formula for nop. 
identical particles, substituting the word “‘state”’ for the 
word “particle” and expressing the scattering in terms 
of mean spin vectors, and employing the antisym. 
metrized scattering matrix S* applying to identical 
particles. The argument just presented is very similar ty 
that given by Swanson* in connection with his Eq. (2), 
who points out that the singlet scattering does not con- 
tribute to the “polarization term.” It was nevertheless 
felt necessary to return to the question once more be. 
cause the way in which identity of particles affects the 
treatment for the observed angular distribution does not 
appear to be contained in his paper. The “exchange 
nature of the interaction” might have been meant to 
cover the case of identical particles but the simple actual 
situation does not appear to have been covered. 

One may now return to the calculation of P. For non- 
identical particles there are Eqs. (12) and (12.1); for 
identical particles, Eqs. (12.2) and (12.5). Employing 
the same normalization of the wave function as in I and 
comparing formulas for o and o* in Eqs. (5.1), (6.1) of 
I, one notes that in expressing P in terms of o or o* there 
is an extra factor of 2 entering the expression for P,_,. 
It is connected with counting recoils in o*. There is, 
besides, another factor 2 occurring because with the 
normalizations used the triplet part of S* is 2/v2 times 
the triplet part of S and because the S* and S are con- 
tained quadratically in the numerators of formulas for 
P and P*, where P? is the polarization for the anti- 
symmetrized state. When one expresses P*=P,_, in 
terms of o* and S in P,_, in terms of o and S, there isa 
net extra factor of 4 present in the formula for P,_,. 
This factor gives therefore the ratio 


(Po) p—p/ (Pe) p-n=4, 


if one neglects the Coulomb effects in p—p scattering 
and arbitrarily disregards the presence of T=0 states in 
the p—n case. 

Another way of seeing the relationship between 
(Po) »-p and (Po) »-» for vanishing Coulomb interaction 
is to note that in principle one can tag the two protons 
so that one of them is red and the other black. This 
identification can be made even though one uses an 
antisymmetric function to describe the protons. The 
Wolfenstein-Ashkin result can then be applied to the red 
protons. Since 


} ® S%, u(S%1, p— S21, y)*=2 a So,u(S1,u—-S_1,4)*, 


there is a factor 2 in favor of (#P),_». On the other hand, 
the expression for @ on the basis of the red proton is } of 
the usual «*, the latter presupposing that both black and 
red protons are counted. The Wolfenstein-Ashkin for- 
mula applies however to the red protons alone, i.e., to 
(Po/2)>-p. There is therefore a second factor 2 for 
(Po)p-p, Tesulting in a net factor 4. The way just 


(13.3) 
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presented tacitly assumes the identity of form in the 
formula for Po whether one deals with unsymmetrized 
or antisymmetric functions. The justification for doing 
sy has been given in connection with Eqs. (13), (13.1), 
and (13.2). 

Since the case of identical particles is reducible to that 
of nonidentical ones as just brought out, it suffices to 
deal with nonidentical particles. The formula for Pe can 
then be put in a more symmetric form by means of the 
t, f, s spin representation of Eqs. (7) to (8.1) of I. The 
tansformation of the sum occurring in the numerator of 
Eg. (12) involves only the substitution of the S,, in 
terms of the S*,; and yields 


LD So, u(S1, w—S—1, 4) *¥= —V2 DY (S41, 5)*S*s, 5, (14) 
resulting in 
(s,)=G(o!,+o2,)) = —2 Im D (Sh, 3)*Ss, 5/ 


C|soo]/?-+Tr(S#S*®)], (14.1) 


the sufficiency of considerations with the triplet system 
being used. The simplicity of the form on the right side 
of Eq. (14) suggests that a direct derivation should lead 
to the answer more readily. In fact one may first note 
that the matrix for 2s', in the £1, £, &; representation ig 


S 0 ¢ 
opt=aegt=| 0 0 | 


(15) 
-—i 0 0 
the usual reference system for Pauli’s o’s being pre- 
supposed. The rows and columns of this matrix are 
beled in the order 1, 2, 3 starting in the upper left-hand 
corner. The absence of the £2, 2 element in this matrix is 
the result of s,£2=0, which expresses the fact that £ is 
astate for which the spin is definitely perpendicular to 
). An infinitesimal rotation around y can produce only 
an admixture of a spin function for which the spin is 
perpendicular to z if the initial spin condition is defi- 
titely perpendicular to x. This means that out of & the 
operator s, can produce only é;. Similarly an admixture 
of &, is all that can result from £;. The presence of the 
ive zeros among the elements of (s,)* is thus clear 
geometrically. The number 7 has to be worked out as is 
readily done. Equation (14.1) follows directly from 
Eq. (15). 

Another way of exhibiting the relationship is to 
employ 


Sty, ee —2-4 Du(Si, ont, ») (-), iy 
Sts, i=Lu So, u(t), jy 


which lead directly to (14) on noting the unitary 
character of SI. 


(15.1) 


V. FORMS FOR POLARIZATION 


Substitution of the amplitudes obtained in Eqs. (2.2) 
to (2.9) and (4) to (5) of I, together with additions 
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caused by coupling of states with different ZL but same J 
as in Eqs. (4) to (6.2) or in alternative form in Eqs. (8) 
and (9), results in forms of the a1, --:as corrected for 
coupling as follows: 


a= — Diz exo L(L+2)Qz, r1— (2L+1)Qz, 1 
— (L2?—1)Qz, r-1mPx'/LL(L+1)] 
251 Bal (+1)Pye'—(-+2)Pi'], (16) 
ae= Dix erol (L+2)Qz, r+ (2L+1)Qz, 1 
+(LZ—1)Qz, 1-1 ]mP x 
—Li0+1)(4+2)Bui(PustP)), 
as= Dox zero_LOz, r41— (2L4+1)01,1 
+(Z+1)Qz, r-1)mPx"/[L(L+1)] 
=D Buys(Pue’ +P’), 
ou= Dor ex0(Qz, 141—Qz, r-1) mP 1 
—2 301 Busl(+1)Py2’— (1+2)P/’], 
as= Doz exo (L+1)Qx, 141+ L021, r-1|mPi 
+2 21 Bui+1)(+2)(Pu2t+P), 


with Bi; being as in Eq. (7), the subscript /+1 indi- 
cating that the value of B is taken for coupling between 
states of angular momentum j= (/+-1)h. The specifica- 
tion of 7 suffices for the identification of the pair of 
levels being coupled. In the foregoing equations, the 
subscript m stands for “modified” and indicates that, 
for any pair 


(Q1, 41, Ore, w1) = (Q(6), O(64)) 


for which there is a nonvanishing B;,1, there is under- 
stood to be a modification of these Q’s by replacing them 
as follows: 


Q(6-)O(6-)+C_,  Q(6)—O(6)+C44, (17.1) 


the Q’s being in fact meaningless in the case of coupling. 
The modification is conveniently represented by means 
of Eq. (1.7) according to which 


Q(8_) [0 (ga) tira sc® cosga cosy |/ 
[1+ rarsc? cosga cosy]. 


(16.2) 


(16.3) 


(16.4) 


(17) 


(17.2) 


In this form ¢, is a kind of unmodified 6_. The above 
mentioned replacements mean that the Q(6_), Q(6,) are 
replaced by corresponding diagonal elements of T. 

There is a chance of misunderstanding regarding the 
meaning of the a1, ---, as as introduced in Eqs. (2.2) 
through (2.6) of I. They are meant to be defined in 
terms of the S,, and the S¢ rather than in terms of the 
Q’s and P,. For this reason the modifications for 
coupling are applied in Eqs. (16) through (16.4) to the 
expressions involving the Q’s and Py. 

In evaluating (Po),-n, one may set S°=0 and one 
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finds then: 


k? (Po) >-n=} sin6 cosy Im{aia2* 


—aya;* sin*@+asa,*}. (18) 


For p— p scattering it is necessary to return briefly to 
the comparison of Eq. (12) with Eq. (12.2). In the 
quantities determining (Pe) ,—», there enters S* rather 
than S. It has already been brought out that with 
neglect of Coulomb scattering one should insert a 
factor 4 on the right of Eq. (18). This occurred through 
a combination of two factors 2. The same result can be 
obtained working with the antisymmetrized wave func- 
tion without the factor 1/v2. The thus modified S¢, S@’ 
is 2! times the original one. The relation between o and S 
is the same as between o* and the modified S*. For odd 
L it reproduces the terms of S except that they 
are multiplied by 2. The quantity to be used with 
4¥ (Si, .—S_1,,)*So,4 in place of S°(12) of the non- 
identical particle calculation is S°(12)—.S*(21). Since S¢ 
occurs with only one of the S,,, the modification for 
antisymmetry needed on S° consists therefore in re- 
placing in Eqs. (2.2), (2.6) of I the combinations S,,—S¢ 
by 3[{S’,,~—S°(12)+.$¢(21) ], which means that the 
combination occurring in the formulas for S*’,, are 
aot+4e-**$°(12)—S¢(21) ]k and similarly for as. The 
above combination is 


dota, 
with 


(19) 


The same result can be obtained by calculating S* 
directly and substituting in Eq. (12.2) or Eq. (12.5). It 
is thus found that 


k? (Po) p>-p=2 sin6 cosy Im{a1(a2+a-)* 
—aya3* sin?0+ (ast+a-)ax*}. (20) 


In these equations, the quantity Pe is defined in terms 
of s, in a scattering experiment from unpolarized 
particles, the direction of incidence being the positive z 
axis and the direction of scattering corresponding to 
colatitude angle 6, azimuthal angle gy with x axis 
corresponding to g=0 and y axis to g=7/2. 

Employment of Eqs. (18) and (20) is appreciably 
simpler than that of the forms in Eqs. (12) and (12.5), 
the only algebraic manipulations consisting in grouping 
terms with different L, J and taking the imaginary part. 
A helpful formula in these manipulations is 


Im{Q(62)Q* (61) } = sinds sind; sin (62— 51) = (60, 51), (20. 1) 


the symbol on the right being the abbreviation of 
Goldfarb and Feldman except for the substitution of 
() for the [ ]. The latter are easily confused with 
brackets indicating commutators while Poisson brackets 
of classical dynamics are not likely to occur in the same 
context. If the values of Po at a few angles are the only 
object the amplitudes can be evaluated numerically 
without the expansion in terms of the (8s, 6;). 


ae= in| — 8 exp(—in Ins*)+-e~ exp(—in Inc’) ]. 
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ose 


The evaluation of the right side of Eqs. (18) and (20) 
is thus quite mechanical for the terms which do not 
involve coupling between states of the same J but 
different L. If such is the case the contributions caused 
by the diagonal elements of 7 do not introduce much 
complication, involving no more than the replacement 
of the Q by the diagonal elements of 7 as in Eqs. (1.7), 
(2) above. The contribution to k?(Pe),_, caused by the 
nondiagonal element of 7 for one coupled state is 


AsLk? (Po) pn] 


=4 sind cose Im Bus" —U E| —0. L+1 


‘ 2L+1 L+1 ke : 
Lt L,L ea L 
2L+1 


1 
—2W E1]—on aaryTae Ts rd 


[+1 


1 
+70. 1] cosOP ;’ 


2L+1 


wved— oi. 
— (sin) | a ae L,L 


[+1 


L-1 
ou 


=sinO cosgP i141’ Im{ Byi*5}, (20.2) 


where 


243 
“ao 


an . 
a 





=r 


2L—1 
+t. |p x’, (20.3) 


and where the total angular momentum of the coupled 
state is /+1, while U, V, W are as in Eqs. (8.1), (8.2), 
(8.3). The second of the two forms in Eq. (20.2) is 
obtained by employing recurrence relations so as to 
express the derivatives of P;, Pi,2 in terms of P12, Pi, 
P12, «-+. The highest-order terms then cancel out and 
the remaining terms form the P;,,' in Eq. (20.2). The 
cancellation of the highest-order terms is a helpful 
simplification. Specializing to *S,, *D, coupling reduces 
the expression to 


Ask? (Pe) pn ]=sind cosy Im{B,*2}, (8S1,*D,). (21) 


Specializing further‘to the case of 8S,, *D, being the only 
important phase shifts, 


AsL? (P oc) o~al 
= (9/2) sind cos# cosy Im{Bi*Q2,1}. (21.1) 


The dependence of these terms on 6 and ¢ is seen to be 





NUCLEON-NUCLEON SCATTERING 


the same as though there were only p term effects 
present. The effect of the diagonal terms in case *S;, *D, 
are the only phase shifts has the same angular depend- 
ence. Combining its effect with that of Eq. (21.1) one 


has 


[P(Po) pn ](2S1, *D1) 
=(9/4) sin8 cos cosy Im{Q», 100, 1*+2B1*Q2,1}. (21.2) 


The presence of coupling between °S,; and *D, does not 
afect the type of angular distribution which exists in 
the presence of 8S,, §D, phase shifts. In Eq. (21.2), it is 
uderstood that the terms Q» 1, Qo,1 may be modified by 
coupling in the sense of Eqs. (1.5), (1.7), and (2). It may 
be noted that the first form of Eq. (20.2) contains terms 
in sin@P2(cos@) Px’ (cosé) which all cancel, so that only 
trms in sin@Pz’(cos#) survive in Eq. (21), or the 
equivalent second form. . 
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Taking *P»2, *F, as the only states with coupling and 
again starting with Eq. (20.2), one obtains 


Ase (Po) on] 


=3 sind cos# cosy Im{B,*=}, (*Ps,*F2). (22) 


Here the cos@ in front of the Im sign arose as P;(cos@) 
which occurred alongside with terms in P3(cosé). The 
latter canceled out similarly to the disappearance of 
terms in P» in Eq. (21). In both cases the coupling to 
terms of a higher L, /+-2, does not introduce in the cross 
terms with the Q,, ; an angular dependence not contained 
in the terms involving the Q;,; alone. The first-order 
effects of the nondiagonal elements of the coupling 
matrix are thus not introducing higher orders of 
Legendre functions, except through combinations with 
Q’s which arise in addition to the Q, ;, as is the case for 
example for Oire, l+1, Qire, 142+ 
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A study of the nucleon polarization to be expected when nucleons are elastically scattered from nuclei is 
presented. The polarization effect is a consequence of the fact that the nucleon-nucleus interaction may be 
represented as a complex spin-dependent potential. The existence of such a potential is suggested by the 
nuclear shell model and the spin dependence of the nucleon-nucleon interaction. Qualitative arguments are 
advanced to determine this potential in terms of the nucleon-nucleon interaction. Although the polarization 
effect is by no means confined to elastic scattering, it is in this case particularly useful, since the large dif- 
fraction cross sections observed experimentally insure relatively high yields of polarized particles. A number 
of theoretical studies have been carried out, for both neutron and proton scattering, which show that almost 
full polarization can occur. The calculations have been carried out by using the W.K.B. approximation as 
usually applied to the nuclear optical model. The method has been checked by carrying out an exact phase 
shift analysis for a particular case. The results show that studies of nucleon polarization can illuminate 
some aspects of nuclear structure, since the polarization depends on the particular nucleus used as a target 


as well as upon the form of the interaction. 


I, INTRODUCTION 


HE existence of a nucleon-nucleus spin-dependent 
interaction is suggested by the fact that the 
nucleon-nucleon potential is itself spin-dependent'; 
moreover, such an interaction is an essential feature of 
the nuclear shell model. 

Such an interaction should manifest itself in a 
polarization of nucleons scattered by nuclei.” Although 
the polarization effect is by no means confined to the 
case of elastic scattering, this process is particularly 
interesting and useful since the large diffraction cross 
sections found experimentally insure a relatively high 
yield of polarized particles. 

1N. C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953). 

*E. Fermi, Nuovo cimento 11, 407 (1954); W. Heckrotte and 
J. V. Lepore, Phys. Rev. 94, 500 (1954); B. J. Malenka, Phys. Rev. 


95, 620 (1954); Snow, Sternheimer, and bir 5 Phys. Rev. 94, 
1073 (1954); R. H. Sternheimer, Phys. Rev. 95, 587 (1954). 


The elastic scattering of nucleons by nuclei can be 
described by treating the nucleon-nucleus interaction 
as a complex potential. The imaginary part of the 
complex potential represents the effect of all processes 
not leading to elastic scattering. If, in addition to a 
complex central potential, there exists a spin-dependent 
potential, the elastically scattered nucleons will be 
polarized. 

For low-energy nucleon scattering one may expect 
that the polarization will reflect the characteristics of 
the spin-orbit potential of the shell model, but at high 
energies it is certainly more sensible to expect that the 
nucleon-nucleon potential is directly effective’ since the 
incident particle can then “see” individual nucleons in 
the nucleus. 


3 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
4R. Serber, Phys. Rev. 72, 1114 (1947). 
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An estimate of the polarization effect for a spin-zero 
nucleus can be made by assuming a complex spin de- 
pendent interaction of the form 


V(n)=V.(1)+V,(no-L. (1) 


Here o and L represent the spin and orbital angular 
momentum of the nucleon; V, and V, are in general 
complex potentials depending on the nucleon coordinate 
r. The parameters characterizing them should be chosen 
to fit the observed data on nucleon-nucleus scattering 
as well as possible. The scattering cross section and 
polarization to be expected from such a potential are 
given by® 


do/dQ2=(|A+Bo-n|*)=|A|?+| Bl? (2) 


and 


(3) 


A and B represent the amplitudes for spin independent 
and spin dependent scattering respectively. The vector 
n is the normal to the plane of scattering and is deter- 
mined by 


kXk’=nk? sind, (4) 


where k and k’ are the initial and final momenta, 
respectively. 

To make a crude estimate of P valid at small angles 
for the case of carbon, V, will be assumed to be a real 
square well of size 1.44!X10—% cm and of 2 Mev in 
depth. If B is estimated by the Born approximation it 
is purely imaginary. As a consequence one need only 
known the imaginary part of A. For small angles this 
is approximately proportional to the total cross section 
for nucleon-nucleus scattering: 


Im A2kor/4r. (5) 


One may therefore use the known experimental values® 
for or and do/dQ in this formula and in the denominator 
of Eq. (3). These values, or=0.288X10-* cm?, and 
(do/dQ) (5°) =0.725X10-* cm? yield a polarization at 
6=5°, 


| P(5°)|=40 percent, (6) 


for 300-Mev neutrons incident on carbon. It is thus 
clear that the spin-orbit potential need not be large 
compared to the central potential to produce large 
polarization at some angle of scattering. 


II. NUCLEON-NUCLEUS INTERACTIONS 


The nucleon-nucleus interaction for a spin-zero 
nucleus must be linear in the spin vector #. Accordingly, 
the usual optical model of the nucleus can be generalized 


5 J. V. Lepore, Phys. Rev. 79, 137 (1950). 
®°W. F. Ball, University of California Radiation Laboratory 
Report—1938 (unpublished). 
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by the addition of a spin-orbit potential’: 
V=V.+V.o-L. (7) 


V., the central potential, is in general complex, and js 
usually taken to be of some simple algebraic form which 
is assumed to be proportional to the density of nucleons 
in the nucleus. The functional form of V, can be con- 
jectured® (by the analogy with spin-orbit potentials in 
a number of other instances) to be of the form 


1d 
V.(r)~-—V-(r), (8) 
rar 


(although in general V, is a complicated integral 
operator). Rather than appeal to these analogous situ- 
ations, however, one can show that a similar dependence 
is a simple consequence of the nucleon-nucleon inter- 
action. 

We begin with the identity 


1 . mee 
Vyo= (am) few ax fe k-tVyYodr, (9) 


where V is the optical model potential and yp is the 
wave function describing the elastic scattering of the 
incident nucleon. V, in general, can be a differential or 
integral operator. We assume now that the equivalent 
potential of the nucleon-nucleus interaction—which 
describes elastic scattering—the optical model potential 
—can be expressed in terms of the individual nucleon- 
nucleon scattering process. That is, we write 


_ oO ie 
Vee) = op few dk; f ¢ ky “robo*(1,- + - 20) 


XD THo(1,---,n)W(ro)drodri---drn. (10) 


o(1,---,m) is the ground state nuclear wave function. 
T, is the transition matrix for scattering between the 
incident and the «th nucleon. In a momentum repre- 
sentation, 7, has the form® 


(k’| T.|k) =a(k’,k)+i00(k’ Xk)d(k’,k) 


+ (terms containing @,). 


(11) 


We will limit ourselves to spin-zero nuclei so that 
terms of T, containing o, will drop out. 

The equivalent potential as defined by Eq. (10) is 
subject to two assumptions, the impulse approximation” 
and a partial neglect of multiple scattering.’ Subse- 


7For nonspin zero nuclei, one would expect terms in the 
nucleon-nucleus potential like @-I and L-I where I is the nuclear 
_ These terms would not be expected to be as significant as 
the o- L term. , 

8 W. Heisenberg, Theorie Des Atomkernes (Max-Planck-Institut 
fiir Physik, Géttingen, 1951), P. 22. 

®L. Wolfenstein, and J. Ashkin, Phys. Rev. 85, 947 (1952); 
R. H. Dalitz, Proc. Phys. Soc. (London) A65, 175 (1952). 

10 G. F. Chew, Phys. Rev. 80, 196 (1950). 

1G. F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1954); 
N, Francis and K. Watson, reference 1, 





stitut 
952); 
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quent assumptions, which are necessary to reduce this 
apression to a more tractable form, amount to a 
complete neglect of the role of multiple scattering in 
defining the potential. 

To evaluate Eq. (10), we will assume that the nuclear 
wave function can be represented by the independent- 
particle model, 


Go(1,-- ons 2 (—)bar(rs): ‘shan(tn). (12) 


This specialization is not necessary but it simplifies the 
frmal manipulations. Introducing the Fourier trans- 
forms @a,(k) and Wo(k) of da(r) and Wo(r) respectively, 
Eq. (10) becomes 


the frre] a2 hot kk) ball) 


~ (Qn)v2 
2ky—ko—k ko—k 
xvu(ke( = ) ao. (13) 


Assuming that the functions a and b of Eq. (11) depend 
oly on the momentum transfer for a given incident 
vave number,!® the J matrix in the above equation will 
be independent of k. Or, one might assume, since it is 
presumed that ko>k, that it is safe to neglect the de- 
pendence of the T matrix on &. In either case the above 
integral can be rewritten as 





etks “3d pe *(ks—ko) ty (r) 


NWo= On 
2k;—ko 
x( 


ko 
71 )Wa(ka) dk, (14) 
2 


where 


P(r) = Lax | Pac(t) |”. 


Substituting Eq. (11) for the 7 matrix and letting 
§= (ky—ko), one finds 


if ae 1 . * k 
=o J onlit: aN OLaleks 


+ioo: ($Xko)b(g,ko) Je™"*Yo(ko)dko. (15) 


The vectors g and ko can be replaced by gradients 
operating on the appropriate exponential function. 
Assuming in addition that the functions a(g,ko) and 
\($,ko) are independent of kp over the range of values 
allowed by Yo(Ro), one obtains, 


Vibo= (Vi(x)—io- ¥ Vo(x) X V)Yo(x), (16) 


where 


1 
haar ey exp[ig- (x—r) ]o(r)a(g)dgdr, = 


1 
V2(x)= On)! exp[ig: (x—r) ]o(r)b(g)dgdr. 


ar)# 
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Since V; and V2 are radial functions, we may write 


5 o-L 
V=Vi(x)+-—V2(x)—. (18) 
x dx h 


Thus, one sees that, within the limits of the assump- 
tions made here, a nucleon-nucleus potential of plaus- 
ible form can be derived from the nucleon-nucleon 
potential. 

We note that a(g) and 6(g) can be expressed as 
functions of angles in the nucleon-nucleon center-of- 
mass system by the relation g=2k, sin(@./2), where k, 
and @, are the wave number and angle of scattering in 
the center of momentum system. In the nucleon-nucleus 
system, g=2ksin(@/2), where k and @ are the wave 
number and angle of scattering in this system. The rela- 
tion between the two is 

k=2k, 
and 
6~0,/2. (19) 


Now if the extent of the density distribution is R’ 
then the range of values over which a and 6 contribute 
is given, from an examination of Eq. (17), by 


g~7/R (20) 


O~n/kRR, O0.~20/kR. 


Now, if a and 0 as functions of angle do not change 
appreciably over this angular range, the expressions 
for the potentials may be approximated by 


Vi=a(0)p(r), V2=b(0)p(r), (21) 


where a(0) and 8(0) are the values of @ and 6 in the 
forward direction. These equations are just the familiar 
result expressing the equivalent potentials in terms of 
the forward scattering amplitude.” 

It follows that the radial dependence of the spin orbit 
potential is indeed proportional to (1/r)(d/dr)V-.(r). 
However, this does not appear to be true in general, 
but only to the extent of the validity of the assumptions 
made in the derivation. At much lower energies (<100 
Mev) where one would expect multiple scattering to 
become quite important, this particular form of the 
spin orbit potential is questionable. It should be noted 
also that the coefficients of o, in the scattering matrix 
[Eq. (11)] would enter into the definition of the 
equivalent potential as a result of multiple scattering. 

In most applications of the optical model, the coef- 
ficients a(0) and 6(0) are fixed phenomenologically for 
a given radial dependence p(r), so as to yield the dif- 
fraction and inelastic cross sections and the angular 
distribution. However, the scattering at large angles 
depends on the specific angular behavior of a and 8, 
and this is ignored in the usual applications of the 
optical model. 


12 R, Jastrow, Phys. Rev. 82, 261 (1951); M. Lax, Revs. Modern 
Phys. 23, 287 (1951); N. Francis and K. Watson, reference 1. 
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In the remainder of this paper the optical model 
potential will be written in the following form: 


71 


Va=(etieii—-—@el, 
h rdr 


where “, w, and yw are constants having the dimensions 
of energy and a is a constant length. The radial de- 
pendence of the central well is given by p(r), which is 
normalized to unity for r=0. The sign of the spin orbit 
potential is taken to be the same as for the spin orbit 
potential of the shell model, assuming that p(r) is a 
radially decreasing function. 


III. CALCULATIONS 


The one particle Schroedinger equation for the scat- 
tering problem is 


h? ped o-L hk? 
[ -—02— (tindo( + —ote)—p=—9, (29) 
_ 2m r dr h 2m 

where & is the incident wave number. The wave function 
y has the asymptotic form 


y= o™ "x inet f(O)e*"/r, 


where Xine is the spin function of the incident nucleon, 
and f(6) is the amplitude of the scattered wave at 
infinity. From simple invariance arguments f(@) must 
have in general the form 


{(€-)=[A 6)-+0-0B(0) Trine 


where n is the unit vector normal to the plane of scat- 
tering. For an unpolarized incident nucleon, the dif- 
ferential cross section and polarization are given by*® 


do/d2=|A|?-+|BI?, - 
P= (AB*+ A*B)/(|A|?+|B|?). 


For the case of polarized incident nucleons, do/dQ 
becomes 


do/dQ=(|A|*+|Bl*)[1+PPin-n], (27) 


where P;,. is the polarization of the incident nucleons 
and n is defined as before. 

In general one cannot hope to obtain an exact or 
explicit solution to this scattering problem. Accordingly, 
solutions will be obtained on the basis of two approxi- 
mations, the Born approximation and the W.K.B. 
approximation applied to the evaluation of the phase 
shifts. As will be seen, one must go beyond the first 
Born approximation to bring out all of the features of 
the polarization phenomena. 


(24) 


(25) 


A. Born Approximation 


For high energies (~300 Mev) and for the lighter 
nuclei it has been pointed out"* that the Born approxi- 


18 E, Fermi, reference 2. 
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mation yields a qualitative estimate of the amount and 
character of the polarization phenomena. The fact that 
the first Born approximation yields a polarization is q 
consequence of the use of a complex central potential, 

The scattered amplitude can be readily evaluated in 
the Born approximation and is given by 


(2m/h?) f(0)=A (0) +e-nB(6), 
where 


A= f jlgo-edetonrer, 


—ik’ sind ¢. pa? d 
BO-—— f ilen( - a) rar 
g r dr 


Here g is the momentum transfer and jo and j; are 
spherical Bessel functions. Using the fact that 


(28) 


d 
a? jo(x) =—[x*j1(x) ], 
dx 


and performing a partial integration on A (6), one can 
show that 


A(6)= : j “wat (r) Ir’dr. (29 
o=— f juler(utin)| -—p(o]rar. (2 


Except for the factor sind, A(@) and B(@) have the 
same angular dependence and the scattered amplitude 
can be written as 


Rua 


” 1) (: — )A ). (30) 
ssi = —-o-'nsl . 
he saeco ut+iw 


The polarization is given then by 


— 2Rauw/ (u?+w*) 
a sind. (31) 
1+ katy? sin’0/(u?+-w*) 





The polarization is thus independent of the shape of the 
nuclear potential except that u, w, and ua? must be 
adjusted to yield the experimental total and absorption 
cross section for a particular choice of the radial de- 
pendence. This also predicts that the observed polari- 
zation will be the same for all nuclei.’ Since the result 
depends on the Born approximation, this can only be 
expected to hold for the lightest nuclei. 

A similar calculation can be done in the Born ap- 
proximation using the potentials as defined by Eq. (17). 


We let 
a(g)= —a,(g)—iar(g), (32) 


where a, and a; are positive numbers for small values 
of g (or 6). The differential angular distribution and the 


4S. Tamor, Phys. Rev. 94, 1087 (1954); W. Heckrotte, Phys. 
Rev. 94, 1797 (1954). 
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polarization are given then by 


(i2/2m) f (0) = La,(g)+-iar(g) —io-n sindk’b(g) | 
id 
x(-1/0 f iulen(-—o(r) rr, (33) 


— 2kar(g)b(g)/|a(g)|? 
_ sind. 
1+4b?(g) sin26/|a(g) |? 


This result is identical with Eq. (31) except that the 
constants #, w, and ya? have been replaced by angular 
dependent functions which will have the effect of 
modifying Eq. (31) at large angles. 

The polarization obtained with the Born approxi- 
mation can be expected to hold only for forward scat- 
tering angles. For larger angles, the angular dependence 
of B(6) relative to A (6) changes sufficiently to introduce 
large corrections to the Born approximation result for 
the polarization, particularly in the region of the dif- 
fraction minima. Thus, it is principally in these latter 
regions that model-dependent features of the polariza- 
tion can be expected to appear as will be shown by the 
more accurate calculations of the next section. 





B. W.K.B. Approximation 


In this section, the scattering problem will be solved 
in terms of the conventional phase shift expansion. 
Since it is not possible in general to obtain closed ex- 
pressions for the phase shifts, it is necessary to appeal 
to approximate methods. The simplest and most ap- 
propiate for this case is the W.K.B. method. 

The spin-dependent potential of Eq. (23) becomes, 
when reduced to radial form referring to the /th partial 
wave, 

pa? 
Vit=— (u-+-iw)p(r)-+— —p(r)l, 
r dr 
(34) 
a 


Vi-=—(utiw)p()———p(r) (+1). 
r dr 


The superscripts (+) and (—) refer to the spin-up 
(j=/+4) scattered nucleons and spin-down (j=/—}) 
scattered nucleons, respectively. 

The /th phase shifts in terms of the potentials are 
given in the W.K.B. approximation by the following 
equation! ; 


a 2m (+4)?7} 
i= f [e-—ye- Ja 
h? r 


Py (1-+-4)27) 
wn t |e : dr, (35) 
Pe) 

16 R, Langer, Phys. Rev. 51, 669 (1937); N. F. Mott and H. S. 


W. Massey, Theory of Atomic Collisions (Clarendon Press, Oxford, 
1949), second edition, p. 127. 
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where the lower limits are to be taken at the zeros of the 
integrands. Assuming that V ;*<E and expanding the 
radical, one obtains 


1 pf? (2m/h?)V *(r)rdr 
2k 4y [r?—y?]}! 
ky= (/+2). 


It has been pointed out by Fernbach, Serber, and 
Taylor'® that this expression is equivalent to their more 
physical approach to the problem of high-energy scat- 
tering from a complex potential well. 

The expressions A (@) and B(@) from which the scat- 
tering cross section and polarization are to be calculated 
are given in terms of a phase shift expansion by® 


6,== 





(36) 


1 © 
A (6) o >L(/+1) exp(78;*) sind;* 
1=0 
+] exp (15;-) sind; |P?, 


1 © 
B(é)=- ; > [exp (i;+) siné;-—exp(i6;-) sind; JP 7. 
i=1 


The various potential models which will be considered 
and the expressions for the phase shifts obtained from 
Eq. (36) are as follows: 


1. Square Well 
l 
; r<R 
— (+1) 
uw (ka)? l 
+ | 
2E kR — (J+1) 
L<kR—-} 


pa? 
Vizt=— (w+in)—““a(r—2)| 
R 


1 u+iw 
(RR)S; 





5¢=0, 1>kR—-H, 


1+})"} 
E=h?k?/2m, s-[1-(—) ‘ 
kR 


2. Parabolic Well 


Vit w)(1—r/R)—— |! 
t= — (ut+iw)(1—1/ —— apy!’ 


1 utiw 2 


5;+ —(kR)S?+— 
3 E 


fo rs, l ' 


kR — (+1) 


1<kR—-} 
§+=0, 1>kR—} 


I+3 253 
E=k?/2m, s-[1-(—) ‘ 
kR 
16 Fernbach, Serber, and Taylor, reference 3; S. Fernbach, 


University of California Radiation Laboratory Report-1382 (un- 
published). 
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TaBLeE I. Numerical values of the nuclear well parameters used in the calculations. 








Square 


Parabolic 
well well 


Gaussian well Coulomb 


potential 





u(Mev) 0 18 
w(Mev) 18 30 
pa*(Mev-cm?) 5x10-6 4.77X 1076 
R(cm 1.44#X10-8 1.6A*X 10-8 
(1/y)(cm) 


0 53 
89 76 
9.85 X 10-6 17.6X 10% 


1.25A#x 10-8 
(3)#Ax 10-8 (3)#A*X 1078 








3. Gaussian Well 
Vi+=— (u+iw) exp(—7*r’)— 2ya*7* 


xexp(—1"7)| 


l 
- oat 
a 


ooat 


es 


1 “—(< 
2 2 


~~) exp(—S2)+—0''( 
2 E 


Xexp(—S/) 


E=#H/2m, Si=(y/k)(+2), 1S2/v. 

4. Coulomb Potential 
V=Zé/r, r>R; V=Zée/R, r<R. 
6¢=Ar+m, 


2ZeM kR(i+S)) 
ge, 
ik 144 


m= (zZ@&M/hk) \n(I+4) [Coulomb phase shift], 


1+3)*} 
Si= [1 (—) . 
kR 

The values of u, w, wa®, and the radius or shape 
parameter must now be picked for each well shape, so 
that the calculated total and differential scattering 
cross sections for a given well shape agree with the 
experimental cross sections. Unfortunately, the meas- 
ured neutron-nucleus cross sections at 300 Mev are not 
sufficiently extensive or precise to fix the potentials 
unequivocally. The values of #, w, ua®, and R which are 
used are consistent with the available data!’ and serve 
as representative values. These are given in Table I. 
The central potential for the square well is given by 
Fernbach.!* The central potentials and radii for the 
parabolic and Gaussian wells have been determined by 
a similar analysis for these well shapes.'* The values 
of the spin-orbit potentials which are given correspond 
roughly to the same volume as a square well of radius 
3X10-* cm and a depth of about 1 Mev. This is also 
about the same strength as the spin-orbit potential of 

17 W. F. Ball, reference 6; J. DeJuren and B. J. Moyer, Phys. 


Rev. 81, 919 (1951). 
18 W. Heckrotte, Phys. Rev. 95, 1279 (1954). 


the shell model.” Unless the actual value departs 
greatly from this, it should serve as a representative 
value. 

In calculating the Coulomb phase shifts it was 
assumed that the Coulomb potential was constant for 
distances less than the indicated radius, regardless of 
the assumed nuclear well shape. This was done for 
numerical simplicity and should yield representative 
results. 

The scattering cross section and polarization have 
been evaluated by the above method and for the above 
potentials for 290-Mev neutrons incident on carbon. 
These results are given in Figs. 1 to 4. The scattering 
cross section and polarization have also been evaluated 
for 290-Mev neutrons and protons incident on alu- 
minum” for a parabolic well shape. These results are 
given in Figs. 5 and 6. 

In addition to the above calculations, the scattering 
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Fic. 1. Differential angular cross section for unpolarized incident 
neutrons elastically scattered from carbon if one assumes (4) 4 
square-well central potential and (B) a parabolic-well central 
potential. The dashed line shows the experimental results for 
290-Mev protons incident on carbon. 

9 J. H. D. Jensen and M. G. Mayer, Phys. Rev. 85, 1040 (1952). 

*” We ignore the fact that aluminum has a spin. 
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Fic. 2. Differential angular cross sections for unpolarized 
incident neutrons scattered from carbon if one assumes a Gaussian- 
well central potential for two different well depths (see Table I). 
The dashed line shows the experimental results for 290-Mev 
protons incident on carbon. 


cross section and polarization were also evaluated for 
290-Mev neutrons on carbon taking both central and 
spin-orbit potentials as square wells. The potential 
taken was 


l 
ve-|- (o+it8)—2| - atl Mev, r<R. 


This calculation, besides being done by the W.K.B. 
method, was also carried out by an exact phase-shift 
analysis on the UNIVAC at the University of Cali- 
fornia Radiation Laboratory at Livermore. The results 
for the polarization are given in Fig. 7. The angle at 
which the peak value of the polarization occurs is shifted 
to the left by a few degrees by the approximate method. 
Otherwise the two results are in essential agreement, 
thus giving some idea of the validity of the W.K.B. 
approximation in these calculations. 

On the basis of these numerical results, a number of 
qualitative features of the scattering process, which 
reflect a dependence on the nuclear well shape and 
associated parameters, become immediately apparent. 
Aside from their bearing on the interpretation of the 
—— results, they are of some interest of them- 
slves, 


*' This choice of spin-orbit potential was dictated by the circum- 
me “7 the machine had only been coded for square-well 
entials, 
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Fic. 3. Polarization of neutrons scattered from carbon if one 
assumes (A) a square-well central potential and (B) a parabolic- 
well central potential. The crosses show the experimental results 
for 290-Mev protons incident on carbon. 


(a) Differential angular cross section—A comparison 
of the calculated differential cross sections for the 
square well, parabolic well, and Gaussian well shapes 
shows the effect on the angular distribution of rounding 
off the potential distribution. The rounding of the well 
shape decreases the magnitude of the second maximum 
relative to the first and moves it to larger angles. The 
effect is most pronounced for the Gaussian potential. 
It is of interest to note that the minima and secondary 
maxima still persist with the Gaussian shape, since these 
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Fic. 4. Polarization of neutrons scattered from carbon if one 
assumes a Gaussian-well central potential for two different well 
depths (see Table I). The crosses show the experimental results 
for 290-Mev protons incident on carbon. 
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Fic. 5. Differential angular distribution for unpolarized incident 
neutrons (NV) and protons (P) scattered from aluminum if one 
assumes a parabolic-well central potential. The dashed line shows 
the experimental results for 290-Mev protons incident on alumi- 
num. 


effects are absent in the Born approximation treatment 
of this shape. 

In addition, one notes that the troughs of the first 
diffraction minima are relatively shallow as compared 
with the usual calculations. This reflects the presence 
of the scattering caused by the spin orbit potential, 
which tends to fill up the trough of the minima. This is 
of interest since these deep minima have never been 
observed experimentally in the scattering of nucleons 
from nuclei. 

(b) Polarization—The calculated results show that 
in all the cases considered large polarizations are ob- 
tained. The magnitude of the polarization does not 
reflect to any extent model-dependent features for 
parameters in the general range of values chosen. Gener- 
ally speaking, if the real part of the central potential is 
smaller or equal to its imaginary part, large polarizations 
always result even if the magnitude of the spin-orbit 
potential is quite small. This follows from 


wane (0) B* (0) +-A*(6)B(6) 
A?(6)+B*(@) 





(37) 


and the fact that the imaginary parts of A and B are 
then the most important. Therefore, if these parts are 
plotted as functions of the scattering angle, 0, the points 
of intersection of the two curves correspond to angles 
at which P is almost one (unless B=0). One notes from 
an examination of the Born approximation result that 


the polarization will be small only if the real centra| 
potential is large compared to the imaginary centr, 
potential. This situation does exist for nucleon energi 
below 100 Mev and one would therefore expect the 
measured polarization to be considerably smaller 4 
lower energies.” 

The sign of the polarization is negative (excluding 
the small region of the dip). This means physically tha 
an incident beam which is polarized perpendicular an¢ 
“upward” to the incident direction and plane of scat 
tering will be preferentially scattered to the left [Ey 
(27) ]. If the sign of the spin-orbit potential is reversed 
the sign of the polarization will be reversed. The chang 
in magnitude and shape of the polarization curve wil 
be negligible. 

The most striking feature of the results is the doubl 
reversal in the sign of the polarization in the neighbor 
hood of the first diffraction minimum. This doublg 
reversal of sign or dip is a consequence of the fact thaj 
the functions A (@) and B(@) in the scattered amplitude 
have slightly different periods of oscillation. The di 
may be regarded as a diffraction phenomenon. A com 
parison of the results for the various potential shape 
show that if the real potential is zero (or sufficient) 
small compared to the imaginary potential), the dip is 
not eliminated by rounding off the square well. If 
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Fic. 6. Polarization of neutrons (WV) and protons (P) scatters 
from aluminum if one assumes a parabolic-well central potentia 
The crosses show the experimental results for 290-Mev proto 
incident on aluminum. 


*® H. Bradner and R. Donaldson (private communication) hav 
found that the polarization drops in magnitude Hoge belo 
incident energies of 135 Mev. This corresponds to the ener 
region in which the real potential is increasing with decreas 
incident energy (see R. Jastrow, reference 11). 
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however, the real potential is increased sufficiently 
rative to the imaginary central potential, the dip is 
almost eliminated. Furthermore, for a given central 
potential, the dip is made more prominent as the radius 
isincreased, as illustrated by the calculations for carbon 
and aluminum using the parabolic well. It should be 
noted that the inclusion of the Coulomb potential, so 
as to describe the scattering of protons, decreases the 
magnitude of the first maximum of the polarization and 
widens the angular width of the dip. Thus, the dip is 
more easily resolved with protons than with neutrons, 
aside from experimental considerations. 


IV. COMPARISON WITH EXPERIMENT 


The measured differential cross sections and polariza- 
tims obtained by Chamberlain, Segré, Tripp, Wiegand, 
and Ypsilantis* for the scattering of 290-Mev protons 
from helium, carbon, and aluminum are shown in Figs. 
8,9, and 10. These results are also included (without 
noting the experimental errors) in the previous Figs. 1 
through 6. The experimental angular cross sections 
which are drawn as dashed lines in Figs. 1, 2, and 5 
are the arithmetic average of the left and right scat- 
tering; that is, the differential angular cross section for 
an unpolarized incident beam. 
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Fic. 7. Polarization of neutrons scattered from carbon if one 
Sumes a square-well central and spin-orbit potential. Curve A 
tows the result of a machine calculation, and Curve B shows the 
oq of the approximate method used in the rest of the calcula- 
ions, 


* Chamberlain, Segr, Wiegand, Tripp, and Ypsilantis, Phys. 
tv. 93, 1430 (1954); 95, 1105 (1954); and University of Cali- 
d 4) Radiation Laboratory Report UCRL-2684 (to be pub- 
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Fic. 8. (a) Differential scattering cross section versus left and 
right scattering angles for 74 percent polarized 315-Mev protons 
scattered elastically by helium. (b) Polarization of protons scat- 
tered by helium versus scattering angle. 











One notes first the similarity between the polarization 
for helium and carbon targets that exist out to an angle 
of about 30°. This experimental result is in qualitative 
agreement with the Born approximation result that 
the polarization is independent of the target nucleus. 

Aside from this qualitative agreement with the theory, 
a detailed comparison of the experimental results with 
the calculated results show rather significant dis- 
crepancies, particularly for carbon. One notes, for 
carbon, that there is neither a first diffraction minimum 
nor a dip in the polarization. The second maximum for 
the square and parabolic wells is larger than the experi- 
mental cross section at the same angle, while for the 
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Fic. 9. (a) Differential scattering cross section versus left and 
right scattering for 64 percent polarized 290-Mev protons scat- 
tered elastically by carbon. (b) Polarization of protons elastically 
scattered by carbon versus scattering angle. 








35° 


Gaussian well the calculated cross section falls below 
the experimental cross section at the larger angles. The 
question of the presence or absence of a dip in the 
measured polarization for carbon can be put aside 
because of uncertainties in the nuclear well shape and 
associated parameters. The principal discrepancy with 
respect to the polarization is at large angles where one 
finds that the experimental polarization drops off to 
very small values, while the calculated polarizations 
remain large except in the immediate neighborhood of 
the dip. The latter situation also exists for aluminum, 
where, although the dip in the polarization exists in 
qualitative agreement with the calculated results, there 


is a discrepancy at the larger angles similar to that for 
carbon. 

One can look for the origin of these discrepancies in 
two possible directions. First, there are the experimental 
difficulties associated with the large angle scattering. 
Second, there is the question of the validity of the 
assumed potentials for describing the scattering at the 
large angles. These two points will be considered in 
order. 

Aside from the experimental difficulties imposed by 
the low intensities and the requirements of angular 
definition, that have been met in the data presented, 
the principal difficulty exists in the separation of the 
purely elastic scattering from the inelastic scattering 
corresponding to the excitation of the low-lying nuclear 
levels. The data as presented certainly includes some 
amount of this inelastic scattering. In the forward 
directions where the elastic scattering cross section is 
large the inelastic scattering undoubtedly offers no 
problem. At large angles (say £20°) the two could 
easily be comparable.” It is known that for the scat- 
tering of 100-Mev nucleons from carbon™ the differ- 
ential cross section for exciting the low-lying nuclear 
levels is comparable to the elastic scattering cross 
section at large angles. If this is the case at 300 Mev, 
the inclusion of this inelastic scattering with the elastic 
might result in filling up the diffraction minima.”® The 
presence of the inelastic scattering would tend to 
resolve the difference between the calculated and experi- 
mental cross sections for the larger angles if one assumes 
a Gaussian well shape. It is not apparent that this would 
be so for the assumption of square or parabolic wells. 
In addition, since the inelastically scattered particles 
would not be expected to be polarized as much as the 
elastically scattered particles, the inclusion of some 
inelastic scattering would “dilute” the polarization of 
the elastic scattering and possibly account for the 
smallness of the measured polarization. 

An observation which seems to contradict at least the 
latter statement is the striking similarity between the 
polarization obtained for helium and carbon targets. 
The inelastic scattering from helium is negligible, which 
(assuming the Born approximation result) leads one to 
believe that the inelastic scattering present in the 
carbon data does not change the polarization appre- 
ciably. 

The preceding discussion suggests that some of the 
discrepancy between the experimental and calculated 
results can be attributed to an inadequate representa- 
tion of the nucleon-nucleus interaction. The discussion 
in Sec. II pointed out that an arbitrary potential well 
model will not be likely to describe the large angle scat- 
tering accurately, since it must contain implicitly a 
description of the nucleon-nucleon scattering. To the 
extent that the Born approximation is valid, this is seen 


* K. Strauch and W. F. Titus, Phys. Rev. 95, 854 (1954). 
26 We wish to thank Dr. M. Ruderman for conversations re- 
lating to this point. 
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directly in Eq. (33). It is apparent that the angular 
behavior of the functions a(g) and 6(g) will modify 
both the angular distribution and the polarization ob- 
tained from a simple well model. The polarization, in 
particular, will show this modification, since for the 
lightest nuclei the angular dependence of the polariza- 
tion is characterized entirely (except for the factor sin#) 
by the functions a(g) and b(g). These functions are 
probably decreasing functions of the angle in the angular 
range of interest here. The discrepancy between the 
calculated and measured polarizations can probably be 
ascribed to this circumstance.”* Conversely, for a light 
target such as helium, the measured polarization offers 
a further condition on the nucleon-nucleon interaction 
beyond that which can be obtained from nucleon- 
nucleon scattering experiments. 

The lack of a diffraction minimum and secondary 
maximum for carbon and their rather minor character 
for aluminum is probably more a reflection of the well 
shape than the angular behavior of the functions a(g) 
and 6(g). From these calculations no definite conclu- 
sions as to well shape can be drawn, though they 
certainly suggest the necessity of a long-tailed potential 
well. The uncertainty introduced by inelastic scattering 
is, of course, not to be ignored 

The calculated polarization for aluminum is in quali- 
tative agreement with the experimental result. The dis- 
crepancy at the larger angles can be ascribed to the 
same basic reason as before. Since, however, the Born 
approximation has ceased to be valid for this case, the 
angular dependence of the polarization is no longer 
characterized by a(g) and b(g) alone. It should be noted 
that for the particular parameter associated with the 
parabolic well, the dip in the polarization is effectively 
suppressed for carbon, but does occur for aluminum. 
The fact that the dip in the calculated polarization 
occurs at a somewhat smaller angle than is experi- 
mentally observed may be a result of the approximate 
nature of the calculation (see Fig. 7). 

The calculated differential angular cross section of 
protons scattered from aluminum is larger than the 
experimental cross section in the angular region 8° to 
15°, thus indicating that the real central potential used 
is to large and should be reduced. (Changes in the real 
potential have a small effect on the total cross section 
at these energies.) This would also increase the polari- 
zation in the same angular range as above and increase 
the width of the dip, thereby improving the agreement 
between the calculated and measured polarization. 

It should be noted that the Coulomb potential has a 
substantial effect on the polarization of protons scat- 
tered from aluminum (and naturally for heavier target 
nuclei also) for angles less than ~15°. The interference 
between the nuclear scattering and the Coulomb scat- 
tering offers in principle a method of determining the 


** The zero in the polarization for the helium target which 
occurs at ~28° is certainly to be ascribed to a zero of the function 


i(g). 
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sign of the polarization. However, neither the calcu- 
lations nor the experimental results are sufficiently 
precise as they stand to establish the sign of the 
polarization. 

In connection with the preceding observations, the 
results of the calculations of Tamor”’ for the polarization 
of nucleons scattered from spin-zero nuclei should be 
noted. His calculation is done in the impulse approxi- 
mation and thus his result is equivalent to that of Eq. 
(33). He has in addition, however, expressed the transi- 
tion matrix in terms of the nucleon-nucleon phase shifts 
and used the numerical values for the phase shifts given 


27 §, Tamor, this issue [Phys. Rev. 97, 1077 (1955) ]. 
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by Goldfarb and Feldman, and Swanson.” The spin 
dependence of the nucleon-nucleon potential is given by 
a tensor force. Tamor’s results are in qualitative agree- 
ment with the experimental results and with our cal- 
culations. One point of particular interest is the sign of 
the polarization which he obtains, which is negative. 
This agrees with the sign which we have obtained using 
a spin-orbit potential of the same sign as the shell- 
model spin-orbit potential. Accordingly, the tensor 
force leads to the same sign of the spin-orbit potential 
at these energies as that of the shell model.” A com- 
parison of his numerical results with Eq. (31) also leads 
to an estimate of the magnitude of the spin-orbit 
potential. This can be simply done and yields a value 
of the order of one Mev [y~1 for a=3.10—" cm; Eq. 


(22)]. 
SUMMARY 


The spin dependence of the nucleon-nuclear inter- 
action must be of a spin-orbit form and it was shown 
that the radial form of the spin-orbit potential is to a 
first approximation proportional to (1/r)(d/dr) of the 
central potential. This result was obtained assuming the 
impulse approximation and neglecting the role of mul- 
tiple scattering. In addition, it was pointed out that the 
optical model potential must implicitly contain the 
characteristics of the nucleon-nucleon scattering in 
order to describe large angle nucleon-nucleus scattering. 

The differential angular cross section and the polari- 
zation of nucleons was calculated in the Born approxi- 
mation and in the W.K.B appreximation. To the 
extent of the validity of the Born approximation, the 
polarization is independent of the size and shape of the 
nucleus. This result can only be expected to hold for 
the lightest nuclei and for forward scattering angles. 
The experimental results for the polarization of protons 
scattered from helium and carbon are very similar out 
to an angle of 30° and confirm this result. The W.K.B. 
calculations were made for square, parabolic, and 
Gaussian well shapes. The parameters associated with 
these well shapes were chosen to fit the measured total 
and elastic scattering cross sections for 300-Mev neu- 


28G. J. B. Goldfarb and D. Feldman, Phys. Rev. 88, 1099 
(1952); and D. R. Swanson, Phys. Rev. 89, 749 (1953). 

Jt has been demonstrated by A. M. Feingold [Princeton 
University thesis, 1950 (unpublished) ], using a variational cal- 
culation, that the tensor force leads to the correct splitting (i.e., 
sign and magnitude) of the J=3, 3 levels of Li’. This circum- 
stance together with the above leads one to believe that the sign 
of the polarization is indeed as predicted by Tamor. 
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trons. The strength of the spin-orbit potential was 
chosen in every case to correspond roughly to a square 
well of one-Mev depth and radius equal to that of 
carbon. A large degree of polarization was obtained in 
every case, so that the magnitude of the polarization 
does not reflect model dependent features. The most 
striking characteristic of the polarization is the double 
reversal of the sign of the polarization in the immediate 
region of the diffraction minima, and may itself be 
regarded as a diffraction phenomenon. It was found 
that the presence of the dip in the polarization depends 
on the relative magnitude of the real and imaginary 
central potentials and on the size of the nucleus. A 
comparison of these calculated cross sections and 
polarizations with the experimental results for carbon 
showed in general a rather poor agreement. The cal- 
culated polarization remains large at large angles except 
in the neighborhood of the dips while the measured 
polarization becomes quite smal] at an angle of 30°. 
Although experimental uncertainties introduce some 
ambiguity in the interpretation, the discrepancy at 
large angles can undoubtedly be attributed to the 
inadequacy of the optical-model potentials used. For, 
as pointed out, the large angle scattering depends to 
some extent on the details of nucleon-nucleon scattering, 
which must therefore be incorporated into the optical 
model potential. The experimental and calculated 
results for aluminum show a somewhat better agreement 
since a larger part of the elastic scattering is confined to 
smaller scattering angles. 

A comparison of these calculations with those of 
Tamor’s in which he utilized the calculated nucleon- 
nucleon scattering amplitudes show that the tensor 
force in the nucleon-nucleon interaction leads to a spin- 
orbit potential at these energies of the same sign as the 
spin-orbit potential of the shell model. A further com- 
parison shows also that the magnitude of the spin-orbit 
potential used in these calculations is consistent with 
the nucleon-nucleon tensor interaction. 

We wish to thank Drs. O. Chamberlain, E. Segré, C. 
Wiegand, and Messrs. R. Tripp and T. Ypsilantis for 
the many discussions relating to their experimental 
measurements. We wish to thank Dr. Stephen Tamor 
and Dr. Malvin Ruderman for conversations relating to 
the polarization phenomena. It is a pleasure to express 
our appreciation to Mrs. Mary Harrison and Miss 
Harriet Cox for their excellent computational work. This 
work was performed under the auspices of the U. S. 
Atomic Energy Commission. 
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The average specific ionization produced by electrons of energies ranging from 1 to 34 Mev was measured 
in He, He, and N2 at atmospheric pressure. The measurements were made by sending a collimated beam of 
electrons through an ionization chamber into a Faraday cup. At minimum ionization the number of ion 
pairs per cm (probable specific ionization) was (7.56-+0.09), (6.15+0.08), and (53.2+0.7) at N.T.P. in 
the three gases, respectively. If these results are compared with the theory of energy loss, the values of W 
(the average number of electron volts to produce an ion pair) are calculated to be (37.80.7), (44.5-40.9), 
and (34.8*3:%) for the respective gases. The corresponding minimum values of the total specific ionization 
are calculated to be (9.19+0.18), (7.55+0.16), and (61.67!:2) ion pairs per cm. The relativistic increase 
in ionization from minimum to 34 Mev agrees with the calculated increase in energy loss to within 1 percent 
for Ne, but in He and Hz the increase in ionization is less than the predicted increase in energy loss. The effect 
is more certain in Hz where an increase of about 3.30.7 percent in W is observed. Calculations indicate that 
this effect may be due to the production of Cerenkov radiation which fails to produce ions in the gas. 





INTRODUCTION 


HE ionization of gases by moving charged particles 
serves as the basic mechanism of so many instru- 
ments that the phenomenon has been the subject of 
considerable investigation. With the increasing avail- 
ability and use of high-energy electron beams, both the 
need for and the opportunity to make detailed checks on 
the predictions of the relativistic theory arise. The ex- 
perimental work in the relativistic region has usually 
employed the cosmic radiation as a source of particles 
and cloud chambers, proportional counters, or Geiger- 
Miiller counters as detectors. As a result of this work, 
the relativistic increase in both the primary and total 
ionization has been demonstrated, good evidence for 
the reality of the density effect has been accumulated, 
and the fluctuations in the ionization produced in pro- 
portional counters have been measured. The articles by 
Bethe and Ashkin' and West? discuss the basic features 
of the work done up to 1953. Related experiments have 
shown that the density effect modifies the relativistic 
increase in the light output of scintillators,’ in the grain 
density of nuclear emulsions,‘ and in the energy loss 
itself. 

This paper is a report on measurements made with 
ionization chambers on electrons of energies from 1 to 
34 Mev. (Similar experiments employing electrons of 
10 to 20 Mev have been reported by Ovadia et al.*) The 
measurements were limited to the average ionization 
produced by a large number of electrons, a restriction 


* The research reported in this document was supported jointly 
by the U. S. Navy (Office of Naval Research) and the U. S. 
Atomic Energy Commission. 

1H. A. Bethe and J. Ashkin, Experimental Nuclear Physics. I, 
edited by E. Segré (John Wiley and Sons, New York, 1953). 

2D. West, Progress in Nuclear Physics, III, edited by O. Frisch 
(Pergamon Press, London, 1953), Chap. 2. 

*T. Bowen (to be published). 

‘J. R. Fleming and J. J. Lord, Phys. Rev. 92, 511 (1953). 

5 Goldwasser, Mills, and Hanson, Phys. Rev. 88, 1137 (1952). 

§ Ovadia, Laughlin, Beattie, and Henderson, Phys. Rev. 88, 165 
(1952); see also J. S. Laughlin, Physical Aspects of Betatron 
Therapy (Charles C. Thomas, Springfield, 1954), p. 81. 


which sacrifices any knowledge of fluctuations in ioni- 
zation but permits high accuracy in the determination 
of the average result. A comparison of the measurements 
with theory is further restricted by the fact that the 
ion chamber is unable to distinguish between primary 
and secondary ionization and thus measures nearly the 
total ionization. Even though the theory of primary 
ionization is fairly well developed, it is practically im- 
possible to apply to the multiple processes where 
energetic secondaries produce not only ions but further 
secondaries capable of producing ions. It has therefore 
been the usual practice to compare “total” ionization 
with the theory of energy loss and to define a quantity 
W, the average energy expended in making an ion pair. 

The theory of energy loss of charged particles in 
traversing matter has been developed over a number 
of years beginning with Bohr and including important 
contributions by Bethe, Bloch, Fermi, and many 
others.! The most recent calculations including all 
known important effects have been made by Stern- 
heimer’* and Budini.? The result for the total energy 
loss of electrons can be written 

ed 


dE dane'y mvT 9 
anne In + 

dx me?l P(i—Bs) 8 
An expression which is more useful than (1) for ioni- 
zation-chamber measurements is the energy loss ex- 
cluding the loss in collisions where an energy greater 
than 75 is given to the secondary electron. This result, 
sometimes called the probable energy loss, is given by 


dE 2ane'y 2mvT > 
- (—) = In es] (2) 
The symbols used in (1) and (2) have their conven- 
tional meanings except for the following: ” is the num- 
7R. M. Sternheimer, Phys. Rev. 88, 851 eat 


8 R. M. Sternheimer, Phys. Rev. 91, 256 (1953). 
9 P, Budini, Nuovo cimento 10, 236 (1953). 
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ber of electrons per cm of the medium; T is } the energy 
of the incident electron; T)»T; J is the geometric mean 
excitation potential of the atoms of the material; and 6 
is the correction due to density effect. 

At the gas pressures and beam energies used in the 
present experiments, the density effect is of almost 
negligible importance, and the value of 6 is expected to 
be nearly zero. The experiments provide a check on the 
relativistic increase given by 1/(1—(?) in the logarithm 
part of Eq. (2). 

APPARATUS 


A. Electron-Beam Formation and Measurement 


The primary electrons were accelerated in the Stan- 
ford 35-Mev linear accelerator." It was possible to pro- 
duce electrons of any desired energy from 1 to 35 Mev 
by suitable adjustments of the rf power and frequency. 
The electrons were collimated and energy analyzed by a 
system of slits and a 12° magnetic deflection. The out- 
put beam was about } in.X} in. in cross section with a 
spread in momentum of less than +1.5 percent. The 
B-versus-I curve for the magnet was measured to 0.2- 
percent accuracy with a rotating coil. An absolute 
energy calibration of the detecting system was made at 
18.7 and 10.6 Mev by measuring the Cu®(y,7)Cu® and 
the C#(y,z)C" reaction thresholds. The error in the 
absolute energy measurement is estimated as +2 
percent. 

The collimated beam of electrons was passed through 
an ion chamber and into a Faraday cup. A drawing of 
the Faraday cup with the small ion chamber in position 
is shown in Fig. 1. The ion and electron currents were 
integrated simultaneously by accumulating the charges 
on condensers (polystyrene dielectric condensers manu- 
factured by the John E. Fast Co., Chicago) having very 
high leakage resistance. The condensers were incor- 
porated in slide-back circuits which used electrometer 
tubes as null detectors. One of the slide-back circuits 
was manual, the other was electronic. Either circuit 
could be used with either the ion chamber or the 
Faraday cup. The accumulated voltage on the con- 
densers was read to high precision with a potentiometer. 
The relative values of the condensers were measured 
with an accuracy better than 0.3 percent by depositing 
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Fic. 1. Schematic drawing of the Faraday-cup beam integrator 
showing the small ion chamber in front of the mouth of the cup. 


10 Post, Shiren, and Brown, Stanford University High-Energy 
Physics Laboratory Report HEPL-11 (unpublished); also R. F. 
Post and N. S. Shiren, Rev. Sci. Instr. (to be published). 
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Fic. 2. Integrator response relative to monitor response as a 
function of the bias voltage applied to the Faraday cup. 


the same fixed amount of charge onto them, then sliding 
back and measuring the voltage as usual. 

The performance of the Faraday cup as a measuring 
instrument was tested in several ways: (1) Using the ion 
chamber operated under fixed conditions as a beam 
monitor, the radiation escaping out the back and sides 
of the cup was measured with thimble-type roentgen 
meters. At 35 Mev, the escaping radiation was easily 
measurable, but even under the most conservative 
assumptions that the ionization in the thimble was 
caused by minimum ionization particles of a single sign 
and all traveling in one direction, the number of es- 
caping secondaries could amount to only 0.25 percent of 
the number of electrons in the primary beam. (2) The 
possibility of low-energy secondary particles entering 
or leaving the mouth or walls of the cup was checked by 
comparing the integrator-to-monitor response as a func- 
tion of bias voltage applied to the cup. The crosses of 
Fig. 2 show a bias curve obtained with the configuration 
about as shown in Fig. 1. The bias curve does not tell 
the origin of the secondaries but the change from —V 
to +V is a measure of the total number of secondaries 
of energy less than V electron volts. Curves of this type 
were taken at primary energies ranging from 2 to 35 
Mev, and no dependence of their shape on primary 
energy was observed. The magnitude of bias effect was 
influenced by the compositon and position of the foil 
which separated the ion-chamber gas from the inte- 
grator vacuum. However, not all the effect is due to this 
foil because even with very large distances between the 
foil and the integrator entrance an unexplained effect 
of about +0.4 percent for +900-v bias remained. The 
absolute measurements of specific ionization were taken 
with the configuration shown in Fig. 3, and the measured 
bias points are shown as circles in Fig. 2. With these 
conditions it is believed that the error due to secondaries 
of energy less than 900 v is less than +0.6 percent. 
Errors due to higher-energy secondaries which are 
knocked from the foils are not revealed by the bias 
curve. A calculation of the number of these for the con- 
figuration shown in Fig. 3 was made by using the Mgller 
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Fic. 3. Configuration of the large ion chamber showing the 
relative position of the Faraday cup. 


formula for the cross section and empirical electron- 
range data to evaluate the probability of escape of the 
secondary. The calculatéd correction to the integrator 
current was (0.430.3) percent. 


B. Ionization-Chamber Measurements 


Reliable performance of the ion chamber depends on 
the effective length remaining constant and on the 
absence of recombination of ions. The chambers used 
in this experiment had a collecting field perpendicular 
to the beam, and the effective length of the chamber 
changed if the potential of the collector plate relative to 
the guard ring changed. In practice, this effect was 
either avoided by continuously sliding back to keep the 
collector at constant potential or by experimentally 
evaluating the effect and applying a correction. The 
resulting errors were less than 0.2 percent. 

The effect of ion recombination was evaluated ex- 
perimentally by measuring the ratio of ion charge to 
integrator charge as a function of the primary beam 
intensity and extrapolating the resulting curves 
(straight lines) to zero intensity. Any effects of space 
charge were also eliminated by this procedure. Curves 
of this sort were taken for each energy and each gas. 
Examples taken with the small chamber filled with N»2 
are shown in Fig. 4. The reproducibility of these curves 
indicates the stability of the measurements. In most 
cases, the zero-intensity intercept was determined 
with an accuracy better than +0.5 percent. The effect 
of secondaries, produced in the entrance and exit foils, 
on the operation of the ion chamber was evaluated 
theoretically and shown to be negligible. The reason is 
that the only secondaries of numerical importance are 
of too low an energy to reach the sensitive region of the 
chamber. 

The ion chamber shown in Fig. 3 had long guard 
plates to insure a uniform field in the collecting region. 
The applied voltage was 7000 v, giving a collecting field 
of 1100 v/cm. The effective length of the chamber was 
taken to be the center-to-center distance between the 
gaps separating the collecting plate from the guard 
Plate (2.499 in.). With this long chamber, the scattering 
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of primary electrons out of the beam by the entrance 
foil or by the gas introduces possible errors. The effect 
is chiefly due to single scattering and is nearly propor- 
tional to 1/E*. Calculations and experimental tests 
indicate that the long chamber fitted with a 0.001-in. 
mylar entrance window and filled with Hg: scatters 0.2 
percent of the primary beam beyond the integrator aper- 
ture at 13 Mev. The large chamber was used for primary 
energies of 13 Mev and higher, but for relative measure- 
ments which extended to the lower energies, the small 
chamber, mounted directly on the face of the integrator 
as shown in Fig. 1, was used. Using this chamber filled 
with Ne gas, the error due to scattering is only about 
0.5 percent at 1 Mev. Because the guard plates in this 
chamber were necessarily very short, wires carrying 
potentials intermediate between the high voltage and 
the collecting plate were mounted in the chamber to 
help make the collecting field uniform. The wires were 
located outside the main beam and were only 0.010 in. 
in diameter so that they intercepted only a negligible 
part of the scattered beam. The possibility of gas 
multiplication near the fine wires limited the voltage 
which could be applied to the small chamber so that the 
effects of space charge and ion recombination were 
considerably worse for the small chamber than for the 
large. 

Some early measurements" were taken with a cham- 
ber of intermediate length. This chamber had a collect- 
ing region of the same nominal dimensions as the large 
chamber described above. However, the guard plates 
were inadequate and the effective length was not known 
with precision. The chamber was suitable for relative 
measurements in the energy range from 6 Mev upward. 
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Fic. 4. Ratio of the collected ion charge to collected Faraday- 
cup charge (in arbitrary units) as a function of the average primary 
beam intensity. 


11 'W. C. Barber, Phys. Rev. 93, 942 (1954). 
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C. Gases 


All measurements were made with the gas flowing 
continually through the ion chamber, exiting through a 
tube which was under oil. The gas flow was such that the 
pressure in the chamber was 1 cm of oil above atmos- 
pheric. The chamber was water cooled so that its 
temperature did not change rapidly, and the tempera- 
ture and pressure were measured periodically. With 
this system, it was found that results were reproducible 
to within about 0.25 percent with the large chamber 
and 0.5 percent with the small chamber over periods of 
several days. 

Most of the measurements on Hz were made using 
electrolytic Hz (supplied by the Stuart Oxygen Co., 
San Francisco), which was passed through a catalyzing 
unit to form water from the oxygen impurity and then 
through a liquid-nitrogen trap. The measurements with 
this H. were compared with a series of measurements 
using mass-spectrometer-checked He of purity greater 
than 99.99 percent (procured from the Linde Air 
Products Co., San Francisco), and it was found that the 
specific ionization of the purer hydrogen was only 0.24- 
percent lower. 

The nitrogen gas used was Stuart “Hi-Pure” which 
was passed through a liquid-nitrogen trap at 2 psi over 
atmospheric pressure. According to the manufacturer, 
the purity of the gas so treated should be about 99.99 
percent. 

The helium gas was U. S. Grade-A, which was passed 
through a liquid-nitrogen trap. With He gas there was a 
long period after the chamber was filled and the gas 
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Fic. 5. Specific ionization and energy loss in He. The left 
ordinate scale refers to the experimental points. (The crosses show 
the absolute data obtained with the large chamber. The data taken 
with the small and intermediate-size chambers, shown as solid and 
open circles, respectively, were arbitrarily normalized to fit the 
crosses.) The right ordinate scale gives the probable energy loss 
per cm'[Eq. (2) ] when T)= 17.4 kev, which is the calculated value 
for the large chamber. 


flow started during which the observed specific ioniza- 
tion decreased with time. Also, a phenomenon of “clean- 
up” by the beam was observed. The measured ioniza- 
tion was lower if an electron beam had been traversing 
the chamber for several minutes prior to the measure- 
ment. It was found that reproducible results could be 
obtained if the He flow was set at a few cm® per second 
and the electron beam was allowed to traverse the cham- 
ber almost continuously. In view of the results of Jesse 
and Sadauskis” and Bortner and Hurst® that the ioni- 
zation observed in He is greatly increased by traces of 
impurity, it is suggested that the observed decreases in 
ionization were caused by the removal of impurities, in 
the one case by the flowing gas, and in the other by the 
ionizing power of the beam. It is not certain that the 
results obtained are those for pure He. However, it is 
gratifying that the average energy required to produce 
an ion pair calculated from the present experiment is 
about the same as that obtained in experiments with 
very pure He.”.8 


RESULTS 


The camber shown in Fig. 3 was used with mass- 
spectrometer-checked Hy, to give an absolute value for 
the specific ionization. The results are shown in Table I. 
Column 2 of Table I gives the measured specific ioniza- 
tion reduced to N.T.P. and corrected for the hard secon- 
daries knocked into the integrator (0.43 percent) and for 
recombination of ions (never more than 0.5 percent). 
The quoted error of 1 percent in the specific ionization is 
made up of the statistical combination of the following 
estimated errors: 0.3 percent uncertainty in the deter- 
mination of the ratio of condensers; 0.3 percent un- 
certainty in gas temperature ; 0.3 percent due to possible 
error in the calculation of the hard secondaries knocked 
into the integrator; 0.2 percent due to uncertainty in 
the evaluation of the loss due to recombination of ions; 
0.6 percent due to uncertainty about low-energy secon- 
daries (Fig. 2); 0.2 percent due to drifts in electrometer 
circuits or correction for finite leakage resistance; and 
0.2 percent due to 2 percent error in energy calibration. 

In order to compare the experimental results with 
the theoretical expression for the energy loss, it is neces- 
sary to have values for JT) and J. If Ty is chosen as the 
average energy of those secondary particles which just 


TaBLeE I. The specific ionization observed in He with the large ion 
chamber compared with the calculated probable energy loss. 








4, Calculated 
ion pairs 
(cm=) due 5. Net 
1. 2. Observed 3. Calculted to seconda- ion pairs 
Energy ion pairs dE/dx from ries beyond (cm~): 
(Mev) (cm=!) Eq. (2) (ev) Col 2-Col 4 


13 8.467+0.08 320.2+3.6 8.357 +0.09 
20 8.692+0.09 331.5+3.7 8.582 +0.10 
24 8.79940.09 336.3+43.8 

34 8.946+0.09 345.6+3.9 


6. W 
(Mev) 


38.32 +0.6 
38.63 0.6 
38.70 +0.6 
39.11 40.6 





8.689 +0.10 
8.836 +0.10 








12 W. P. Jesse and J. Sadauskis, Phys. Rev. 90, 1120 (1953). 
138 T. E. Bortner and G. S. Hurst, Phys. Rev. 90, 160 (1953). 
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dE/dx ELECTRON VOLTS cM’ 


2 34 6 80 6 20 30 40 
ENERGY (MEV) 
Fic. 6. Specific ionization and energy loss in He. The left scale 
refers to the experimental points taken with the small chamber, 
whose effective length was determined by the normalization in- 


dicated in Fig. 5. The right ordinate scale gives the probable energy 
loss per cm LEq. (2)] when To= 16.4 kev. 


reach the boundary of the sensitive region of the 
chamber, Eq. (2) corresponds closely with the energy 
dissipated in the sensitive volume. A correction is 
required due to the fact that secondaries of energy 
greater than 7» leave a portion of their energy in the ion 
chamber. This correction was evaluated by using the 
M@ller formula for the cross section for producing 
secondaries, together with an empirical formula for the 
range of electrons. The correction is only about 1 per- 
cent and is nearly independent of primary energy. 
Values calculated assuming 38 ev is required to produce 
an ion pair are given in Column 4 of Table I. The 
calculation of J» involves the range and multiple scat- 
tering of low-energy electrons, and the transverse di- 
mensions of the chamber. The length of the chamber is of 
little importance because the secondaries of interest are 
produced at angles nearly normal to the beam. For the 
chamber shown in Fig. 3, which has a cubical sensitive 
volume 2.5 in. on a side, 7 was calculated as 17.4 kev 
for H, at 1 atmosphere and 20°C. The error in the cal- 
culation is about +2 kev, but since 7» appears only in 
the logarithm term, the resulting error in dE/dx is about 
0.7 percent. 

The value of J is best taken from other experiments. 
In calculating Column 3 of Table I, a value of 18 ev 
was used. This value was obtained by Allison and War- 
shaw from the measurements of Thompson on the 
stopping power of liquid Hz for 340-Mev protons. An 
estimated error of 10 percent in J causes a 1 percent 
error in dE/dx. 

Column 6 of Table I gives the value of W obtained 
from the ratio of Column 3 to Column 5. The errors 
listed are the absolute errors. Since all of the major 
errors are nearly independent of primary energy, the 


(19 5) K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 779 
53). 


-dE/ax ELECTRON VOLTS cm7 


! B62 3 4 680 


ENERGY (MEV) 


20 30 40 


Fic. 7. Specific ionization and energy loss in No. The left scale 
refers to the experimental points taken with the small chamber. 
The right ordinate scale gives the probable energy loss when 
To=70 kev. 


relative values indicating the trend of W with energy 
are accurate to about 0.5 percent. 

The small chamber (Fig. 1) was used over the entire 
energy range with all three gases. The same integrating 
condensers were used with all three gases and hence the 
measurements give reliable relative results. Normaliza- 
tion of these relative results to the absolute results given 
in Table I yields values for the specific ionization of the 
three gases at all the energy points. 

The results are plotted as a function of energy in 
Figs. 5, 6, and 7. In these figures, the left-hand ordinate 
scale refers to the experimental points which have been 
corrected as discussed in connection with Table I. The 
absolute points are plotted as crosses in Fig. 5. The 
points taken with the small chamber are solid circles. 
The right-hand scale refers to the solid curves and gives 
energy loss as calculated from Eq. (2). The values of J 
used in Eq. (2) are listed in Table II. The J values for 
H, and Ne are taken from the calculations of Allison and 
Warshaw" based on Thompson’s measurements of 
stopping power. The J value for He was taken from the 
paper of Sternheimer.’ There are no arbitrary constants 
on either scale, and therefore comparison of an experi- 
mental point with the curve gives a value of W. 

The transverse dimensions of the small chamber are 
only 80 percent of those of the large, and therefore 7) 
is lower for the small chamber. However, this difference 
in To causes only a 0.1 percent difference in the cal- 
culation of the energy loss at 35 Mev relative to the 
value at 2 Mev. This is smaller than other possible 
errors, and therefore in determining the relative shape 
of the energy-loss curves these small differences in 7 
can be ignored. 

For making an absolute comparison, values of 7» for 
the large chamber are used because the absolute ioniza- 
tion measurements were taken with the large chamber. 
The computed values of J) were (17.4+2), (16.4+2), 
(70+%>) for the gases H», He, and Nz, respectively. 
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TABLE ITI. Comparison of the values of W as determined by this 
experiment with some other experimental values of W. The data 
used in evaluating W and values of the total specific ionization are 
also tabulated. 








Gas He He Nez 
7.5640.09 6.15+0.08 53.2+0.7 


+20 
70" 10 





1. “Measured” ion pairs 
cm at minimum 


. To (kev) calculated 16.442 
2742.7 75.947.6 
+40 

273.544 1850" 95 


+0.9 
34.87 


36.6 


17.442 
18+1.8 
285.54 


. I (ev) assumed 


. —dE/dx probable at 
minimum (ev cm~) 


37.8+0.7 
36.3 
37.0 
35.3 


44.5+0.9 
42.7 


. W at minimum 


. W from a-particle ab- 
sorption® 
7. W from a-particle ab- 
sorption> 
8. W, 340-Mev protons 
Computed total ion pairs 
(cm™) 


9. at minimum 


46.0 36.3 


33.6 


41.2 
61.6" 1"5 


+17 
82.0" 5'6 


9.19+0.18  7.55+0.16 


10. at 34 Mev 11.50+0.22 9.67+0.20 








® See reference 12. 
b See reference 13. 
eC. J. Bakker and E. Segré, Phys. Rev. 81, 489 (1951). 


The large uncertainty in To for Ne results from uncer- 
tainty in a large correction for multiple scattering of the 
secondaries in the gas. 

Figure 5, for He, includes data (shown as open circles) 
which were taken using the intermediate-size chamber. 
These data were arbitrarily normalized to the four ab- 
solute points which are shown as crosses. 


DISCUSSION 


The comparison of experiment and theory is shown 
in Figs. 5, 6, and 7. In the case of Noe, the relativistic 
increase in the energy loss and the ionization are equal 
to within 1 percent, probably indicating that the theory 
of energy loss and the constancy of W can be trusted to 
this extent. In Hy the rise in ionization is significantly 
less than the theoretically-predicted rise in the energy 
loss. A trend in this direction is also observed in the He 
measurements. Calculations on the density effect! 
indicate that at 35 Mev with 1 atmosphere of Ho, the 
reduction in energy loss due to the onset of the density 
effect is only 2.7 ev/cm. This is only about one-fourth 
of the discrepancy, the remainder of which must be 
due to an increase in the value of W with primary energy 
That W should change with energy is not surprising ; in- 
deed, the calculations of Bethe'® on the primary ioniza- 
tion of atomic hydrogen by electrons show that the 
fraction of collisions producing excitation increases as 
the energy of the incident electron increases. Because of 


15 R, M. Sternheimer (private communication). 
16H. A. Bethe in Handbuch der Physik (Julius Springer, Berlin, 
1933), Vol. 24, Part 1. 519 ff. 
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the difficulty in relating primary and total ionization, 
this effect is difficult to evaluate quantatively. 

The recent calculations of Sternheimer* and Budini;' 
taking into account the collective behavior of the atoms 
in the gas, indicate that the production of Cerenkov 
radiation is an important part of the energy loss for 
highly-relativistic particles. If the Cerenkov radiation 
escapes from the chamber or is absorbed without pro- 
ducing ions, it could result in an increase of W. The 
intensity of the Cerenkov radiation is concentrated 
around the frequencies of electronic transitions in the 
gas atoms and therefore in pure H: or He not much of it 
could be absorbed to produce ions. Sternheimer’s 
calculations give the energy escaping as radiation be- 
yond a distance 6 from the particle tracks. The choice of 
b equal to the dimension of the chamber gives the result 
that the radiation escaping is negligible; however, be- 
cause of the fact that in pure He or Hz the radiation 
cannot produce ions when it is absorbed, this is not a 
wise choice of 6 for comparison with ionization experi- 
ments. If } is chosen as 0.1 cm, the Cerenkov loss begins 
at about 10-15 Mev and at 30 Mev it is about 6.1 
ev/cm for He, 5.9 ev/cm for He, and 13 ev/cm for O». 
For H; and He this is 2 percent of the total energy loss, 
which is about equal to the observed change in the value 
of W. Sternheimer’s result for O2 should be a fair 
approximation for Ne, in which case the Cerenkov loss is 
only 0.6 percent of the total. This result is in agreement 
with the observed near-constancy of W in No. 

The points marked as diamonds in Figs. 5, 6, and 7 
give the theoretical energy loss after the Cerenkov loss 
has been subtracted, and the slight density-effect 
correction made. Because of the ambiguity in the choice 
of b, close quantitative agreement with the ionization 
measurements is not to be expected. It does appear 
significant, however, that experiment and theory agree 
in indicating an appreciable effect in H, and He and its 
near absence in No. 

The absolute check between experiment and theory 
is revealed by the computed values of W. The results 
for the three gases in the region of minimum ionization 
are given in Row 5 of Table II. The assigned errors are 
derived from the combination of errors of measurement, 
the estimated error in calculating 7, and an assumed 
10 percent uncertainty in J. The latter introduces about 
1 percent uncertainty in dE/dx which can be eliminated 
when better values of J become available. 

Comparison of the W values of this experiment with 
those obtained from other experiments (Rows 6, 7, and 
8 of Table II) indicates that for Ne the electron value is 
nearly within experimental error equal to the 340-Mev 
proton value. The a-particle value for Ne is probably 
higher because of K-shell binding effects. For He, the 
electron value is between values reported by different 
workers using a particles in very pure He. This result 
indicates a remarkable constancy of W in He over a wide 
range of particle velocities. In the case of He, the elec- 
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tron value of W is slightly higher than the other reported 
values. The increase in W for Hz beyond the minimum 
has already been remarked, and it may be that the 
change from a-particle energies to minimum ionizing 
electrons is a part of this trend. The low value reported 
for 340-Mev protons is surprising in that the primary 
particle velocity is intermediate between the a particle 
and electron velocities. 

Rows 9 and 10 of Table II give the expected total 
specific ionization for 1.7-Mev (minimum ionization) 
and 34-Mev electrons, respectively. These values were 
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computed by dividing the difference in energy loss 
predicted by Eqs. (1) and (2) by the value of W at the 
minimum (Row 5 of Table II), and adding the result 
to the measured probable ionization. 
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Polarization effects in the elastic scattering of high-energy nucleons by complex nuclei are studied in 
terms of the impulse approximation. The principal aim is to reconcile the large polarizations produced by 
complex nuclei with the smaller effects found in nucleon-nucleon scattering. It is shown that these results are 
not inconsistent and can indeed be understood in terms of simple physical arguments. While, in general, 
our knowledge of nuclear structure is not adequate for explicit calculation of these effects even in the impulse 
approximation, it can be shown that for a particular class of nuclei (the deuteron and the alpha-particle 
nuclei) the polarization is independent of the nuclear wave function. Calculations for these nuclei have been 
carried out in detail, using existing nucleon-nucleon phase shifts. The resulting polarization effects are 
found to be large, in rough agreement with experiment, although their angular dependence is not satisfactory. 
It is proposed that a study of polarization in elastic scattering by deuterium and helium be used as a tool for 


investigation of the nucleon-nucleon interaction. 


I. INTRODUCTION 


XTENSIVE experiments have been reported 
during the past few years concerning measure- 
ments of the azimuthal asymmetry in the double scat- 
tering of high-energy nucleons by various nuclei.'~® 
These measurements indicate the existence of quite 
large polarization effects in the energy region 130 to 
400 Mev. The peak polarization produced in proton- 
proton scattering has been found to be about 40 percent 
in this energy region, while comparable effects are 
found in neutron-proton scattering. Protons of the 
same energy when scattered by complex nuclei seem to 
be polarized much more strongly, however, the major 
effect coming from elastic processes.‘7 Experiments 
*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 


} Present address: General Electric Company, Research Labo- 


ratory, Schenectady, New York. 
1 Oxley, Cartwright, and Rouvina, Phys. Rev. 93, 806 (1954). 
— Marshall, and deCarvalho, Phys. Rev. 93, 1431 


3 deCarvalho, Heiberg, Marshall, and Marshall, Phys. Rev. 94, 
1796 (1954). 

4J. M. Dickson and D. C. Salter, Nature 173, 946 (1954). 

5 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 93, 1430 (1954). 

6 Chamberlain, Donaldson, Segré, Tripp, Wiegand, and Ypsi- 
lantis, Phys. Rev. 95, 850 (1954). 

7 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 95, 1105 (1954). 


that discriminate against the inelastically scattered 
protons have detected polarizations as large as 80 
percent. 

Theoretical investigations of polarization effects in 
nucleon-nucleon collisions have been carried out by 
Goldfarb and Feldman’ and by Swanson.® These cal- 
culations are based upon various assumed phenomeno- 
logical potentials designed to fit existing scattering and 
bound-state data. A reasonably good estimate of the 
p-p polarization is provided by the singular tensor-force 
interaction, while the hard core and L-S models give, 
respectively, too small and too large an effect. The 
tensor-force model of Christian and Hart gives roughly 
comparable polarizations for the u-p case. 

More recently, attention has been focused upon the 
scattering of nucleons by complex nuclei. Numerous 
calculations have been reported'*® in which the 
nucleon-nucleus interaction has been treated phe- 
nomenologically. The common feature of all these 
efforts has been the use of a complex central well con- 

8 L. J. B. Goldfarb and D. Feldman, Phys. Rev. 88, 1099 (1952). 

9D. R. Swanson, Phys. Rev. 84, 1068 (1951); 89, 749 (1953). 

10 FE, Fermi, Nuovo cimento 11, 407 (1954). 

11 Snow, Sternheimer, and Yang, Phys. Rev. 94, 1073 (1954). 

22 W. Heckrotte, Phys. Rev. 94, 1797 (1954). 

13 B. J. Malenka, Phys. Rev. 95, 522 (1954). 


14 R, Sternheimer, Phys. Rev. 95, 589 (1954). 
15 W. Heckrotte and J. V. Lepore, Phys. Rev. 95, 1109 (1954). 
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structed to fit the high-energy cross sections, together 
with an L-S interaction whose strength must be chosen 
more or less ad hoc. The spin-orbit potential generally 
used_is that obtained from the shell model, although 
there is no a priori justification for extrapolation to such 
a high energy. These calculations do predict quite large 
polarization effects, with maxima of about 80 to 100 
percent and angular distributions that are roughly in 
agreement with experiment. 

It is the purpose of this paper to examine the problem 
from a somewhat different and less phenomenological 
point of view. In the energy region of interest the col- 
lision times are sufficiently short compared with nuclear 
periods that the cooperative behavior of the entire 
nucleus is less important than the individual-particle 
aspects of the process. One is led, therefore, to attempt 
to describe the scattering by complex nuclei in terms of 
what is already known about the nucleon-nucleon 
interaction. From this point of view, it seems difficult 
to reconcile the very large polarizations produced by 
complex nuclei with the relatively small effects in 
nucleon-nucleon collisions. 

We will see, however, that if one considers the scat- 
tering of a nucleon by another nucleon bound in a 
nucleus, the requirement that the process be elastic 
imposes a constraint (in the form of a spin correlation) 
whose effect is to increase the resulting polarization. 
Section II is devoted to an exposition of this point in 
terms of rather simple physical arguments. In Sec. III 
the scattering problem is formulated in terms of the 
impulse approximation to make possible explicit cal- 
culations in terms of nucleon-nucleon phase shifts. 
These phase shifts are assumed to be known, but as far 
as possible no assumptions are made concerning the 
detailed structure of the target nucleus. In particular 
we find, with the aid of a few reasonable approxima- 
tions, that there exists a class of nuclei for which no 
detailed knowledge of the nuclear wave function is 
required. 


II. POLARIZATION BY A BOUND NUCLEON 


Before proceeding to a detailed formulation of the 
problem of scattering of nucleons by a bound system, 
we find it instructive to see what may be learned from 
a few physical considerations. We assume, in the spirit 
of the impulse approximation,'* that the total scattered 
wave may be obtained by summing the waves scat- 
tered by the various constituent nucleons. When the 
nucleon spin is ignored, the contribution from each 
nucleon to the transition between specified initial and 
final states is given by the amplitude for a free-particle 
collision with the same momentum transfer, multiplied 
by a numerical factor (the square root of the sticking 
factor) which is simply a measure of the probability 


16 G, F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952). Here 
we use the term “impulse approximation” in its loose sense, 
oe use of all three of the approximations defined by these 
authors. 
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that the nucleus finds itself in the required final state, 
The effect of nucleon spin can be understood in a very 
simple way. To describe the scattering by a particular 
nucleon, consider the target nucleus to be decomposed 
into that nucleon and a residual nucleus. Specification 
of the nuclear state then determines the relative orien- 
tation of the spins of these two subsystems. Although, 
for an unpolarized nucleus, the target nucleon presents 
all possible spin orientations to the incident beam, the 
residual nucleus provides a ‘“‘memory”’ of the initial spin 
orientation of the struck particle. If we require the 
scattering to be elastic, the relative spin direction of 
the two particles must be preserved, which is impos- 
sible if the spin orientation of the struck nucleon has 
been changed. Such “spin-flip” events are thus sup- 
pressed in elastic scattering. We may therefore conclude 
that the requirement of elastic scattering is in part 
equivalent to the imposition of a constraint that dis. 
criminates against spin-flip scattering. The strength of 
this constraint depends, of course, in a rather compli- 
cated way upon the details of the nuclear state. 

It now remains to be seen how the presence of sucha 
constraint affects the polarizing power of the target 
nucleon. For convenience in the following discussion let 
us introduce the three orthogonal vectors constructed 
from the initial and final relative momenta k; and k;; 


K= k;—k,, V=nXK. 


Furthermore, let us choose our axis of spin quantization 
along n, the normal to the plane of scattering. By a spin- 
flip scattering we mean an event in which the magnetic 
quantum number of the incoming nucleon changes sign. 

We will first show that in a collision between two 
spin-} particles if one particle flips its spin the other 
must do so also. This follows immediately from the 
requirement of invariance of the scattering matrix 
under rotations and reflections. If, for example, particle 
2 flips its spin and particle 1 does not, the most general 
operator causing such a transition that is rotationally 
invariant is of the form 


(A +Bo;-n) (Coo: K+Do:-V). 


n=k;Xk,, 


But this operator is not invariant under reflections an¢ 
must be excluded. 

Consider, now, a collision in which the two nucleon: 
are specified initially by magnetic quantum number 
m, and me, and finally m;’ and mz’. Invariance unde! 
time reversal further requires that the transition matrix 
satisfy (except for a phase factor) 


M(m, mo, k—my, mek) 
=M(—my, — m2’, —k-—>—m, — mo, —ki) 


Since for nucleon-nucleon scattering |k;|=|k,|, im 
variance under rotations requires that this also b 


equal to 
M (my, me, km, M2, k;). 





POLARIZATION 


Restricting our attention to spin-flip scattering, we have 


M(m, m2, k—-—m, —me, ky) 
=M(—m, —m2, km, mo, k;). 


We now see immediately that, for random initial 
states, spin-flip events lead to no polarization in the 
final state. Because the polarization is the ratio of spin 
density to particle density in the final state, and because 
spin-flip and no-spin-flip scatterings do not interfere, 
suppression of spin-flip processes simply decreases the 
cross section while leaving the spin density unchanged, 
thereby increasing the polarization. 

The above somewhat heuristic argument should not 
be considered as a rigorous proof, even granting the 
impulse approximation, that a system of bound nucleons 
always causes larger polarizations than those obtained 
in nucleon-nucleon scattering. Because nuclei consist of 
two different types of particles, the interference terms 
could very well drastically alter the binding effect. 
However, even if interference effects are ignored, there 
isa more fundamental gap in the argument. A complete 
description of the spin state of two nucleons requires 
not only a specification of the relative orientation of 
the spins, but also a relative phase. Processes in which 
the relative phase is changed (transitions between the 
singlet and triplet m=O states) are inelastic and must 
be excluded in spite of the fact that no spins have 
actually been flipped. This considerably complicates 
the effect of binding, so that no broad assertions can be 
made. 

A more rigorous treatment of the binding effect is 
given in Appendix A. It is shown there that there 
exists an upper bound on the polarization, which 
depends only upon the ratio of the spin-flip to the no- 
spin-flip scattering cross sections. The requirement of 
elastic scattering has the effect of depressing the spin- 
flip cross section, thereby increasing the maximum 
attainable polarization. 

What we have shown, therefore, is not that the effect 
of binding is to enhance all polarization effects, but to 
show that it does provide a mechanism by which ap- 
parently anomalously large polarizations may be ob- 
tained. 


III. CALCULATIONS AND RESULTS 


To make tractable the problem of scattering by a 
complex nucleus, a number of simplifying assumptions 
are invoked. We assume the energy to be sufficiently 
high that the impulse approximation is valid, and that 
the nucleus is sufficiently light that multiple scattering 
may be neglected. Furthermore the internal momenta 
in the nucleus are neglected compared with the mo- 
mentum of the incoming particle, so that the nucleon- 
nucleon phase shifts may be taken to be those appro- 
priate to free-particle scattering. 

With these assumptions in mind we now proceed to 
develop a treatment of the nucleon-deuteron scattering 
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problem, and then generalize it to more complex targets. 
Let the subscript 1 denote the incident nucleon, while 
2 and 3 represent the nucleons in the deuteron. For 
spinless particles the scattered amplitude, g, may be 
written!” 


g=Ligietlisgis, (1) 


where qi2 and qi3 are the appropriate free-particle scat- 
tering amplitudes and 


he f ve Ceurardyerst2)3(01— r,)dr,dredrs. (2) 


When the nucleon spin is included, it is also necessary 
to specify the initial and final spin states of the target 
system. If these are denoted by S23 and S23’, we must 
select from the free-particle scattering matrix that part 
which couples these two states. To enable explicit 
calculation of the scattered wave it is convenient to 
make use of the S-matrix and Racah formalisms. In 
reference 17, it is shown that the transition matrix for 
proton-deuteron scattering may be obtained by a 
unitary transformation upon the p-p and u-p matrices. 
In particular, for elastic scattering (S23=52;’), 


a 
que(S’M", S23; SM. Su)=— DX (2l+1)hie" 
ws 


X (ISOM |ISJM)(I'S'M—M’ M’|I'S'JM) 
KR! (S’U’So3 ; S1S23). (3) 


The R matrix R;,’ is defined in terms of the free particle 
R by 


Ryo! (S’U’S23' ; S1S23) = 7 Qe) (S12'S23' jl’ ; S’J) 


812812" 7 
XQ ¢s)(S12S23 91; ST) Ri2i(Si2l’; Siel), (4) 


and similarly for Ri;7. Here we have introduced the 
notation 


Qe) (Si2S23 jl; SJ) 
=[(2S12+1) (2523+1)(25+1)(27+1)}! 
XW (S1S2SS3; S12S23)W (S3S jl; SixJ). (5) 


The spins of particles 1, 2, and 3 are here collectively 
denoted by the subscript (s). The symbol R12! refers to 
the scattering amplitude for the free-free collision 
between particles 1 and 2 in the state 7. It can readily 
be shown that the Q coefficients satisfy 


DX Qe (S12S23 9; ST)Q 2) (S12S23' jl; S’T) =8 5 315 5235823’, 
7812 

17§, Tamor, Phys. Rev. 93, 227 (1953). The notation in this 
paper differs from that in the above reference in that the overlap 
integral J is now no longer included in the definition of gi2 and gis. 
The reason for this change will become apparent. 





1080 


and 


DX Q¢ey(S12S23 jl; STVQ (0) (S12'S 2371; ST) =8 s12812'5j3". 


SS23 


The wave scattered by each nucleon may now be 
expressed in terms of g as defined in Eq. (3) with the 
aid of BB(3.12)!® or SW(2.2).!° If the waves scattered 
by 2 and 3 are 2 and ys, respectively, the polarization 
of the scattered nucleon is 


oe 1 ibotTiabs| S1| LietLisys) (6) 
(Si LasbotDiabs| Diet lists) 


We now observe that if the initial and final states of 
the (23) system have definite parity, then J12,=-+/13 so 
that the overlap integrals cancel from Eq. (6). For 
elastic scattering J;2=J1;. But since all information 
concerning the spatial part of the deuteron wave func- 
tion is contained in the factor J, we may conclude that, 
in the impulse approximation, the polarization is inde- 
pendent of the deuteron wave function. This means that 
that accuracy of our calculation depends only upon the 
validity of the impulse approximation (assuming the 
nucleon-nucleon phase shifts to be known), and not 
upon our choice of a deuteron wave function, for which 
the high-momentum components are quite uncertain. 

In view of this cancellation we may inquire whether 
there are other nuclei which possess such a symmetry 
property. Consider a nucleus of spin Stota: and fix at- 
tention upon the wave scattered by the 7th nucleon. 
Let us factor the total nuclear wave function into the 
spin coordinate of the ith nucleon times a residual 
function of all the remaining coordinates including the 
spatial coordinates of particle i. These two factors then 
transform according to spins 4 and |Stut}]. In 
general, the residual nuclear wave function contains a 
coherent mixture of these two spin states whose relative 
amplitudes and phases are determinable only from a 
nuclear model. However, for the special case Stor=0, 
this ambiguity is removed so that we may again con- 
sider the nucleus as if it were a system of two spin-3 
particles, and the transformation of Eq. (4) can be 
carried out. 

The polarization is now given by Eq. (6), where we 
must sum over waves scattered by all nucleons. If 
nuclei contained only one type of nucleon all the q’s 
would be equal and a factor | >>. Z|? would be common 
to both numerator and denominator. If we restrict our 
attention to nuclei with equal numbers of neutrons and 
protons, the nuclear wave function is symmetric with 
respect to interchange of neutron and proton coordinates 
if Coulomb effects are neglected. Then for every proton 
there is a neutron with the same sticking factor, and 
the overlap integrals again cancel from Eq. (6). 





18 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). References to this paper are designated by BB. 

12 A. Simon and T. A. Welton, Phys. Rev. 90, 1036 (1953). 
References to this paper are designated by SW. 


S. TAMOR 


What this result amounts to is that for the purpose 
of polarization calculations all spin-zero self-mirror 
nuclei may be considered as deuterons of spin zero, 
Such nuclei are the alpha-particle nuclei. Note that in 
this approximation all these nuclei should polarize 
equally, which is what one would expect on the basis 
of the qualitative consideration of Sec. IT. 

Given the R matrices for nucleon-nucleon scattering, 
we may now calculate the polarization directly. A 
closed expression for the denominator of Eq. (6) is 
given by BB(4.5, 4.6), while the numerator is obtainable 
from SW(3.2). Explicit calculations were carried out 
for 240 Mev, using nucleon-nucleon phase shifts 
already used in published work. In particular, the p-p 
scattering phases are taken from reference 8, assuming 
a singular tensor force cutoff at 1.4 #/Mc. The n-p 
singlet phases were taken equal to the p-p, while the 
triplet phases are those calculated by Swanson.” 
Actually the n-p phases were calculated at 40, 90, 200, 
and 285 Mev and were interpolated to 240 Mev. Asa 
check on the concistency of the interpolated phases, the 
resulting S-matrix was checked for unitarity. Polariza- 
tions in scattering of protons by deuterons and by 
alpha-particle nuclei were calculated using all phase 
shifts up to /=3. Results are plotted in Fig. 1 together 
with the corresponding n-p and p-p polarizations. 

Exchange terms (corresponding to pickup events in 
p-d scattering) have been neglected throughout. These 
terms are important, however, for angles larger than 
about 40°. Furthermore, in the -a calculation, an 
accidental cancellation causes the polarization in the 
neighborhood of 45° to be extremely sensitive to the 
1=4 phase shifts, which have not been kept. Results 
are therefore plotted only for angles less than 40° in 
the laboratory system. 

The enhancement of the polarization due to spin-flip 
suppression stands out clearly when the p-d and p-a 
curves are compared. These nuclei both are symmetric 
in neutrons and protons so that the interference terms 
enter in the same way, and the only relevent difference 
is the nuclear spin. The prohibition against spin-flip 
collisions is rather weak for spin-1 nuclei, while for spin 
zero it is absolute. 


IV. DISCUSSION AND SUMMARY 


Comparison with the Optical Model 


The most important result of this calculation is that 
a nucleon-nucleon interaction that gives rise to small 
polarization effects can cause very large polarizations 
when the target consists of several nucleons bound 
together. Furthermore, this result is obtained without 
reference to any nuclear model. In spite of this, a com- 
parison of the calculated angular dependence of the 
polarization with that predicted by the optical model 


2” D. R. Swanson, Phys. Rev. 89, 740 (1953) and (private com- 
munication). The author is indebted to Dr. Swanson, who provided 
a complete tabulation of his -p phase shifts. 
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reveals some striking differences. Most calculations 
based upon an optical model predict rather violet oscil- 
lations of the polarization in the immediate neighbor- 
hood of the diffraction minima."*—!5 The absence of 
such effects in the present calculation is entirely due 
to the failure of the impulse approximation. In the 
impulse approximation the angular dependence of the 
scattering cross section is governed primarily by the 
sticking factor, which is essentially the square of the 
Fourier transform of the nuclear wave function. Dif- 
fraction effects appear through the rapid variation of 
the sticking factor, which will in general have zeros for 
sufficiently short-tailed nuclear wave functions. Because 
of the cancellation of the sticking factor from our ex- 
pression for the polarization our results pass smoothly 
through these zeros. At the diffraction minima, how- 
ever, the corrections to the impulse approximation, in 
particular those arising from multiple scattering, may 
be expected to play a dominant role. Our results there- 
fore apply only away from the diffraction minima and 
in this sense the p-a curve of Fig. 1 should be considered 
as an “envelope” of the correct polarization. 

Since the entire approach is based upon the use of 
the impulse approximation and the neglect of multiple 
scattering, a criterion for the range of nuclei for which 
it is valid is easily obtained. If one calculates by this 
method the total scattering cross section of complex 
nuclei and invokes the closure approximation to sum 
over final states, one finds that the total cross section is 
equal to the sum of the cross sections of the constituent 
nucleons. This means:that the total cross section at a 
given energy should vary linearly with A. For suffi- 
ciently heavy nuclei, however, multiple scattering 
becomes important, and the total cross section may be 
expected to vary more nearly as Af. A study of the 
total cross sections for high-energy neutrons as a func- 
tion of A®” indicates that the data can be fitted by a 
linear dependence on A for light nuclei and an A®-78 
law for heavy nuclei. The transition between the two 
occurs at about A=10. The total carbon cross section 
at 280 Mev is found to differ from six times the deu- 
terium cross section by less than 15 percent, so that 
even for A=12 multiple-scattering effects are not too 
important. For heavier nuclei, however, the neglect of 
multiple scattering may be a serious error. 

While the spirit of this calculation differs from that 
of the optical model, there should be an intimate con- 
nection between the two approaches. In particular it 
is possible, at least in principle, to use the impulse ap- 
proximation as a starting point for the construction of 
an equivalent nuclear potential which, in turn, can be 
used as the basis for scattering and polarization calcu- 
lations with the optical model. Fernbach, Heckrotte, 


(1 


on” Leith, Wouters, and MacKenzie, Phys. Rev. 80, 23 
sch DeJuren, Phys. Rev. 80, 27 (1950). 
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Fic. 1. Calculated polarization as a function of laboratory 
scattering angle. Curve A is for p-p scattering, based on reference 
8, and Curve B is for m-p scattering obtained from reference 20 
and interpolated to 240 Mev. Curves C and D are for p-d and p-a 
scattering calculated in the impulse approximation with the aid 
of the same phase shifts as those used for A and B. 


and Lepore” have investigated the general problem of 
the construction of nuclear potentials and have given 
a formal expression for the equivalent nuclear potential 
in terms of the nucleon-nucleon scattering amplitudes. 
It is very interesting to note that they are able, with 
the aid of an approximation quite analogous to the 
impulse approximation, to obtain a very simple form 
for the scattered wave which leads to polarizations de- 
pending only upon the nucleon-nucleon scattering 
amplitudes, and independent of the structure of the 
target nucleus. This establishes a direct correspondence 
between the impulse approximation and the optical 
model. 
Comparison with Experiment 


Although the maximum polarization obtained by this 
model is in reasonably good agreement with experi- 
ment, the check of predicted angular distribution is 
much less satisfactory. In general the observed polari- 
zations reach their maxima and start to fall off at con- 
siderably smaller angles than indicated in Fig. 1. It is 
the author’s belief that this discrepancy is primarily a 
reflection of the poor state of our knowledge concerning 
the nucleon-nucleon interaction. This is particularly 
true for the neutron-proton interaction for which the 
Serber even-state interaction works at 90 Mev but is 
known to fail at higher energies, both for scattering 
cross sections“ and polarization effects.2* It seems, 
therefore, that further work along the lines indicated 
here will have to await an improved analysis of the n-p 
scattering data. 

There is, however, one important qualitative feature 


%3 Fernbach, Heckrotte, and Lepore, this issue [Phys. Rev. 97, 
1059 (1955). 

% J. De Pangher, Phys. Rev. 95, 578 (1954). 

25 Compare references 6 and 9. 
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Fic. 2. Experimental results of Chamberlain et al. for polariza- 


tion by helium and carbon. Errors are not indicated. For details 
consult reference 26. 


of this theory that is suceptible to experimental veri- 
fication and provides a crucial test of the model. This 
is the prediction that all nuclei of the alpha-particle 
type should polarize equally. The recently published 
data of Chamberlain ef al.?* on the polarization by 
helium and carbon bear directly upon this point. The 
observed polarizations for these nuclei are plotted in 
Fig. 2. The similarity between the helium and carbon 
data up to about 20° is quite striking. At angles larger 
than 20° the inelastic contamination in the carbon scat- 
tering increases rapidly so that detailed comparison in 
this region is impossible. 

This encouraging check of the model lends weight to 
the more quantitative predictions of the theory. The 
very great simplicity of the polarization phenomenon 
suggests that experiments on polarization of nucleons 
in elastic scattering by nuclei may be used as a tool for 
investigation of the nucleon-nucleon interaction. Since 
we have seen that the polarizations in p-d and p-a 
scattering are expressible in terms of the nucleon- 
nucleon phase shifts alone, information regarding these 
processes may be considered as additional data to be 
fitted by any proposed model of nuclear forces. Such 
data are now available for the polarization by helium, 
while a measurement of the effect in elastic proton- 
deuteron scattering has been attempted at Chicago.” 
The possibility of large polarization in deuterium is 
indicated, but the data are too crude to permit detailed 
analysis. 

26 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 96, 807 (1954). 


( a7 "oon Marshall, Nagle, and Skolnik, Phys. Rev. 95, 1020 
1954). 
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APPENDIX A 
Rigorous Treatment of the Spin-Correlation Effect 


Let us consider a collision between an incident 
nucleon (1) and a target nucleon (2), which is con- 
sidered free except insofar as its spin is coupled to that 
of a third nucleon (3) so that the spin S23 is determined. 
For this purpose it is convenient to describe the col- 
lision between particles 1 and 2 in terms of the transition 
matrix,” 

M=A +B(o1-n) (o2-n)+C(oi1+¢2) ° n+D(o,— G2) “n 

+E(o1-K)(o02-K)+F(01-V)(o2:V). (A-1) 
When spins 2 and 3 are uncorrelated the cross section is 
given simply by $ Tr M*M, while the expectation value 
of the spin of the emerging nucleon is § Tr Mto,-M. 
Imposing the spin correlation between particles 2 and 3 
is accomplished by insertion of the appropriate pro- 
jection operators }(3+-02:¢3) for S23= 1 and}(1—o2-0;) 
for S2;=0. The polarization for the various cases is 
given by 


Case 1: No Spin Correlation 
2 Re{ A*(C-+D)-+nB*(C—D)} 
"VA P-Ent |B P+ 20 (CP IDFR EP+VEE 
(A-2) 





Case 2: So3=1 


‘ 2 Re{A*(C+D)+3n?B*(C—D)} - 
“|A[?+-3nt| Bl2+-(5/3)n2((Cl2+|D|2) 
+3? ReC*D+2K?| E|?+2V4| Fl? 


Case 3: So3=0 





2 Re{A*(C+D 
PE sis anki iol (A-4) 
|A|?-+n?|C-+D]? 





Choosing, as in Sec. II, the axis of spin quantization 
along m, we see that only the terms £ and F in (A-1) 
contribute to spin flip while the others are diagonal in 
ai,. We see, as stated in Sec. II, that the E and F terms 

*8 This form of the transition matrix is seen to be equivalent to 
that used by L. Wolfenstein and J. Ashkin [Phys. Rev. 85, 947 


(1952) ] if one notes that @1-@2 is expressible as a linear combina- 
tion of (o1-n)(o2-n), (o1-K)(o:-K), and (o1-V)(@2-V). 
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do not contribute to the spin density [numerators in 
Eq. (A-2) to (A-4) ] and that the spin correlation tends 
to decrease their contribution to the cross section 
[denominators in (A-2) to (A-4)]. The term B, how- 
ever, while not contributing to spin flip, does cause a 
phase change and is suppressed by the spin correlation, 
thereby partly invalidating the argument of Sec. II. 
However, if we let the no-spin-flip cross section be oo 
and the spin-flip cross section be o (given respectively 
by the A, B, C, and D terms and the E and F terms in 
the denominator), we see that polarization always 
satisfied 


| P| (A-5) 


<———_.. 
1+ (04/00) 


Therefore, although the spin correlation effect cannot 
guarantee large polarization effects, it does at least 
increase the maximum ‘obtainable value of |P| by 
means of the spin-flip suppression. 

If both particles 2 and 3 scatter, it is readily shown 
that for processes in which S23 does not change we need 
merely replace the coefficients in (A-1) by the sums of 
the corresponding coefficients for the (12) and (13) 
interactions. 

The above formulas are simplified if one observes that 
D=0 for identical nucleons, as is required in general if 
charge independence is assumed. The condition that 
the equality hold in (A-5) is that A= B=C for Cases 
1 and 2 while for Case 3 it is true if A=C. 


APPENDIX B 
Notations for the Coupled Phase Shifts 


The partial wave analysis of nucleon-nucleon scat- 
tering in the presence of tensor forces is greatly com- 
plicated by the fact that orbital angular momentum is 
no longer a good quantum number. In particular, for 
triplet states of given J, the states L=J-+1 are coupled 
together and the state L=J is uncoupled. There seems, 
however, to be no general agreement on the precise 
method of describing the scattering in these coupled 
states. In particular, Ashkin and Wu” classify the 
states according to the quantum numbers J, /, and Mz, 
in which notation the phase shifts are complex because 
lis not a constant of the motion. Christian and Noyes” 
introduce a somewhat different set of parameters to 
describe the scattering, which arise quite naturally out 
of their method of solution of the coupled equations. 
Perhaps the most natural description is in the so-called 
“Parity Representation” of Rohrlich and Eisenstein,*! 

2” J. Ashkin and T. Y. Wu, Phys. Rev. 73, 973 (1948). 


*R. S. Christian and H. P. Noyes, Phys. Rev. 79, 85 (1950). 
1 F, Rohrlich and J. Eisenstein, Phys. Rev. 75, 705 (1949). 
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which is used by Goldfarb and Feldman! and is closely 
related to the S-matrix formalism used here. 

While all these descriptions are, of course, equivalent, 
to the author’s knowledge the relations between them 
have never been set down in one place. It seemed worth 
while, therefore, simply to present a set of rules for 
transforming among these representations. These rules 
are given without proof, their derivation being simply 
an exercise in the recoupling of angular momenta, and 
not very illuminating. 

The coupled phase shifts of Ashkin and Wu, denoted 
by 6,/™, are related to our S matrix by 


Syy7=i-” Y (SIM—M|SJ1) 
M 
X (SIM —M|SJIV0)Sp7™, 
S;/™@=exp(2i5,"). 


where 


The inverse transformation is 
yp SIM —M|SJI0) 


SpIh= vi. 
l (STM —M|SJI'0) 





Christian and Noyes introduce the set of parameters 
5u7, 6:17, and ajz7 where /+L=2J. It was shown by 
Christian” that these are related to the Ashkin and Wu 
phase shifts by 


ay ~“(—) (SLM0|SLJM) 





S,M= 


vy \a+1/) (SIMO|SITM) ’ 


where 

ay? =exp[i(5u7—5117) J—ain7an” expli(6117—d17") ], 

By? =azz7 sin(5n7—5:27), 

v7 =expl—i(6u7 +6117) ]—ar17 a1" 
Xexpl—i(6117+6117) ]. 


These coefficients satisfy a:=az*, y=, Bi=Bt. It 
is interesting to note that these quantities are related 
in a very simple way to the S matrix. In particular, 


ita a,’ iBT 
vo Sin monet 
vt Bf 


S1p1, 27. 


Thus the diagonal elements of S are given by a,//y:" 
while the nonzero off-diagonal elements are — 2i8,//77’, 
since 6,7 =0 when /=J. 

Finally, the explicit connection between the parity 
representation and the S matrix is given in BB(4.19).'® 


#2 R.S. Christian (thesis, 1950) University of California Radi- 
ation Laboratory Report UCRL-1011 (unpublished). 
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General formulas are derived for the corrections to Fermi’s cross sections, which follow from the conserva- 
tion of (a) charge, or (b) charge plus isotopic spin. The possible identity of some of the particles which appear 
after a nucleon-nucleon collision is also taken into account. It turns out that there is only a slight difference 
between results calculated under assumption (qa) or (6). 





ERMI’S theory of pion production! enables us to 
calculate the relative cross section for production 
of any number of pions in a nucleon-nucleon collision as 
a function of the collision energy. It is also possible to 
include production of other mesons in this theory.?* In 
the original theory the cross sections are simply pro- 
portional to the density of the final states in momentum 
space. Haber-Schaim ef al.* consider the different pos- 
sible charges of the particles that appear after the 
collision, consistent with charge conservation, and also 
the possible identity of some of them. In a recent paper* 
Fermi considers the different charge possibilities con- 
sistent not only with charge conservation, but also with 
isotopic-spin conservation. 

Our purpose is to give general formulas for the 
corrections to Fermi’s cross sections which follow from 
the conservation of charge, or charge plus isotopic spin, 
and the possible identity of some of the particles. 

According to the isotopic-spin formalism the proton 
and the neutron are treated as two different states of one 
and the same particle, the nucleon, the states being 
characterized by the quantum number M=+3, —}. 
M=Tz, where T=} is the isotopic spin of the nucleon. 
In the same way the z*, 7°, and 7~ meson are treated as 
three states, M=+1, 0, —1, of the pion, the isotopic 
spin of which is T=1. 

Let S;(E) be the probabilities of two nucleons and 7 
pions—considered as j+2 different, independent par- 
ticles—appearing after the collision, as given by Fermi.' 
Then the following corrections should be applied to 
these probabilities: 

(a) division by 2!7! owing to the identity of the 
nucleons and pions, respectively ; 

(b) multiplication by the statistical weight of the 
state of the two nucleons and 7 pions characterized by 
T and M, i.e., the number of their different states 
conserving both J and M. This number will now be 
derived. 

The state of two nucleons may have either T=0 or 
T=1. Apart from the multiplicity 27+1 due to the 
electric quantum number M, there corresponds just one 
state to each value of 7. The state of 7 pions may have 


1E. Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950). 
2L. S. Kothari, Phys. Rev. 90, 1087 (1053 53). 
3 Haber-Schaim, Yeivin, and Yekutieli, Phys. Rev. 94, 184 
1954). 
4E. Fermi, Phys. Rev. 92, 452 (1953); 93, 1434 (1954). 


T=0, 1, 2, ---j7. In order to determine the number of 
states corresponding to each value of 7, we note that 
the number of states consisting of k positive, / neutral, 
and m negative pions is 7!/k!/!m!. Therefore, the number 
of all the states characterized by M (i.e., all states of 
total charge k—m=M)) is 
j! 

fi(M)= same (1) 

btl+m = =i Riltm! 


k-—-m=M 


Re oe i! 
~ = (j-M—2i) (M+i) ii! =(:)(5.) 


With the help of Slater’s method® one may convince 
oneself that the number of states corresponding to a 


given T is 
gi(T) = fi(T)— fi(T+1). (2) 


We can now derive the number G;(7) of states of a 
given T of an assembly of the two nucleons and j pions. 
If the nucleons are in a state of isotopic spin 0, a state 7 
will result if the state of the pions is 7; and if the 
nucleons are in a state of isotopic spin 1, a state T may 
result for the states of the pions being either T—1, 7, or 
T+1. Since the states of the nucleons are single, and the 
multiplicities of the states of the pions are g;(7), we 
have G;(T)=g;(T—1)+2g;(T)+¢;(7+1) for all values 
of T except T=0, and G;(0)=g,;(0)+¢;(1), or 


G(T) = f(T—1)— fi(T+1)+fi(T)—Fi(T+2), (3) 


which, since {;(—M)= f;(M), holds for 7=0 as well. 

Since in a collision of two nucleons the initial state 
may have either T=0 or T=1, the corrections are, 
respectively, 





1 
a;(0)=—[f;(0)— f;(2)], 
27! 


1 
eA HO LOt O18) 


In a £-p or n-n collision the initial state has T=1 (with 
M=+1), while in a pn collision it is a random mixture 
5E. U. Condon and G. H. Shortley, The Theory of Atomic 


Spectra (Cambridge University Press, London, 1953), second 
edition, p. 190. 
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TaBLE I. Corrections aj, for the probabilities S;,(Z). Corrections are normalized to give aoo= 1. 
(a) Charge conservation. (6) Charge-plus-isotopic-spin conservation. 
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of T=0 and T=1 (with M=0). We thus conclude that 
for p-p (and m-n) collisions the corrections are a;(1), and 
for p-n collisions they are 3[.a;(0)+a,(1)]. 

When only charge (i.e., /) is conserved, the calcula- 
tion of the statistical weights F;(/) of final states is 
quite simple: either 


F;(M)= = G(T), 


or, directly, 
F(M)= f,(M—1)+2f;(M)+f(M+1). — (5) 


In this case of charge conservation only, the corrections 
are therefore 


ia | (1/2) CFO) +2f;(1)+F5(2)], p-p(n-n), 


(1/j) LA) + fs(1)], p-n. 


The probability for production of 7 pions should now 
be proportional to a;S;(£), where the relevant a; is to be 
used. 

In order to consider production of mesons other than 
pions as well, we assume that these also are essentially 
the different states of just one particle of isotopic spin 
T=1. Let Sj,(Z) be the “uncorrected” probability for 7 
pions and & “other mesons” to appear with the two 
nucleons after a collision of energy E, as given for 
instance by Haber-Schaim ef al.’ S;, reduces to the S; 
mentioned above for k=0. To find the different formulas 
for the corrections aj, which should be applied to the 
Sj. we consider first a final state of 7-+& pions only. If 
now & pions are replaced by other mesons, correction 
(a) should be 2!7!&! instead of 2!(j-++)!, while correc- 
tion (6) remains unchanged as all mesons are equivalent 


with respect to isotopic spin. We thus conclude that in 
all cases the corrections are given by 


jt+k 
an=( . Josue (7) 


If mesons produced in nuclear collisions consist of 
more kinds of particles (of isotopic spin 1), it should 
now be obvious how to calculate the corrections a,x... 

Table I gives some values of aj. With these, and the 
Sjx(E) of Haber-Schaim et al.,3 the average numbers of 
pions, 7, and “kappons,” ”,, produced in p-7 collisions 
were calculated for 3<E<6 assuming charge-plus- 
isotopic-spin conservation. E is the collision energy, in 
units of Mc’, in the C system. Results of this calculation 
appear in Table II, where the calculation of Haber- 


TABLE II. Average numbers of pions and “kappons” produced 
in proton-neutron collisions as functions of the collision energy. 
E is the collision energy in the C system. (a) Charge conservation 
(calculated by Haber-Schaim ef al.*). (6) Charge-plus-isotopic-spin 
conservation. 








E 
(Mc?) (0) (a) 


1.17 0.109 
1.92 0.313 
2.52 0.511 
3.05 0.700 











Schaim et al.’ assuming charge conservation only is also 
given. Comparison shows that there is hardly any 
difference between results under the two assumptions. 

The author is grateful to Dr. A. de-Shalit and Dr. G. 
Yekutieli for many helpful discussions. 
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Approximately 2000 cloud chamber pictures have been taken in the forward beam of neutrons produced 
by high-energy protons striking a beryllium target in the cosmotron. Nine V-events interpreted as the 
decay of a neutral particle produced in a one-inch lead plate in the cloud chamber, were observed. The 
neutron flux is estimated, from stars observed in the argon gas of the chamber, to be 140 per picture. An 
upper limit to the cross section for A°-production of 3 millibarns per lead nucleus is deduced for the meson- 


producing neutrons. 





INTRODUCTION 


T was first demonstrated by Fowler e al.! that 

neutral V-events could be produced by the forward 
neutron beam from the Cosmotron. The present 
experiment was undertaken to shed additional light 
on the production of unusual particles by this beam. 
Approximately 2000 pictures were taken of the inter- 
actions of the beam neutrons with a one-inch lead 
plate placed inside a cloud chamber. Half of these 
pictures were taken at an internal proton energy of 
2.2 Bev and half at an energy of 3.0 Bev. Information 
concerning the flux and energy distribution of the 
neutrons was obtained from the nuclear interactions 
in the argon gas used to fill the chamber. Nine V-events 
were observed which were used to compute the cross 
section for V°-production. No event was found which 
could be unambiguously ascribed to the decay of a 
charged particle. Three of the events which may be 
interpreted as the formation of neutral unstable 
particles in elementary collisions, are discussed in 
detail. 


EXPERIMENTAL APPARATUS 


The Yale mobile cloud chamber laboratory previously 
used for cosmic-ray studies? was extensively modified 
for use with the Brookhaven Cosmotron. The six-ton 
electromagnet which supplies a field of 8200 oersted, 
uniform within plus or minus 5 percent over the 
illuminated region of the chamber, was mounted on a 
frame and rotated through 90° to enable the chamber 
to operate in a horizontal position. This framework 
permits the magnet to be rotated back into position 
for cosmic-ray studies with little difficulty. The con- 
ventional expansion-type cloud chamber used in this 
experiment consisted of a glass cylinder 16 inches in 
diameter and 4 inches high, closed by a circular glass 
disk at the front and with a floating piston at the back. 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

¢ This paper is based upon a dissertation submitted by R. M. W. 
to Yale University in partial fulfillment of requirements for the 
Ph.D. degree. 

1 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 
90, 1126 (1953). 

2 Whetten, Preston, Adams, Walker, and Kraybill, Phys. Rev. 
93, 1356 (1954). 


The illuminated region was 25 cm square with a depth 
of 6.5 cm. A lead plate, 2.5 cm thick in the beam 
direction, was suspended across the middle of this 
region. A potential of approximately 600 volts was 
applied between the top and bottom of the chamber 
to remove old ions. The chamber was filled with argon 
gas to a gauge pressure of 5 Ib/in.? in the expanded 
position. Pure ethyl alcohol was used as a vapor source. 

The pictures were taken with a 5 cm Voightlander 
Nokton //1.5 lens at an average demagnification of 11. 
The photographs taken at an internal proton energy of 
2.2 Bev were recorded on Perutz Pergrano 35 mm film, 
while the 3.0-Bev pictures were taken on Linagraph 
Ortho. The lens aperture was varied from f/8 to f/16 
for different combinations of film and lighting. Two 
mirrors mounted in the hollow pole piece of the electro- 
magnet served to give stereoscopic images of the 
chamber, and each picture consisted of one direct 
view and two mirror views. The chamber was illumi- 
nated by discharging 200 microfarads, charged to 
4000 v, through two xenon-filled, Edgerton-type flash 
tubes mounted on either side of the chamber, and 
collimating the resulting light with a condensing lens 
system. 

The magnet room was maintained at 20°C+2°C 
with an air conditioning system. Four equally spaced 
thermopiles monitored the horizontal temperature 
gradients around the chamber, and these gradients 
were kept within +0.2°C by means of auxiliary fans. 
In addition, an impressed vertical gradient of 1°—2°C 
was maintained by placing a heater wire around the 
top of the chamber. 

A unique feature of the experiment was the inclusion, 
in almost every photograph, of a beam of soft x-rays 
collimated to give an artificial straight track. The 
beam was generated by a one-millisecond, 13 000-volt 
pulse applied to an x-ray tube (Machlett Laboratory, 
A-2 diffraction type, tungsten target). This beam 
proved very useful in standardizing the performance 
of the chamber and in eliminating conditions which 
caused severe gas distortion. The x-ray track was 
normally straight to within +2.5u on the film which 
corresponds to a momentum of 30 Bev/c for a 15-cm 
track. The circuits for this device and the application 
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of the beam with other filling gases and under different 
conditions will. be discussed in a separate publication. 


OPERATION WITH THE COSMOTRON 


The cloud chamber trailer was located 120 feet 
from the Cosmotron’s target in the forward direction. 
The neutron beam is generated by protons striking a 
beryllium target in the east straight section and these 
neutrons emerge from the machine after passing 
through the thin aluminum side of the vacuum tank. 
Rough collimation is afforded by a 6 in.X6 in. X10 ft 
channel in the concrete shielding. In order to confine 
the beam at the trailer to the approximate dimensions 
of the illuminated region, the neutron beam is further 
defined by an iron collimator three feet thick with a 
slot approximately four inches wide by one-half inch 
high. This collimator is set just outside the shielding 
and is mounted on three screws to permit freedom in 
adjusting the final position of the beam. The final 
collimator alignment was obtained by narrowing the 
slot and centering the observed jet of neutral-induced 
charged particles emerging from the lead plate inside 
the cloud chamber. Gamma rays were almost completely 
removed from the beam by the addition of a 13 inch 
lead filter inside the concrete shielding. Unwanted 
charged particles were removed by passing the collim- 
ated beam through an 8500-oersted sweeping magnet. 

This expansion chamber shared the available Cosmo- 
tron time with a diffusion cloud chamber operated by 
the Brookhaven Cloud Chamber group. The expansion 
chamber had a repetition rate of one per minute and 
operated from a target in the east straight section of the 
Cosmotron, while the diffusion chamber has a repetition 
rate of one per seven seconds and used a target in the 
south straight section. Hydraulically operated rams 
injected the appropriate target for each pulse. It was 
also possible to alter the intensity on the pulses alloted 
to our apparatus. The chamber was expanded and 
became sensitive before the arrival of the neutron 
pulse. The tracks are therefore post-expansion and 
have the advantage of being very sharp. A series of 
auxiliary experiments were performed to study the 
general properties of the beam and to determine the 
intensity of background particles. It was concluded 
that more than 90 percent of the neutral-induced 
events observed in the chamber were caused by neu- 
trons proceeding directly from the internal target. We 
observed, however, an appreciable general background 
of charged particles which, although they did not limit 
this experiment in any way, would probably preclude 
much increase in neutron flux if it were desired for 
another experiment. 


NEUTRON FLUX 


Snow eé al.2 have measured the absorption cross 
sections for various substances in this neutron beam 


wos Coor, Hill, Hornyak, and Smith, Phys. Rev. 93, 791(A) 
54), 
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using a scintillation detector which is sensitive only to 
high-energy neutrons. It was found that the elastic 
scattering results were consistent with a neutron 
energy of 1.4+0.2 Bev. Neutrons below 1 Bev might 
constitute a sizeable fraction of the beam and would 
not be detected by the counter. However, Chen ef al.! 
give only slightly lower values for the absorption 
cross section for 870-Mev protons, and various emulsion 
studies> show either approximately constant or de- 
creasing values for proton-nuclear interaction cross 
section with decreasing energy from 2.2 Bev to 130 
Mev. Therefore, the value of 560 mb for the nuclear 
interaction cross-section in argon, obtained from the 
results of Snow ef al., has been assumed in computing 
the flux of neutrons. 

There were 98 argon stars observed at 2.2 Bev and 
68 stars observed at 3.0 Bev. The corresponding total 
neutron flux was (1.90.2) X10® for the 2.2-Bev data, 
an average of 145+-15 per picture, and (1.30.2) x 10° 
for the 3.0-Bev data, an average of 13515 per picture. 
The errors given are the standard deviations. These 
values represent lower limits for the neutron flux, 
since only stars with three or more prongs have been 
counted. It is expected, even at 1 Bev, that events with 
2 or less prongs constitute a sizeable fraction of the 
measured absorption cross section. However, a knowl- 
edge of the neutron flux is desired primarily in order 
to obtain an upper limit for rate of A°-production. 
Since this upper limit will be increased with a lowered 
neutron flux, it is not considered essential to correct 
the measured number of events for stars less than three 
prongs. 

The fraction of argon stars in which negative mesons 
were identified is 0.22+0.04. The corresponding total 
flux of meson-producing neutrons is (0.42+0.08) x 10° 
at 2.2 Bev and (0.29+0.06)X10° at 3.0 Bev. This 
represents a lower limit for the flux of meson-producing 
neutrons since no account has been taken of the 
number of positive mesons produced or of the re- 
absorption of mesons inside the argon nucleus. 


NEUTRON ENERGY DISTRIBUTION 


It is a difficult problem to measure the energy of 
the neutron beam, and only very general conclusions 
are possible at present. The experiments which bear 
on this problem were all performed at a proton energy 
of 2.2 Bev with internal targets composed of either 
beryllium or carbon. Since the prong distributions for 
the argon stars were not materially different for internal 
proton energies of 2.2 Bev and 3.0 Bev, it is assumed 
that the neutron energy distributions are approximately 
the same. 


4 Chen, Leavitt, and Shapiro, Phys. Rev. 94, 784(A) (1954). 

5 Smith, Leavitt, Shapiro, Swartz, and Widgoff, Phys. Rev. 92, 
851(A) (1953); Bernardini, Booth, and Lindenbaum, Phys. Rev. 
85, 827 (1952); Lees, Morrison, Muirhead, and Rosser, Phil. 
Mag. 44, 304 (1953); Morrison, Muirhead, and Rosser, Phil. 


Mag. 44, 1326 (1953); P. E. Hodgson, Phil. Mag. 44, 1113 
(1953); 45, 190 (1954); Widgoff (private communication). 
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Fowler ef al.,6 have made a study of three-prong 
events occuring in a hydrogen-filled diffusion cloud 
chamber operated in this same neutron beam. They 
find that the kinetic energies of the neutrons causing 
these events vary from 1.2 to 2.2 Bev with a median 
value of 1.7 Bev. If it is assumed that the mesons 
observed in argon stars were produced in the first 
nucleon-nucleon encounter, then the argon events 
which contain mesons represent incident neutrons 
which could have produced mesons in the hydrogen 
chamber experiment. It is true that only a particular 
class of m-p events and no u-n events were measured 
by Fowler ef al., and the latter events certainly con- 
tribute to the observed meson rate in argon. However, 
the absence in the hydrogen data of any meson produc- 
tion event less than 1 Bev implies a low cross section 
for meson production by nucleons below 1 Bev from 
the beam and it is therefore felt reasonable to assume 
that the observed meson events in argon represent 
neutrons with energies above 1 Bev. 

The apparatus used by Snow ei al.* to measure the 
cross section previously mentioned gave an average 
beam energy of 1.4+0.2 Bev. This apparatus has a 
steeply rising response with increasing energy and the 
neutron energy which they find is an indication that 
the true average neutron energy is lower than the 
median value deduced by Fowler ef al.6 However, the 
energy of the beam is inferred from the shape of the 
elastic scattering pattern and this is a less direct 
measurement than the cloud chamber result. 

To obtain some additional evidence concerning the 
energies of the incident neutrons, the momenta of 21 
selected secondary protons, emitted from the Pb plate at 
an angle of less than 5° from the neutron direction, have 
been measured. These tracks show a median momentum 
of 0.95 Bev/c, corresponding to a median proton 
energy of 0.4 Bev/c. This value is certainly a lower 
limit to the median neutron energy, since some energy 
has been carried off by production of 7° mesons. On 
the other hand, the experiments of Snow and Fowler 
and co-workers tend to select mainly the higher-energy 
neutrons and their values should be upper limits to the 
average neutron energy. 


ANALYSIS OF V-EVENTS 


A V-event is defined as an event in which two tracks 
of opposite sign intersect at a point to form a V-shaped 
pattern, and for which it is possible to measure at least 
one momentum and the angle between the tracks. We 
will use the term V°-particle to mean either A° or 
particles which decay by the schemes: 


A’ pt-+2-+37 Mev; 
Prt +--+ 214 Mev. (1) 
In those events in which it was not possible to dis- 


6 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 
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tinguish between the A° and @ by the direct identif- 
cation of the secondaries, a dynamical approach 
suggested by Podolanski and Armenteros’ was used, 
The variables e=2p,/p and a= (p:°— p:*)/p*, where » 
is the total V°-particle momentum in the laboratory 
system, p: and p»2 equal the total secondary momenta, 
respectively, and f; equals the transverse momentum 
of each of the secondaries, afford convenient represen- 
tations of the decay schemes. Lines of constant p and 
pt were constructed on the plane for the A° and the # 
decays and these were used to classify V-events if the 
momentum of both secondaries could be measured. 
In those ambiguous events in which only one secondary 
momentum could be measured, the direction and 
momentum of the assumed incident V°-particle were 
calculated for both the A° and @ decay schemes. 

The curvatures were measured with a traveling 
microscope whose ways were straight to within +1 
micron. Orientation in space was determined by re- 
projecting through the original lens and mirror system 
onto a horizontal screen which could be moved in a 
vertical direction. The intersection of the direct and 
mirror images determined a point in space on the track. 
A number of space coordinates on a track could be 
determined by moving the viewing screen up and down. 
The normal precision for locating a point was +0.05 
cm in the horizontal plane and +0.1 cm in the vertical 
plane. 


EXPERIMENTAL RESULTS 


There were nine V-events observed in this experi- 
ment, and the pertinent information concerning these 
is summarized in Table I. Events 32400, 32470, and 
A27 were obtained at an internal proton energy of 
3.0 Bev and the rest were obtained at 2.2 Bev. There 
is little doubt that most of the observed V-events 
represent A° or ® decays; although, of course, any 
individual event might be a neutron-induced two prong 
star. Of the nine V-events only one was observed 
upstream from the lead plate. On the assumption that 
the production per nucleon is the same in glass and lead, 
approximately 0.4 Vs should have been observed 


TaBLeE I. Summary of data for nine V-events. 








Identifi- Q(Mev) 
cation Ae oo 
2108 


210° 
245 +100 


Event 


18828 Ambiguous 378 

18996A Ambiguous 378 

18996B (S)> see 
Ae 45+20 


20166 
50+20 


20334 
42+20 


22T 
32400 

36 +15 
36415 





2108 


32470 
A27 








8 Denotes cases where the Q value has been assumed in order to calculate 
the momentum of the postulated V°-particle. 

b S represents cases where both secondaries are identified. D represents 
identification by dynamical analysis. 


7 J, Podolanski and R. Armenteros, Phil. Mag. 45, 13 (1954). 
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Fic. 1. Decay of a A°-particle produced in the lead plate by a negative particle of momentum 2.20.4 Bev/c. 


upstream based on the number observed downstream. 
Within 10 percent there were the same number of 
argon stars in front of the lead plate as behind it, and 
the prong distributions were very similar. This indicates 
clearly that the particles causing the V-events are 
produced in the lead plate and that they are not 
identical with the neutral particles which cause argon 
stars. In every case where it was possible to measure 
the momentum of both secondaries, agreement was 
found well within the experimental error, for the 
interpretation of the event as either a A° or & decay. 

In addition to the nine V-events there were two 
additional events which had the same general appear- 
ance but for which no momentum measurements could 
be made. 

Three of the V-events may be interpreted as having 
been formed in elementary collisions and these are 
discussed in detail below. 


Event 20166 


This V-event, shown in Fig. 1, is identified as a A° 
decay. Curvature and ionization estimates indicate 
that the positive particle is a proton and the negative 
particle is a meson. The Q value based on the assump- 
tion of A° decay is 45-20 Mev. A negative, minimum- 
ionizing track enters the lead plate on the upstream 


side and disappears. Measurements show that within 
the limits of error, this negative particle and the A° 
could have intersected at a single point inside the lead 
plate. No other charged particles are observed which 
could be associated with either the A° or the incident 
negative particle. The measured momentum of the 
upstream track is 2.2+0.4 Bev/c. If it is assumed that 
the incident upstream track is a 7 meson then the upper 
limit of its momentum must be approximately 2.0 
Bev/c, corresponding to the maximum meson energy 
available from the Cosmotron. If it is further assumed 
that this meson interacts with a proton inside a lead 
nucleus as if the proton were free, then the mass Mx, 
of the unknown particle in the postulated reaction, 


t+ p+ X (2) 
ranges from 950m, to 1150m, if the Q value of the A° 
is adjusted to 37 Mev. This event is therefore consistent 
with the reaction 


a+ ptA+6, (3) 


which has previously been reported.*- 


8 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 91, 
1287 (1953). 

9 Fowler, Shutt, Thorndike and Whittemore, Phys. Rev. 93, 
861 (1954). 

10 Thompson, Burwell, Huggett, and Karzmark, Phys. Rev. 
95, 1676 (1954). 
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Fic. 2. The two V-events shown here appear to come from the 
same point within the lead plate. The event A may be either a 
A° or @ particle. The event B is tentatively identified as a ® 
particle. 


The event is not consistent with the assumption that 
the incident particle is a negative K-meson of mass 
~1000m, which interacts to form a A° by the reactions, 


K-+poN+@, 
K-+ p-A°+n. 


Events 18896A and 18896B (Fig. 2) 


Event A is a definite V-event in which only the 
momentum of the negative track can be measured. 
This event is completely consistent with either a A° 
or a & decay. . 

The apex of V-event B is obscured, and it is not 
certain that this can be classified as a genuine V-event. 
The directions of the positive and negative tracks have 
been measured carefully and they appear to intersect 
in a region where the apex is covered by other tracks. 
Nothing is seen emerging from the other side of the 
obscured region, although both tracks would be in a 
well illuminated region if they continued in their 
measured directions. The particles are both identified 
as mesons and the Q value calculated on the assumption 
of a two-body decay is 245+75 Mev. This event is 
tentatively identified as the decay of a & particle. 

If event B is interpreted as a & and event A as 
either a A° or a , the neutral particles could have come 
from a single point in the lead plate, within the limits 
of error. Events A and B, therefore, are tentatively 
identified as a single event in the lead in which two 
V°-particles are produced. 

Although the event occurs inside a lead nucleus, 
it is interesting to speculate about the elementary 
interactions that would produce such a pair of V°- 
particles. It can be shown that no reaction of the type 


N+N>Xi+-X2+ P+, (5) 


where WN represents either a proton or neutron and 
where X,; and X2 are nucleons or hyperons, can explain 
this event. Moreover, reaction (3) is also inconsistent 


(4) 


with the data. However, if it is assumed that the Vs 
are produced in the following reactions: 


N°+N-MD+P+N, (6) 


it is found that the incoming beam nucleon has ay 
energy of 1.8 Bev. This is a reasonable energy, sinc 
the forward neutrons which are produced in elastic 
collisions in the Cosmotron target should have energies 
as high as 2.2 Bev. 

The tenuous identification of events A and B and the 
fact that Eq. (5) is a three-body reaction, makes it 
impossible to conclude with certainty that the event is 
an interaction of this type. However, it is remarkable 
that Eq. (6) provides such a consistent interpretation 
of the data. 


DETECTION EFFICIENCY AND PRODUCTION 
CROSS SECTION 


It is difficult to assess the efficiency of V°-particle 
detection in this experiment where so few events were 
found. A calculation was performed to determine an 
upper limit for the fraction of A°-particles produced 
in the lead plate which decayed after leaving the 
illuminated region and hence escaped detection. It 
was assumed that the A°-particles were produced by 
the reaction 

N°+ N—A°+N, (7) 


and that their angular distribution in the center-of-mass 
system was isotropic. The relativistic time dilation 
makes it more probable that high-energy A°-particles 
will escape detection and since (7) gives the maximum 
energy to the A°, this calculation should give a true 
lower limit for the detection efficiency. Also Fowler 
et al.,° and Reynolds and Treiman" give evidence that 
the angular distribution of A°-particles is peaked in the 
backward direction, and if this is true the detection 
efficiency should be higher than calculated from an 
assumed isotropic distribution. The calculation gives 
a lower limit for detection ranging from 0.75 to 0.50 
for incident nucleon energies from 500 Mev to 2 Bev. 
These values do not include any allowance for the 
possibility that As may decay into two neutral 
particles, nor for the additional loss of events which 
decay within the lead plates. 

The most difficult factor to assess quantitatively 
is the scanning efficiency—the number of events which 
are observed relative to the true total number of events 
actually present in the pictures. The pictures taken at 
an internal proton energy of 2.2 Bev were very full and 
the scanning was done by several people. However, 
each of these pictures was scanned at least twice by 
different observers and this makes it likely that most 
of the events were found. It is believed that the scanning 
efficiency for these pictures is at least 50 percent and 
probably more than 75 percent. The 3.0-Bev pictures 
were generally of high quality and not too full. All of 


1 G. T. Reynolds and S. B. Treiman, Phys. Rev. 94, 207 (1954). 
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these latter pictures were scanned by two experienced 
observers and it is believed that the scanning efficiency 
was higher than 75 percent for these pictures. 

The over-all detection efficiency of A°’s which decay 
into two charged particles is therefore believed to be 
at least 0.4. 

Including the correction for detection efficiency, the 
cross section o(A°,Pb) for A° production by this neutron 
beam incident upon lead is less than 1 mb. If only 
neutrons are included which are able to produce 
mesons and which probably have energies in excess of 
1 Bev, then the cross section is still less than 3 mb. 


DISCUSSION OF EXPERIMENTAL RESULTS 


The salient fact which emerges from this experiment 
is the low rate of production of As by this neutron 
beam incident upon lead. In order to convert the cross 
section per lead nucleus to the cross section per nucleon, 
the possible loss of the A°’s in traversing the lead nucleus 
must be taken into account. This has been done approxi- 
mately in a calculation performed by Jastrow.” In 
this calculation, it was assumed that only the first 
collisions are energetic enough to produce V-particles 
and that the V-particles are emitted in the forward 
direction. 

The results of the calculation showed that even if 
\"s intersect with a cross section of 40 mb in such a 
way that they are destroyed as free A°’s, the nucleon- 
nucleon production cross section o(A°,V), based on 
meson-producing neutrons, is less than 0.2 mb. There 
isno evidence that As should be lost with a cross 
section of this magnitude, and if no loss is assumed, 
then o(A°,V)<0.06 mb. This result shows that the 
cross sections for V-particle production by the reactions, 


N°+N-A+N, (9) 
N+ NA+ A9, (10) 


which have thresholds at 500 Mev and 900 Mev, 
respectively (neglecting internal motion of the nucleus) 
are considerably less than the reported cross section of 
™1 mb for 1.5-Bev m~ mesons incident upon hydrogen.® 

The low value of o(A°,V) may be due to a strong 
energy dependence of reaction (10), combined with a 
lw average neutron energy, as suggested by our 
momentum measurements of secondary protons. How- 
ever, it may also be due to reactions (9) and (10) 
being forbidden. In this respect it is interesting to 
inquire if the few A°’s which were observed could have 
been produced in other ways. Certainly, the As 
which were found must have been generated by other 
mechanisms. Reaction (6) could account for all the 
observed V-events but since little is known about the 
number of neutrons which have energies greater than 
the threshold near 1.6 Bev for this reaction, no con- 
clusions can be drawn about this process. The observed 


® Robert Jastrow, Phys. Rev. 97, 181 (1955). 
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events could have been produced in secondary inter- 
actions inside lead nuclei in which r~ mesons, produced 
in primary encounters, generated the A°-particles by 
reaction (3). Since the excitation function for A°- 
particle production by 7 mesons is unknown as is the 
meson energy spectrum produced by this neutron 
beam incident upon argon, it is difficult to make a 
quantitative estimate of the number of such particles 
produced in this way. However, if the fraction of pions 
above 1.5 Bev is taken from the results of Fowler 
et al.® in this same neutron beam, and if the cross 
section for V-particle production by the meson is 
taken as ~1 mb, then ~10 events should have been 
produced in this way. Also, Jastrow’s more refined 
calculations give an estimated cross section for the 
indirect process in lead of about 1 mb. It may be 
significant that one event was observed which is 
interpreted as the production of a A°-particle in lead 
by a wm meson which was probably produced in the 
glass of the cloud chamber. The data are therefore 
consistent with the assumption that reactions (9) 
and (10) occur infrequently or not at all. 


CONCLUSIONS 


(1) One event was found which can be satisfactorily 
explained by the previously reported reaction: 


t+ p+. 
(2) An event which may be interpreted as 
N°+ N°—>N°+ A°+@ (12) 


has been identified. Due to the lack of knowledge about 
the number of neutrons with kinetic energies greater 
than the threshold of 1.6 Bev, no conclusion about the 
cross section for this process is possible. 

(3) The cross section in lead for production of A°- 
particles by those neutrons which produce mesons, and 
which probably have energies greater than 1 Bev, is 
less than 3 mb. 

(4) The sum of the cross sections for V-particle 
production by the reactions 


N+ NOM+N, 
N+ NA+ A°, 


(11) 


based on those neutrons which produce mesons, and 
which probably have energies greater than 1 Bev, is 
lower than the reported cross section of ~1 mb for 
1.5-Bev m~ mesons incident on hydrogen. The data are 
consistent with the assumption that these reactions 
occur infrequently or not at all. 
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Nuclides formed as spallation and fission products during bom- 
bardment of tantalum metal with 340-Mev protons in the 184-inch 
Berkeley cyclotron were separated chemically, identified, and their 
formation cross sections were calculated. A very broad fission peak 
which extends from mass 20 to mass 132 is observed. The maxi- 
mum fission yield occurs in the region of the nuclide Kr® and 
analysis of a set of contour curves fitted to the data indicates that 
either Hf!® or Lu'® is “the most probable fissioning nucleus.” 
The total cross section for fission is estimated to be 4.1 mb. 
Comparison of the fission data of tantalum with those of uranium 
and bismuth under the same bombardment conditions indicates 
that asymmetric fission is much more probable in tantalum than 


I, INTRODUCTION 


HE earliest fission product studies and the reaction 

on which the most complete data are available 

concern the thermal neutron fission of uranium. Prin- 
cipal features of this fission process are: 

1. Predominantly asymmetric splitting of the com- 
pound nucleus as shown by the appearance of two 
peaks in the fission yield versus mass curve. 

2. Essentially complete absence of fission products on 
the neutron deficient side of stability. 

3. Extremely steep slopes on both “wings” of the 
fission yield versus mass curve, with no fission products 
having a mass less than 72 or greater than 162 being 
observed in abundances greater than 10~-* percent of 
the fission events. 

As the incident neutron energy is increased, the shape 
of the fission yield versus mass curve begins to change 
markedly, particularly in the region of symmetrical 
fission.! Engelkemeir, Freedman, Seiler, Steinberg, and 
Winsberg,” and Steinberg and Freedman’ observed that 
when Pu™® was irradiated with neutrons of approxi- 
mately 600 kev the yield of Pd’ was 50 percent higher 

*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1For a review of high-energy fission see R. W. Spence and 
G. P. Ford, Ann. Rev. Nuc. Sci. 2, 399 (1953). 

2 Engelkemeir, Freedman, Seiler, Steinberg, and Winsberg, 
Radiochemical Studies: The Fission Products (McGraw-Hill Book 
Company, Inc., New York, 1951), Paper 204, National Nuclear 
Energy Series, Plutonium Project Record, Vol. 9, pp. 1331-1333. 


3 E. P. Steinberg and M. S. Freedman, reference 2, Paper 219, 
pp. 1378-1390. 


in either of the other elements. In the spallation region it is ob- 
served that neutron emission is the predominant spallation re- 
action. Integration under the spallation yield curve indicates 
that of those tantalum target nuclei which received at least 
enough excitation energy to reach the region of “the most prob- 
able fissioning nucleus” less than 1 percent undergo fission; the 
remainder undergo spallation reactions. 

Activities which have been observed here for the first time 
include a 136-minute rhodium activity which has tentatively been 
assigned as an isomer of Rh"7; 29.4-hour Er!; 5.0-hour Ho'®, 
and 74-minute Yb'*, 


than the yield with thermal neutrons. Turkevich and 
Niday,‘ as the result of bombarding thorium with pile 
neutrons of 2.6-Mev average energy, also observed an 
increase in the symmetrical fission region and suggested 
that the fission process at these energies is a combination 
of two types, one asymmetric and the other symmetric. 

When the neutron energy is increased still further, 
the probability of symmetrical fission becomes even 
more pronounced. Spence® has shown that when U”* is 
irradiated with 14-Mev neutrons, symmetrical fission 
becomes one hundred times more probable than with 
thermal neutrons. This rise in the symmetrical fission 
yield is accompanied by a decrease in the yields of those 
nuclides which lie at the peaks of the thermal neutron 
yield curve; i.e., the yield of Mo” was about 15 percent 
lower at 14 Mev than with thermal neutrons. 

This increase in the symmetrical fission probability 
at higher excitation energies has also been observed in 
charged-particle bombardments. Newton,® irradiating 
thorium with 37.5-Mev alpha particles, showed that the 
symmetrical fission yield is almost equal to that for 
asymmetrical fission and that a deep minimum of the 
type which is observed in the yield curve for the thermal 
neutron fission of U™> has practically disappeared. 
Here the compound nucleus is the same for both 
particles so that direct comparison of the two yield 


4A. Turkevich and J. B. Niday, Phys. Rev. 84, 52 (1951). 


5R. W. Spence, Atomic Energy Commission Declassified Re- 
port AECD-2625, June 1949 (unpublished). 
6 A. S. Newton, Phys. Rev. 75, 17 (1949), 
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curves is possible. Jones, Fowler, and Paehler,’ and 
Tewes and James® found that the bombardment of 
uranium and thorium with protons of various energies 
(up to about 20 Mev) leads to increasing symmetrical 
fission as the proton energy is increased. When bom- 
barding energies are increased to extremely high values 
(.e., uranium with 380-Mev alpha particles)? sym- 
metrical fission predominates and the yield versus mass 
curve shows a single peak with no noticeable contribu- 
tion from asymmetric fission. 

This single symmetrical fission peak has also been 
observed when elements lighter than uranium or 
thorium are bombarded with very high-energy particles. 
Goeckermann and Perlman," bombarding bismuth with 
190-Mev deuterons, observed this type of fission peak. 
In addition, they noted that the maximum of the sym- 
metric fission peak corresponded to a mass less than 
half the mass of the target nucleus. Their conclusion 
was that twelve nucleons had evaporated before fission 
occurred. Furthermore, the peaks of their isobaric 
chain yields indicate that most of the chain yield for a 
given mass number is concentrated in the nuclide having 
the same neutron to proton ratio as the fissioning 
nucleus. 

Fission has been observed in a number of medium- 
weight elements farther down the periodic table. Batzel 
and Seaborg"” irradiated copper, bromine, silver, tin, 
and barium with very high-energy protons and sepa- 
rated activities which lay in the region of the periodic 
table corresponding to roughly symmetrical fission for 
each of these elements. Proof that fission and not 
spallation of alpha particles is actually occurring in 
these bombardments is based primarily on the observed 
thresholds and calculated energetics of the reactions 
involved. Thus the calculated threshold for the spalla- 
tion reaction Cu®(p,p39a) Na” is about 170 Mev while 
that for the fission reaction Cu®+ p= Na*+K*®-+-n is 
approximately 50 Mev. Since Na*‘ was produced in 70- 
Mev proton bombardments of copper, the conclusion 
was drawn that it must have been formed by a fission 
process. Greenberg and Miller™ carried out similar work 
with similar results by bombarding copper with 370- 
Mev protons. 

Evidence for fission of the medium weight elements 
in the references quoted was based on radiochemical 
separation of only a few of the possible activities formed. 
As part of a program in this laboratory of assembling 
detailed information in order to learn how a single 
particle of a single energy reacts with widely differing 


7 Jones, Fowler, and Paehler, Phys. Rev. 87, 174 (1952). 

8H. A. Tewes and R. A. James, Phys. Rev. 88, 860 (1952). 
11948) R. O’Connor and G. :T. Seaborg, Phys. Rev. 74, 1189 
wa H. Goeckermann and I. Perlman, Phys. Rev. 73, 1127 

1 R. E. Batzel and G. T. Seaborg, Phys. Rev. 79, 528 (1950). 

2 R. E. Batzel and G. T. Seaborg, Phys. Rev. 82, 607 (1951). 

8D. H. Greenberg and J. M. Miller, Phys. Rev. 84, 845 (1951). 
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target elements, iron," nickel,!® copper,” zinc,'® silver,” 
bismuth,!* and uranium™.” have been bombarded with 
340-Mev protons in the Berkeley 184-inch synchro- 
cyclotron. Radiochemical separation and identification 
of activities formed in both the spallation and fission 
regions was carried out. These data indicate that for 
the five light elements spallation is by far the most 
prevalent reaction, with highest yields on the neutron 
deficient side of stability near the target nucleus. In the 
binary fission region the yields are very low and the 
yield versus mass number curves are merely a flattened 
extension of the spallation portion of the curve. It 
should be mentioned that although yields in the fission 
region for these elements are low they are measurable, 
and every element below the target element is formed 
in some degree during this type of bombardment. 

For bismuth and uranium, fission is the predominant 
reaction and the characteristic single symmetrical high- 
energy fission peak is obtained. In each case the fission 
peak height and the chain yield distributions are such 
as to indicate initial evaporation of nucleons followed 
by a fission process in which the neutron-to-proton 
ratio of the fissioning nucleus is preferentially main- 
tained in the fission fragments. 

The present work on tantalum was undertaken as 
part of this over-all program of 340-Mev proton bom- 
bardments with the Berkeley 184-inch synchrocyclo- 
tron. Tantalum was of particular interest in this series 
because of its position in the periodic table. Because of 
the mass defect, atoms of heavy elements like thorium 
or uranium are strongly exoergic toward fission. Light 
elements like copper are thermodynamically much more 
stable, however, and a larger excitation energy must be 
imparted to the nucleus for fission to occur. The result 
is that only a very small fraction of reactions in the 
copper bombardments yield products which may be 
considered as fission fragments. Tantalum lies between 
these two extremes, and while it was expected that the 
total fission cross section would be low there was some 
question as to whether or not a fission peak would be 
discernible. 

It should be noted that in previous work in this 
program spallation data for the five lighter elements 
were rather complete and the fission data meager, 
while for bismuth and uranium the opposite was true. 

14 Rudstam, Stevenson, and Folger, University of California 
Radiation Laboratory Unclassified Report UCRL-1586, December 
1951 (unpublished). 

18 B. Haldar, University of California Radiation Laboratory 
Classified Report UCRL-1196, April 1951 (unpublished). 

16W. J. Worthington, M.S. thesis, University of California 
Radiation Laboratory Unclassified Report UCRL-1627, January 
1952 (unpublished). 

17P, Kofstad, Ph.D. thesis, University of 'California Radiation 
on Unclassified Report UCRL-2265, June 1953 (unpub- 
“iW, F. Biller, Ph.D. thesis, University of California Radiation 
Laboratory Report UCRL-2067, December 1952 (unpublished). 

19R. L. Folger, Ph.D. thesis, University of California Radiation 
Laboratory Report UCRL-1195, April 1951 (unpublished). 


2” Folger, Stevenson, and Seaborg, Phys. Rev. (to be pub- 
lished). 
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It was hoped that the tantalum bombardments would 
yield enough data on both spallation and fission to 
enable more accurate conclusions to be drawn on the 
mechanism of those reactions. 


II. EXPERIMENTAL PROCEDURES AND 
TREATMENT OF DATA 


A. Target Arrangements 


The target material used in this series of experiments 
consisted of the purest tantalum foil available. Spectro- 
graphic analysis of the metal showed it to be free of 
any impurities which might interfere with the determi- 
nation of the fission product yields except for approxi- 
mately 0.01 percent of niobium. Spallation yields for 
middle weight elements indicated that this impurity 
would probably affect the determination of the yields 
of only the neutron deficient nuclides of molybdenum, 
niobium, zirconium, and strontium in the fission prod- 
uct region of tantalum. The remaining observed fission 
product activities and all of the activities in the spalla- 
tion region must be formed from tantalum in these 
bombardments. 

In order to measure the absolute cross section for the 
formation of the spallation and fission products, the 
proton beam monitoring procedure developed by Folger 
and Stevenson was followed. One-inch diameter disks 
were cut out of 0.00025-in. aluminum, 0.001-in. alumi- 
num, and 0.002-in. tantalum foil with the same die to 
ensure that they all had the same area. In order to 
remove surface impurities from thé aluminum disks they 
were washed in conductivity water and acetone and 
dried in an oven, while the tantalum disks were cleaned 
in hot concentrated nitric acid, rinsed in conductivity 
water and acetone and dried. 

Si-Chang Fung” has shown that in bombardments 
with 340-Mev protons a significant fraction of the 
activity formed in 0.00025-in. aluminum foil may be 
lost through recoil but that this loss can be minimized 
by placing 0.001-in. aluminum “guard foils” in front 
and back of the thinner foil. In addition, since recoiling 
atoms from the copper target holder might introduce 
contaminating activities with atomic numbers near 
that of copper into the tantalum target foils, 0.002-in. 
tantalum “guard foils” were placed in front and back 
of the tantalum target foils. Thus the target “sandwich” 
consisted of a 0.001-in. aluminum guard, a 0.00025-in. 
aluminum monitor, a 0.001-in. aluminum guard, a 0.002- 
in. tantalum guard, the tantalum target (usually three 
0.002-in. tantalum disks), a 0.002-in. tantalum guard, 
a 0.001-in. aluminum guard, a 0.00025-in. aluminum 
monitor, and a 0.001-in. aluminum guard. The sand- 
wiched disks were aligned exactly, clamped firmly in 
the copper target holder, and trimmed about 3-in. from 


. ° ea) F. Folger and P. C. Stevenson, Phys. Rev. (to be pub- 
shed). 

2 Si-Chang Fung, Ph.D. thesis, University of California Radia- 
tion Laboratory Unclassified Report UCRL-1465, August 1951 
(unpublished). 
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Fic. 1. Target foil arrangements in the 184-inch synchrocyclotron. 


the face of the target holder. A scale diagram of this 
“thin target” arrangement is shown in Fig. 1(a). 

After bombardment, the monitor foils were weighed 
and mounted and their decay followed. The 15-hour 
activity of Na™ could easily be resolved from the decay 
curve. Since the cross section for the Al?’(p,3pn)Na™ 
reaction was known, the cross sections for the formation 
of the spallation and fission products in tantalum could 
be calculated. 

After several “thin target” bombardments had been 
evaluated, it became apparent that not enough activity 
was being formed in the fission product region for accu- 
rate resolution of the gross decay curves. Recourse was 
taken to the “thick target” arrangement [Fig. 1(b) ] in 
which a stack, usually six, of 0.002-in.X0.25-in. X 1.75- 
in. tantalum target foils was wrapped in one thickness 
of 0.002-in. tantalum guard foil and clamped in a copper 
target holder in such a manner that the proton beam 
traversed the 0.25-in. dimension of the target. Radio- 
active Ni® was used as the “internal monitor” in each 
of the thick target bombardments. Since the cross 
section for the reaction Ta!*!(, fission)Ni® could be 
calculated from the thin target bombardments, the 
cross section for all of the fission products could be 
obtained by comparing the intensities of their activities 
to that of Ni®. 


B. Treatment of the Target After Bombardment 


After data from preliminary experiments had been 
obtained it became apparent that the choice of chemical 
treatment procedure for the target after bombardment 
had to be governed by several equally important 
factors: 

1. The cross sections for the formation of fission 
products were extremely small, being approximately 
10~ of those for the formation of spallation products. 
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Thus radiochemical purification (separation) factors of 
about 10? were required between the fission product 
activities and those in the spallation region (tungsten, 
tantalum, hafnium, and the rare earth elements). 

2. Activities of every element below the region of the 
rare earth elements were present in comparable yields. 
Radiochemical purification (separation) factors of ap- 
proximately 10 were required between each of the 
fission product elements and all of the elements below 
the rare earth elements. 

3. Tantalum, a very difficult metal to put into solu- 
tion, will dissolve easily only in a mixture of concen- 
trated hydrofluoric acid and concentrated nitric acid. 
All chemical separation procedures had to begin with 
a HF-HNO; solution of tantalum and its transmutation 
products. 

4. Activity levels of the fission products, even with 
the thick target arrangements, were so low that the 
original target solution could not be separated into 
aliquots. Thus all of the elements which were to be 
separated in any one bombardment had to come out 
of the corresponding entire original target solution. 

With these factors in mind, the radiochemical separa- 
tion procedures were developed.* In general, after 
dissolution of the target tantalum in concentrated 
HF-HNOs, accurately known quantities, usually 10 mg, 
of the elements to be separated were added and these 
were chemically isolated and purified. When there is 
complete exchange between the active atoms and the 
inert carrier atoms in the original solution, the weight 
of the carrier recovered at the completion of the purifi- 
cation will determine the fraction of the original activity 
recovered. In the case of several elements, special steps 
had to be taken to ensure complete exchange. In the 
case of others, where there was danger of the active 
atoms being adsorbed on the walls of the lusteroid 
cones in which the target was dissolved before the inert 
carrier could be added, the carrier had to be added 
before the target was dissolved. In every case the 
carriers were added as soon as practicable. 

The final purified compound in each case was trans- 
ferred wet to a tared aluminum dish which had a 
depression of 1 cm? to define the area of the final com- 
pound. The precipitate was dried and weighed, then 
a drop of dilute clear lacquer was placed on it and dried. 
The lacquer did not contribute significantly to the mass 
of the sample but served to bind it in place during the 


*% Space limitations make it impossible to include a detailed 
description of the chemical procedures here. For such a description 
teference should be made to the Ph.D. thesis of Walter E. Nervik, 
University of California, April, 1954; see also W. E. Nervik, 
University of California Radiation Laboratory Report UCRL 
2542, April, 1954 (unpublished). The description of chemical 
procedures has also been deposited as Document No. 4440 
with the ADI Auxiliary Publications Project, Photoduplication 
Service, Library of Congress, Washington 25, D. C. A copy may 
be secured by citing the Document number and by remitting 
$3.75 for photoprints, or $2.00 for 35 mm microfilm. Advance 
payment is required. Make checks or money orders payable 
to: Chief, Photoduplication Service, Library of Congress. 
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subsequent counting operations. Those compounds 
which could not be dried adequately on an aluminum 
base were first ignited in porcelain or platinum crucibles 
and the dried powders transferred to the tared alumi- 
num dishes. For counting purposes the final weighed 
samples were fastened to 2-mm thick aluminum mount- 
ing plates which held the dishes in a fixed position and 
were constructed to fit the shelving arrangement of the 
various counters. 


C. Treatment of Decay Data 


After each element fraction had been separated and 
purified, the decay of the gross activity was measured 
by that means which would give the necessary data for 
the most accurate resolution of the components in- 
volved. Wherever possible, samples were counted with 
a Geiger-Miiller counter in which the counting unit 
itself was an end window, chlorine-argon filled Amperex- 
type 100 C tube mounted in such a way that samples 
could be placed in any of five fixed counting positions 
which ranged from 0.46 to 6.81 cm from the end of the 
tube. Coincidence counting corrections for this counter 
were determined empirically by following the decay of a 
purified sample of 61-hour Y™. 

In principle, the decay of the total activity in a given 
sample may be expressed as a sum of exponential terms 
and should be subject to resolution into the individual 
components. In practice, this was usually feasible only 
in relatively simple mixtures where the half-lives of the 
activities involved differed by more than a factor of two. 
For more complex mixtures it was often possible to 
resolve the components by following decay through 
absorbers which blocked off the softer radiation. In 
other cases it was found most practical to obtain the 
activity of individual nuclides by “milking” their 
daughter activities chemically and counting them sepa- 
rately. 

For samples in which the gamma radiation was of 
interest, the gamma-ray spectra were obtained through 


‘the use of a 50-channel gamma-ray pulse analyzer in 


which the sensitive unit was a one-inch thick sodium 
iodide-thallium activated scintillation crystal. Decay of 
an individual gamma ray could be followed by counting 
the sample periodically, plotting the gamma-ray spectra, 
integrating under the desired peak, and plotting in- 
tegrated counts as a function of time. 

In calculating cross sections for the formation of the 
various product nuclides, the data of interest are the 
absolute disintegration rates of the nuclides involved. 
This disintegration rate may be related to the observed 
counting rate by the equation: 


D= Aors/ (Fak es¢F oF okeF absl" esa), 


where D is the absolute disintegration rate; Aots is the 
observed counting rate; and the various correction 
factors are as follows: 
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F,, Correction for Abundance of the Radiation 
Being Counted 


For a majority of nuclides observed in this study, 
the decay schemes were known and abundances for all 
important modes of decay had been published.* In a 
number of cases, however, where the nuclide had not 
been studied thoroughly or was discovered in these 
experiments, such data were not available. When such 
cases occurred, assumptions about the decay schemes 
were made which will be stated subsequently in those 
sections which deal with each nuclide involved. Thus 
corrections to the calculated cross sections may be 
made when more complete data on decay schemes be- 
come available. 


F.,;, Correction for Counting Efficiency 


The counting efficiency was assumed to be 100 per- 
cent for beta particles in the Geiger-Miiller tube. When 
X-rays or gamma rays were present, counting efficiencies 
in the Geiger-Miiller tube were obtained from the work 
of Studier and James.” When gamma-ray spectra were 
obtained through the use of the 50-channel gamma-ray 
pulse analyzer, the counting efficiency as a function of 
gamma-ray energy was obtained from the work of 
Maguire and O’Kelley,”* and Kahn and Lyon.?” 


F,, Geometry Correction 


This factor, which is simply the fraction which enters 
the detection device of the radiation which is being 
counted, was determined empirically by using known 
standards for each of the counting arrangements used. 


F 4x:, Backscattering Correction Factor 


Empirical data for beta particles were found to agree 
more closely with Burtt’s’® results than with those of 
Zumwalt”; therefore Burtt’s backscattering factors 
were used throughout. Positrons were assumed to have 
the same backscattering factors as beta particles since 
more accurate values were not available. 


F 41s, Correction for Air and Window Absorption 


In the “Shelf 2” geometrical arrangement in which 
most of the samples were counted, radiation had to pass 
through approximately 5.8 mg/cm? of air and mica 
before entering the sensitive volume of the Geiger- 
Miller tube. Correction for the absorption in this 
material was made wherever possible by making ab- 
sorption measurements with either aluminum or beryl- 
lium absorbers and carefully extrapolating the initial 
portion of the curves of the plotted data in such a 

* Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

25M. Studier and R. James (unpublished data). 

26 P. W. Maguire and G. D. O’Kelley, California Research and 
Development Corporation Report MTA-40, September 1953 
(unpublished). 

27 B. Kahn and W. S. Lyon, Nucleonics 11, 61 (1953). 

28 B. P. Burtt, Nucleonics, No. 8, 28 (1949). 


2L. R. Zumwalt, Atomic Energy Commission Declassified 
Report MDDC-1346, September 1947 (unpublished). 
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manner as to determine the fraction of soft radiation 
absorbed by the air and mica window. Where this was 
not practicable the correction factors were calculated 
from the beta particle versus aluminum half-thickness 
data of Seelmann-Eggebert.® 


Fa, Correction for Self-Scattering and Absorption 
in the Sample 


Data of Nervik and Stevenson*! were used for all 
samples in these experiments. 


III. RADIOACTIVE NUCLIDES OBSERVED*?:33 


Sodium 


Sodium-24 was the only activity observed in the 
sodium fraction. Starting with approximately 1000 
counts per minute, the gross decay curve showed only 
this 15.1-hour component down to the background 
counting rate. An aluminum absorption curve indicated 
the presence of a 1.4-Mev beta particle while analysis 
of the gamma-ray spectrum showed a gamma ray of 
1.36 Mev, both of which have been reported for Na™. 


Magnesium 


The gross decay curve for the magnesium fraction 
showed a 21.2-hour component for over eight half-lives, 
then “tailed” into a long-lived component at 10 counts 
per minute above the background. Aluminum absorp- 
tion curve measurements indicated the presence of a 
3-Mev beta particle with a softer component also 
present. This was confirmed by analysis of the beta 
spectrum on a crude beta-ray spectrometer. The 21.2- 
hour activity has been identified as Mg**, which decays 
by emission of a 300-400-kev beta particle. The 2.30- 
minute Al** is in equilibrium with the Mg”’ parent and 
decays by emission of a 3-Mev beta particle. The low 
long-lived tail may be attributed to a trace of Be? which 
could have followed through with the magnesium in the 
chemical procedure. 


Potassium 


The potassium decay curve consists of two com- 
ponents which can be separated into 12.4- and 22.4- 
hour half-lives and which can be identified as due to 
K® and K*. Aluminum absorption curves indicate the 
presence of a beta particle of approximately 3.5 Mev 
belonging to the short-lived component and a softer 
beta particle of approximately 0.8 Mev with the longer- 
lived K*. Potassium-42 decays 75 percent by a 3.6-Mev 
beta particle and 25 percent by a 2.0-Mev beta particle, 
while K* has beta particles of reported energies 0.8 and 
0.24 Mev. In calculating the cross section for the forma- 
tion of K*, it was assumed that this nuclide decays 80 

30 Seelmann-Eggebert, Nature 31, 201 (1943). . 

31 W. E. Nervik and P. C. Stevenson, Nucleonics 10, 18 (1952). 

® Unless otherwise noted, disintegration data were obtained 
from Hollander, Perlman, and Seaborg (reference 24) or the GE 
Chart of the Nuclides (reference 33). 


33 General Electric Chart of the Nuclides, Knolls Atomic Power 
Laboratory, revised to November 1952. 
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percent by emission of the 800-kev beta particle and 
20 percent by the 240-kev beta particle, this assumption 
being based on the shape of the soft components of the 
absorption curve. Analysis of the gamma-ray spectra 
showed that there were two gamma rays present, one 
of 37510 kev and another of 615+ 10 kev energy, each 
of which decayed with approximately a 22-hour half- 
life. Potassium-43 has a reported gamma ray of approxi- 
mately 0.4 Mev, but this energy measurement was made 
by absorbers. It seems probable, therefore, that both 
the 375- and 615-kev gamma rays may be assigned 
to K*, When corrected for counting efficiency in the 
Nal crystal, the two gamma rays have the same 
abundances within experimental error. No evidence for 
the 1.51-Mev K® gamma ray was seen in the spectra, 
probably because of its low abundance and low counting 
efficiency. 


Chromium 


Gross decay of the chromium fraction showed the 
presence of a small amount of a short-lived activity 
which may have been 42-minute Cr. The curve then 
tailed into a long-lived component, part of which may 
have been 27-day Cr®! and part a longer-lived nuclide. 
The activity level of the chromium fraction, however, 
was too low for accurate identification of any of these 
species, although gamma rays of approximately the 
energies reported for Cr®! were observed. Cross sections 
for these two nuclides would be very uncertain because 
of this lack of positive identification and therefore have 
not been included in the tabulated data. 


Manganese 


The manganese fraction decayed over eight half-lives 
with a 2.6-hour half-life, then showed a small amount of 
6-day activity, and finally tailed into a very long-lived 
component at approximately 10 counts above back- 
ground. The gamma-ray spectrum contained a fairly 
large number of gamma-ray peaks, some of which 
could be assigned as those reported for 2.6-hour Mn** 
or 6.0-day Mn®. Since the possibility of the appearance 
of peaks due to Compton scattering was so great, the 
complete identification of either spectrum or the un- 
equivocal assignment of all peaks in the observed 
spectrum was quite impossible. From the peaks identi- 
fied and the observed half-lives, however, it seems that 
Mn® and Mn* were present in high purity. The long- 
lived tail may have been 310-day Mn* or possibly a 
small amount of impurity in the sample; the activity 
level was too low for identification. 


Iron 


The iron fraction decay curve was a straight line 
corresponding to a half-life of 46 days. Initial activity 
of these samples was approximately 1500 counts per 
minute after a two-hour, thick target bombardment. 
On several bombardments in which special precautions 


1097 


were taken to ensure an iron fraction purified from all 
possible contamination, no trace was seen of any 
activity which could be assigned to other isotopes of 
iron such as Fe®, 


Cobalt 


An activity which decayed over a period of 9 half- 
lives with a half-life of 1.65 hours was present in the 
cobalt fraction. The gross decay curve then tailed over 
into a very long-lived component (>60 days) at 
approximately 50 counts above background. Aluminum 
absorption curves showed a beta particle of approxi- 
mately 1.1 Mev to be present in the 1.65-hour activity. 
Cobalt-61 is reported to decay with such a half-life, 
55 percent by a 1.45-Mev beta particle and 45 percent 
by a 1.00-Mev beta particle, which is consistent with 
the absorption data. 

Gamma-ray spectra showed the presence of annihila- 
tion radiation and a gamma ray of approximately 830 
kev in the long-lived activity of the cobalt fraction. 
The 72-day Co*’, 270-day Co®’, and 72-day Co®*® each 
decay by positron emission, while Co®* has a gamma ray 
of 845 kev and Co** a gamma ray of 810 kev. Therefore 
abundances of these nuclides could not be calculated 
from the intensities of the gamma-ray spectra. Since it 
also was impractical to resolve these activities in the 
low count Geiger-Miiller decay curve, their cross sec- 
tions have not been included in the final tabulation. 


Nickel 


A two-component decay curve of 2.56-hour and 56- 
hour activities was obtained in the nickel fraction, 
corresponding to Ni® and Ni®, respectively. Aluminum 
absorption curves taken after the short-lived Ni® had 
decayed showed a hard component of approximately 
2.7 Mev and a softer component of approximately 
0.3 Mev. A 2.63-Mev beta particle is reported for the 
5.1-minute Cu®* daughter of Ni®*. In calculating cross 
sections, it was assumed that Ni®® decayed 100 percent 
by emission of the 300-kev beta particle. 


Copper 


Nuclides with 12.9- and 60-hour half-lives were the 
only ones detectable in the copper fraction. These were 
assumed to be Cu* and Cu®’, respectively. No evidence 
was seen of the neutron deficient 3.3-hour Cu® although 
purified samples were counted less than 6 hours after 
the end of the bombardment. 


Gallium 
The gallium decay curve contained two activities 
with 5.0-hour and 14.3-hour half-lives, which definitely 
could be resolved. In addition, there was a small amount 
of a short-lived activity which may have been 20- 
minute Ga” but which could not be identified accurately 


because of the relatively large amounts of other ac- 
tivities present. Since purification of the gallium fraction 
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took slightly more than two hours (or six half-lives 
of Ga”) following the end of bombardment, a large part 
of this original activity decayed before the fraction 
could be counted. Aluminum absorption curves con- 
firmed the presence of a beta particle of approximately 
1.5 Mev which was associated with the 5-hour activity. 
The two activities seen are assumed to be 14.3-hour 
Ga” and 5.0-hour Ga™, 


Arsenic 


After decay of short-lived activities was complete, 
the arsenic fraction decayed to background with a 17.5- 
day half-life. When this activity was subtracted from 
the gross curve a curve was obtained which could not 
be visually resolved into straight components. If, how- 
ever, it is assumed that the second curve consisted of 
26.8-hour As’ and 39-hour As’’, an analytical treat- 
ment could be used to establish the intensities of the 
activities. Aluminum absorption curves could not be 
used in this case to identify individual nuclides but 
did show beta particles of approximately the energies 
reported for As”, As’*, and As?”. 


Bromine 


Resolution of the gross decay curve of bromine gave 
activities of three half-lives; 2.4 hours, 4.4 hours, and 
35 hours. The decay was followed from an initial count 
of approximately 16 000 counts per minute down to 10 
counts above background. Aluminum absorption curves 
showed the presence of beta particles of approximately 
1.8 and 0.6 Mev. No gamma-ray spectra were taken 
since equipment was not available when these bombard- 
ments were made. On the basis of these data, the 
activities were assumed to be 4.58-hour Br® in equi- 
librium with the 18-minute Br®, 35.9-hour Br®, and 
2.4-hour Br®. 


Rubidium 


The decay curve of the rubidium fraction consisted 
of a small amount of activity of approximately 5 hours 
half-life, and a mixture of activities having half-lives of 
approximately 20 days. An analytical treatment of the 
data was used to identify the intensities of the long- 
lived components assuming that they were due to the 
19.5-day Rb*® and 34-day Rb*. Since there was a good 
possibility that 4.7-hour Rb® and 6.3-hour Rb® could 
have been formed largely by spallation of the niobium 
impurity in the target, the short-lived component of the 
rubidium curve was ignored in calculating cross sections. 
Using a value of 0.1 percent as niobium impurity in the 
tantalum target, and estimating a cross section of 5 
millibarns for the reaction Nb*(p,5p5”)Rb®, it is 
estimated that niobium could have contributed no 
more than 5 percent of the cross section actually ob- 
served for the production of Rb™ from tantalum. The 
contribution of niobium impurity to the production of 
Rb* should have been even smaller. 
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Strontium 


The strontium fraction decay curve was resolved into 
9.7-hour and 38-hour activities and a long-lived com. 
ponent which had a half-life greater than 30 days, 
Aluminum absorption curves showed the presence oj 
hard beta particles such as those reported for 9.7-hour 
Sr”. The 38-hour activity was presumed to be Sr*, but 
since this nuclide is in the region of highest yields in the 
spallation of niobium, its cross section is not included 
in the tabulated data. When all of the short-lived 
components had had time to decay, yttrium was 
separated from the strontium sample, the strontium 
was remounted, and decay of both samples was followed, 
The repurified strontium fraction decayed with a 54-day 
half-life and aluminum absorption curves also showed 
the presence of the 1.5-Mev beta particle reported for 
Sr®. The yttrium activity, which decayed with approxi- 
mately 60 days half-life, contained a beta particle oi 
1.5 Mev and was identified with 61-day Y* which 
should have grown in from 9.7-hour Sr*. Cross sections 
for Sr*! were calculated on this basis. 


Zirconium 


Activities with half-lives of 17 hours, 80 hours, and 
approximately 65 days could be resolved in the zir 
conium decay curve. Aluminum absorption curves 
showed the presence of beta particles of approximately 
0.96 Mev. These were probably due to the 0.91-Mev 
positrons of 78-hour Zr®. This nuclide undoubtedly has 
one of the higher cross sections for formation in the 
spallation of niobium; therefore, it is not included in 
the tabulated data. The 17-hour activity could be due 
either to Zr®* or Zr®’, while the long-lived component 
might have been either 85-day Zr** or 65-day Zr®. The 
neutron deficient isotopes, however, would be expected 
to have very much lower counting efficiencies than the 
beta particle emitting neutron excess nuclides. The 
assumption has been made, therefore, that all of the 
observed 17-hour and 65-day activities were due to Zr" 
and Zr, respectively. The cross sections obtained on 
this basis then represent upper limits for the true cross 
sections. 


Molybdenum 


The molybdenum decay curve could be resolved into 
two activities with half-lives of 6.7 and 67 hours. The 
6.7-hour isomer of Mo* would be formed in very high 
yield as a spallation product of niobium, so its cross 
section has not been included in the tantalum data. 
Beta-spectrograph curves confirmed the presence of the 
1.2-Mev beta particle of 67-hour Mo”. 


Ruthenium 


Ruthenium, which was separated immediately after 
bombardment, showed a decay curve which could be 
resolved into activities having apparent half-lives 0 
4.5 hours, 36 hours, and 41 days. Aluminum absorption 
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curves taken 2.5 hours after the end of bombardment 
showed the presence of the 1.1-Mev beta particle of 
4,5-hour Ru!®., Cross sections for the formation of Ru™® 
were calculated both on the basis of its identification by 
resolution of the decay curve and resolution of its 36- 
hour Rh’ daughter. The 41-day activity was presumed 
to be Ru’ although its activity level was not high 
enough for accurate identification with absorption 
curves or with the beta spectrometer. 

Following bombardments in which all of the 4.5-hour 
Ru® was allowed to decay before the ruthenium was 
purified, the ruthenium decay curve could be resolved 
into components of 40 days and 2.8 days half-life. 
Presumably the 2.8-day activity was due to Ru”. 
Since this nuclide decays by electron capture, however, 
its counting efficiency with the Geiger-Miiller counter 
would be both low and uncertain. Therefore decay of 
these samples was also followed through the use of the 
gamma-ray pulse analyzer. The 217-kev gamma ray 
reported for Ru’ showed up quite clearly in the spec- 
trum and it decayed with approximately a 2.8-day half- 
life. No abundances for the 217-kev gamma ray have 
been reported. In calculating the cross section for the 
formation of Ru®’, it was assumed that 100 percent of 
the decay was accompanied by the emission of a 217-kev 
gamma ray and that there was no conversion. Thus the 
value obtained should represent a lower limit to the 
cross section for the formation of Ru®”. 


Rhodium 


The decay curve of rhodium could be separated into 
components of 136-minute and 36-hour half-lives. Beta- 
spectrograph curves showed that a beta particle of 
approximately 1 Mev was associated with the short- 
lived activity while a beta particle of 0.6 Mev was seen 
after all of this short-lived activity had decayed. The 
36-hour 0.6-Mev beta particle emitter was presumed to 
be Rh! , No 136-minute beta particle emitter had 
previously been reported for rhodium. A consideration 
of the chemical separation and purification procedure 
used for rhodium showed that no element other than 
iridium could have been present in the final sample. 
Iridium activities could not have been formed in any 
significant amounts in the tantalum bombardments. 
Comparison of formation cross sections for this activity 
with those for Rh' indicated that this new nuclide 
probably has a mass greater than 105. 

In order to investigate this new activity further, 
a series of bombardments was made in which uranium 
was bombarded with 340-Mev protons. In one of these 
the target material was bombarded for four minutes. 
Ruthenium was separated within three minutes of the 
end of bombardment and allowed to decay. Rhodium 
was then separated from both the original target solu- 
tion and the ruthenium fraction. A 25-minute Rh", 
36-hour Rh’, and the 136-minute activity were seen 
in the rhodium removed from the original target solu- 
tion while only the 25-minute and 36-hour activities 
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Fic. 2. Decay curve of the rhodium fraction 
separated from uranium. 


grew from ruthenium parents. The three-component 
decay curve obtained in these bombardments is shown 
in Fig. 2. Special steps were taken in these separations 
to ensure that no iridium was present. Assuming the 
new activity to have the same counting efficiency as 
Rh, these decay curves showed the new nuclide to 
have a higher formation cross section than Rh™ in the 
uranium bombardments. 

Gamma-ray spectra were obtained on rhodium sam- 
ples separated from both tantalum and uranium and 
indicated a large number of gamma rays associated with 
decay of the 136-minute activity. The difficulty of re- 
solving the pulse analyzer curves makes abundance 
data very uncertain, but it seems probable that gamma 
rays of 195, 225, 510, 630, 715, 1060, 1200, 1260, and 
1500 kev are present in the decay scheme of the new 
activity. 

Assignment of a mass to this new activity cannot be 
made unequivocally. The yields from both tantalum and 
uranium indicate that the activity is heavier than Rh™. 
The ruthenium-rhodium experiment shows that it is not 
the daughter of a ruthenium parent which has a half- 
life greater than 1 minute. Several of the gamma rays 
have energies close to those reported for 30-second Rh", 
but if we take the maximum gamma-ray energy and the 
beta particle energy we obtain a total beta disintegra- 
tion energy of only 2.5 Mev, while the reported value 
for Rh" is 3.53 Mev. On the basis of the present data, 
it seems probable that the 136-minute activity is an 
isomer of Rh!’ which is not involved appreciably in 
the decay of 4-minute Ru’. Attempts have been made 
to separate this nuclide on a time-of-flight isotope 
separator but they were not successful because of 
difficulties in ionizing the rhodium samples. 

As part of the results from the uranium bombard- 
ments, spectra of gamma rays associated with the 25- 
minute Rh!” were obtained. These were superimposed 
on those from the 136-minute and 36-hour activities so 
that accurate abundances could not be calculated. 
Gamma rays of 955, 1455, 305+5, 390+10, and 
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475+10 kev were observed to decay with an approxi- 
mately 25-minute half-life. 

Decay curves of rhodium samples which had been 
separated from the tantalum targets after all the 136- 
minute activity had decayed could be resolved into 
three components: a large amount of 36-hour Rh™, 
a small amount of 4.5-day activity, presumably Rh™, 
and a long-lived component of approximately 200-day 
half-life, probably Rh’. Decay of gamma-ray spectra 
was followed in these samples. Although both Rh"™ and 
Rh have known gamma rays of approximately 300 
kev, resolution of the decay curve of the 300-kev 
gamma ray made it possible to obtain the cross sections 
for the formation of Rh™. No abundance has been 
reported for the 300-kev gamma ray in the Rh’ decay 
scheme, however, so in these calculations it was assumed 
that 100 percent of the decay included the 300-kev 
gamma ray and that no conversion took place. The 
value obtained is therefore a lower limit to the actual 
cross section. 


Palladium 


The only activities observed directly in the palladium 
fraction were the 13.1-hour Pd™ and a small amount of 
activity which could have been the 17-day Pd'%. 
Palladium 103 decays by electron capture with no 
gamma rays reported. The amount of 17-day activity 
present was too low to allow counting of x-rays through 
absorbers with the Geiger-Miiller tube and attempts to 
follow decay of the x-rays in the pulse analyzer also 
were not successful. 

No evidence was seen in the gross palladium decay 
for 5.5-hour Pd", 22-minute Pd™, or 21-hour Pd!. 
The 7.5-day Ag" was observed to grow into a target 
solution from which all silver had been removed immedi- 
ately after bombardment. On the basis of this informa- 
tion the total cross section for the formation of Pd™ 
could be calculated ; but since both of the Pd!" isomers 
decay to Ag™, calculations of cross sections for the 
formation of each of the Pd"! isomers could not be 
made without more information. 


Silver 


The activities of 5.3-hour Ag", 3.2-hour Ag", 7.5- 
day Ag", and 210-day Ag"® could be resolved in the 
silver decay curve. The 7.5-day and 270-day activities 
were easily resolved, but analytical treatment was 
necessary to establish the intensities of the 3.2- and 
5.3-hour activities. Absorption curves taken when the 
activity was primarily Ag™ showed a 1-Mev beta 
particle with no soft component which could be at- 
tributed to conversion electrons from 8.3-day Ag™. 

Gamma-ray spectra taken after almost all of the 
7.5-day activity had decayed showed the presence of 
gamma rays of 63, 154, 280, and 350 kev, all of which 
have been reported for 40-day Ag’. Cross sections for 
the production of this nuclide were based on the in- 
tensity of the 280-kev peak, assuming that the 280-kev 
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gamma ray was 25 percent abundant in the decay 
scheme and unconverted. 

Gamma-ray spectra taken after most of the 40-day 
Ag had decayed showed peaks at 660, 760, 935, and 
1400 kev, all of which have been reported for 270-day 
Ag"®. Calculations of the cross section for the formation 
of Ag" were based on the intensity of the 660-key 
gamma radiation ; its reported abundance of 100 percent 
and its e/y ratio of 0.0025 were used. 


Cadmium 


Activities with half-lives of 43 days, 53 hours, and 
6.7 hours were resolved in the gross cadmium decay 
curve, corresponding to Cd", Cd", and Cd, re. 
spectively. The Cd" and Cd"5™ isomers decay by 
emission of beta particles of known energies so cross 
sections can be calculated for the formation of these 
nuclides fairly easily. Cadmium-107 decays more than 
99 percent by electron capture and emission of a 94-kev 
gamma ray so that the cross section for the formation of 
Cd’? is based on gamma-ray pulse analyzer data and 
the reported e/y ratio of 16. 

The 57-minute Cd’ could not be identified in the 
cadmium fraction because of the large abundance of 
other activities present. In order to determine whether 
any of this activity had been formed, an experiment was 
done in which silver was removed from the target solu- 
tion immediately after bombardment. Cadmium-105 
was allowed to decay for two days, then silver was 
again removed and purified. Decay of this silver sample 
was followed to see whether or not Ag™® had grown in 
from the Cd parent. While the gross Geiger-Miiller 
counter decay curve did seem to show an activity of 
approximately 40-day half-life at about 10 counts above 
background, none of the Ag!’ gamma-ray peaks could 
be identified in the pulse analyzer equipment. There- 
fore, it must be concluded that Cd™ is not formed in 
sufficient quantities to be detected by this method. 

Gamma-ray spectra taken after most of the 43-day 
Cd"5™ had decayed confirmed the presence of the 87-kev 
gamma ray associated with 470-day Cd™. The activity 
level was so close to background, however, that no very 
accurate value for the abundance of this gamma ray 
could be determined. Cross sections for this nuclide are 
therefore not included in the final tabulation. 


Indium 


A long-lived component of 50-day half-life was 
present as a tail on the indium decay curve. Aluminum 
absorption curves showed the 2-Mev beta particle of 
49-day In to be in this activity. Shorter-lived com- 
ponents were also present in the sample, but since 4.3- 
hour In™, 5.0-hour In™™, 1.74-hour In™*™, and 4.5-hour 
In™5™ were all expected to be formed in some degret 
they could not possibly be separated in the gross Geiger- 
Miiller decay curve. The decay of indium samples was 
followed in the gamma-ray pulse analyzer and cross 
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sections for the formation of those nuclides that could 
be identified were based on the gamma spectra. 

The 205-kev gamma ray reported for In! was ob- 
served to decay with a 4.3-hour half-life. No decay 
scheme abundance data were available for this gamma 
ray; in the calculations it was presumed to be present 
in 100 percent abundance and to be unconverted. 

The 935- and 661-kev gamma rays of In"°” were seen 
to decay with approximately a 5-hour half-life. Both 
are reported to be in 100 percent abundance in the 
decay scheme. The ¢/y ratio is 0.005 for the 660-kev 
gamma ray and it was assumed that the 935-kev line 
was also essentially unconverted. 

An activity of 2.8 days half-life could be separated in 
the gross Geiger-Miiller counter decay curve, and was 
presumed to be 2.8-day In, but since this nuclide 
decays essentially 100 percent by electron capture, the 
Geiger-Miiller data were not used in calculating this 
cross section. Gamma rays of 247 and 172 kev were seen 
in the gamma-ray spectra and decayed with approxi- 
mately a 2.8-day half-life and the intensities of these 
were used in the calculation on the assumption that 
they occur once in each decay process and are largely 
unconverted. In the decay of In™ the 172- and 247-kev 
gamma rays are 100 percent abundant and have con- 
version coefficients of 0.12 and 0.064, respectively. 


Tellurium 


The decay curve of the tellurium fraction could be 
separated into component activities having half-lives of 
2.8 hours, 4.5 days, and 17 days, corresponding to Te"’, 
Te", and Te™!, respectively. In the absence of data on 
the abundance of the 2.5-Mev positron in the decay 
scheme of Te!” it was assumed that this nuclide decays 
100 percent by the emission of positrons, with the 28- 
hour Sb"? daughter decaying 100 percent by electron 
capture. 


Cesium 


Activities having half-lives of 6.2 hours, 31 hours, 
and 34 days were the only ones detectable in the 
cesium decay curve. These would correspond to Cs”’, 
Cs, and Xe’, respectively. 

Gamma-ray spectra showed the presence of the 125- 
and 416-kev gamma rays reported* for Cs!’ and they 
were seen to decay with an approximately 6-hour half- 
life. The 57-kev gamma ray reported for Xe!’ was 
observed as part of the 34-day component. Since the 
positron abundances in Cs!”? have not been reported, 
the cross section calculations for Cs!’ were based on 
the 57-kev gamma ray in its Xe!’ daughter. Here the 
nuclide decays 100 percent by electron capture and it 
Was assumed that there was one unconverted 57-kev 
gamma ray per disintegration. 

Since the 31-hour Cs! decays completely by electron 
capture, the Geiger-Miiller counter data could not be 
used effectively in calculating the cross section for its 


“H. B. Mathur and E. K. Hyde, Phys. Rev. 95, 708 (1954). 
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formation. Wapstra, Versta, and Boelhouwer* have 
reported gamma rays of 385 and 560 kev as belonging 
to this nuclide. Gamma-ray spectra taken on the cesium 
fraction after all of the 6-hour Cs!’ had decayed showed 
the presence of gamma rays of 37510 and 585+20 
kev, each of which decayed with a 31-hour half-life. 
In addition, the 375-kev peak was asymmetric in such 
a way as to indicate the presence of a small amount of 
a gamma ray of approximately 420+ 10 kev. Correcting 
the 375-, 420-, and 585-kev gamma rays for counting 
efficiencies of 42, 34, and 17 percent, respectively, the 
gamma-ray abundances are in the approximate ratio 
1.0, 0.092, and 0.233. Xenon-129 has a reported excited 
state of 40 kev as deduced from beta decay of I, and 
it is possible that the 40-kev and the 375-kev gamma 
rays are in coincidence while the 420-kev gamma ray is 
a crossover transition. The 40-kev gamma ray is very 
highly converted, however, so that it would be easily 
missed in the gamma spectrum. The 375- and 420-kev 
peaks could not be easily resolved in the gamma spec- 
trum and therefore in calculating cross sections for the 
formation of Cs” the combined peak was used. It was 
assumed that these gamma rays were unconverted and 
were present in 82 percent of the disintegrations of Cs’. 

No evidence could be seen of either the 9.6-day Cs"! 
or 7-day Cs! in the gross Geiger-Miiller decay curve. 
Each of these nuclides decays by electron capture, Cs!*! 
with no appreciable gamma rays, and Cs’ with a 
gamma ray of 685 kev.** These nuclides would therefore 
be detected with very low counting efficiency in the 
Geiger-Miiller counter. A gamma peak was observed at 
approximately 680 kev, but it was not in sufficient 
abundance to identify the half-life. 

Barium 

Activities corresponding to 2.0-hour Ba”, 2.4-day 
Ba!8, and 12-day Ba"! were observed in the gross 
barium decay curve. Aluminum absorption curves 
taken when the 2.4-day activity was predominant 
showed the presence of a beta particle of approximately 
3 Mev, presumably the 3.0-Mev positron emitted by 
the cesium daughter of Ba!*®. Gamma-ray spectra taken 
when the 12-day activity was predominant showed the 
122, 214, 241, 370, and 494 kev gamma rays reported 
for Ba™!, 

In calculating cross sections for the formation of Ba'”8 
the decay scheme of Lindner** was used. According to 
these data, 2.4-day Ba!?* decays 100 percent by electron 
capture while its 3.8-minute Cs"* daughter decays 71 
percent by emission of a 3.0-Mev positron and 29 per- 
cent by electron capture. 

Barium-129 was assumed to decay 100 percent by 
the 1.6-Mev positron reported by Fink and Wiig.*” 

Barium-131 decays completely by electron capture; 
cross sections for the formation of this nuclide were 


35 Wapstra, Versta, and Boelhouwer, Physica 19, 138 (1953). 
36 M. Lindner (private communication). 
37 F, W. Fink and E. O. Wiig, Phys. Rev. 91, 194 (1953). 
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calculated on the basis of the number of cesium x-rays 
seen in a single-channel gamma pulse analyzer using a 
Nal crystal. 


Cerium 


Activities having half-lives of 6.3 hours, 16 hours, 
and 72 hours were resolved in the cesium decay curve. 
These were assumed to be Ce'®*, Ce'84, and Ce!®5, respec- 
tively. There was also a long-lived tail of very low 
abundance (less than 10 counts per minute) which may 
have been due to 36-day Ce", but the activity level 
was too low for an accurate half-life to be determined. 
Aluminum absorption curves taken five hours after 
bombardment showed the presence of beta radiation of 
approximately 2.4 Mev, probably the 2.7-Mev positron 
reported for the 6.3-minute La daughter of Cel. In 
calculating cross sections for the formation of cerium 
isotopes, the data on decay energies and abundances 
reported by Stover** were used. 


Rare Earth Elements 


After several bombardments in which the heavy rare 
earth elements were separated and their decay followed, 
it became apparent that published data on the neutron 
deficient isotopes of these elements were insufficient to 
enable correlation of the data with known nuclide decay 
schemes. A program was then begun to get more accu- 
rate mass assignments, half-lives, and decay charac- 
teristics of the isotopes of these elements formed in the 
tantalum bombardments. In general, the procedures 
used in this program were as foHows: (1) The heavy 
rare earth elements were separated after a low proton 
intensity bombardment and their gross decay measured. 
This gave an indication of the half-lives and approxi- 
mate abundances of the activities present in each 
element. (2) High intensity bombardments were made 
in which it was attempted to have at least 10® counts 
per minute of each nuclide present after chemical 
purification. The chemical steps were carried out essen- 
tially carrier-free (usually about 20 micrograms of 
carrier were added). After the elements had been 
chemically separated the activities present were mass 
separated on a time-of-flight isotope separator.®® Thus 
accurate mass assignments could be made for the 
activities seen in the gross decay of each element. 
However, it was found that only nuclides of the four 
heaviest rare earth elements could be made from 
tantalum in sufficient quantities for mass identification 
by this method. (3) When possible, decay characteristics 
were obtained by measurements on isotopically sepa- 
rated samples. Otherwise they were measured in the 
gross mixture under the most favorable conditions. In 
those cases where a daughter activity of sufficiently 
long half-life was present a second chemical separation 
was made to confirm the presence of the daughter. 

38 B. J. Stover, Phys. Rev. 81, 8 (1951). 

9M. C. Michel, Ph.D. thesis, University of California 


Radiation Laboratory Unclassified Report UCRL-2267, 1953 
(unpublished). 
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When little or no information on abundances oj 
gamma rays, positrons, or conversion electrons (i.e., the 
decay scheme) was available, calculation of a cross 
section for formation of the rare earth nuclide was 
undertaken in the following very approximate manner, 
Geiger counter data were used with the measurements 
made under conditions where the radiations passed 
through sufficient absorber (972.6 mg Al/cm?) to block 
out all beta particles, positrons, and conversion elec- 
trons but not sufficient to absorb a significant fraction 
of the gamma radiation. Cross section calculations for 
the formation of these nuclides were then made by 
using an assumed counting efficiency of 1 percent in 
each case (or 2 percent for a parent and daughter in 
equilibrium). 


Erbium 


Neutron deficient activities of erbium reported in the 
literature at the time the rare earth program was begun 
were ~17-hour Er'®!, ~65-hour Er'®, and 10-hour Er'®, 
The gross decay curve of erbium from tantalum bom- 
bardment could be resolved into activities with 183- 
minute and 29.4-hour half-lives. No evidence was seen 
for any of the three activities previously reported. 
Separation on the time-of-flight instrument” showed 
the 29.4-hour activity to be due to Er'®, while the 
183-minute activity is due to Er'®. 

Handley and Olson“! have recently reported Er'® as 
having a 3.6-hour half-life and a holmium daughter of 
2.5 hours half-life. They report gamma rays of 195, 824, 
and 1120 kev for the parent and 90 kev for the daughter. 
They also report no annihilation radiation and say that 
positron emission, if present, constitutes only a small 
fraction of the decay. Examination of the erbium frac- 
tion for beta radiation on a crude beta-ray spectrometer 
showed the presence of positrons of 1.2+0.1 Mev 
which decayed with approximately a 3-hour half-life. 
No attempt was made to separate the holmium daughter 
of Er'® so that the positron may belong to either Er" 
or Ho!®, 

The 29.4-hour Er'® is a new activity which has not 
previously been observed. Neither the decay curve of 
the erbium fraction separated immediately after bom- 
bardment, nor that of isotopically separated Er'® 
showed the growth of any short-lived daughter activity. 
In the erbium fraction this growth would easily have 
been obscured by the presence of relatively large 
amounts of 3.6-hour Er'® and its 2.5-hour Ho 
daughter. The isotopically separated Er'™ could also 
have been contaminated by the activity of the short- 
lived mass-161 nuclides. When an erbium fraction which 
had been separated immediately after bombardment 
had been allowed to decay for several days, however, 
and a second erbium-holmium separation was made, 

M. C. Michel and D. H. Templeton, Phys. Rev. 93, 1422 
(1954). Where the values for half-lives given by Michel and 
Templeton differ from those given in the peneet paper, the latter, 


more recent values are probably to be preferred 
‘\ T, H. Handley and E. L. Olson, Phys. Rev. 93, 524 (1954). 
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Fic. 3. Er'®-Ho!™ decay curve. 


the erbium fraction showed a decided growth before 
decaying with a 29-hour half-life, while the holmium 
fraction decayed with a ‘half-life of 5.0 hours. (See 
Fig. 3.) Gamma rays of approximately 87, 194, 650, 
730, 890, and 970 kev plus x-rays of 46 kev were seen 
in the holmium fraction. They also were seen to grow 
into the erbium sample. No gamma rays or annihilation 
radiation were observed which could be assigned 
to Er'®, 

Handley® has recently reported a 5.0-hour holmium 
activity with gamma rays of 190, 710, and 950 kev 
which was formed by proton bombardments on Dy,O3. 
The activity was assigned to Ho!® on the basis of 
abundance measurements relative to the 2.5-hour Ho!® 
formed in the same bombardments. From the half-life 
and gamma-ray spectra measurements, it would seem 
that this is the same activity as that which grew from 
Er'® and that it actually is Ho'!® rather than Ho!®. 

Handley and Olson*® have reported a 75-minute 
activity for Er'®, No evidence of this activity was seen 
in erbium fractions upon which measurements were 
made within six hours of the end of bombardment, 
although the activity may have been obscured by the 
183-minute Er'®, Attempts to separate Er'® on the 
time-of-flight instrument and to extract it from any 
possible long-lived Tm!® parent were unsuccessful. 

No evidence of 10-hour Er'® was seen in the erbium 
decay curve and attempts to separate it isotopically 
were unsuccessful. For reasons which will be explained 
later, Er'® should not be formed from tantalum in large 
enough abundance to be separated isotopically. As 
mentioned above, the erbium decay curve included a 
25-hour daughter growing from a 3.1-hour parent and 
a5-hour daughter growing from a 29-hour parent, so it 
is not surprising that a relatively small amount of a 
10-hour activity could not be identified by resolution 
of the curve. 


Thulium 


Neutron deficient isotopes previously reported for 
thulium are 7.7-hour Tm!®, 9.6-day Tm!*’, and 85-day 


“T. H. Handley, Phys. Rev. 94, 945 (1954). 
* T. H. Handley and E. L. Olson, Phys. Rev. 92, 1260 (1953). 
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Tm!®, In the decay of the thulium fraction, the 7.7-hour 
and 9.6-day activities could be resolved. In addition, 
an activity of approximately 29 hours half-life was seen. 
The activities were separated isotopically’ and the mass 
assignments of the 7.7-hour and 9.6-day activities were 
found to be correct. The 29-hour activity was similarly” 
identified as Tm'®. As a further check on this latter 
mass assignment a sample of thulium which had been 
separated immediately after bombardment was allowed 
to decay for three days. A thulium-erbium separation 
was then made. The erbium fraction decayed with the 
known 10.2-hour half-life of the Er'® daughter of 
Tm!®, Handley and Olson* have recently reported 
Tm!® to have a half-life of 24.5 hours. The discrepancy 
between these half-lives probably results from the 
difficulty of resolution of the multicomponent decay 
curves in each case. 

Unequivocal assignment of gamma-ray energies was 
not made for these nuclides in the thulium fraction. 
Thulium-167, however, was obtained in pure form by 
extracting it from its Yb'* parent. The 7.7-hour Tm'® 
daughter of Yb!® was also present initially in this 
experiment. After the 7.7-hour Tm!® had disappeared 
the sample decayed with a pure 9.6-day half-life. 
A gamma spectrum taken on this activity showed the 
presence of gamma rays of 49, 115, 202, 515, and 720 kev 
energies in relative abundances of 1, 0.02, 0.29, 0.09, 
and 0.18, respectively (corrected for counting efficiency 
in the Nal crystal). This spectrum is shown in Fig. 4. 

Thulium-166 and Tm!* both have parent activities 
of moderate half-lives. Since the chemical purification 
takes approximately six hours measured from the end 
of the bombardment, cross sections for the formation of 
these nuclides could be seriously affected by decay of 
the parents. In those bombardments from which cross 
sections for the formation of thulium isotopes were 
obtained, the rare earth fraction was allowed to decay 
overnight before the chemical separations were made. 
Cross sections for the formation of 29-hour Tm’® and 
9.6-day Tm!*’ then represent total chain yields for their 
mass numbers. 

No 85-day activity was seen in the thulium samples 
upon which cross section determinations were made. In 
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Fic. 5. Gross ytterbium decay curve. 


one of the survey bombardments, however, when decay 
of a very active thulium sample was measured, the 
9.6-day Tm!® decay curve was seen to tail into a small 
amount of activity which decayed with approximately 
an 85-day half-life. This could have been either 85-day 
Tm!®, 129-day Tm’, or a mixture. Assuming that this 
was all due to 85-day Tm!® and that the radiations from 
this nuclide are counted with the same efficiency as 
those from Tm!*’, the cross section for the formation of 
Tm! was calculated to be less than 2 percent as large 
as that for Tm'®’. It should be noted that Tm!’ is a 
shielded nuclide and may be formed only directly while 
Tm! lies at the end of a chain of relatively short- 
lived activities. 


Ytterbium © 


The 62-hour Yb'® and 32-day Yb'® were the only 
neutron deficient ytterbium activities known when the 
present research was begun. The ytterbium fraction 
separated in these bombardments gave a decay curve 
which could be separated into five components: an 
initial 74-minute activity, growth of a daughter into a 
parent having a 53.8-hour half-life, a 9.6-day activity, 
and a 32-day activity. A copy of this decay curve is 
shown in Fig. 5. Time-of-flight separation” of the 
ytterbium activity showed the 53.8-hour activity to be 
due to Yb'® with the 7.7-hour Tm! daughter growing 
into this sample. The 32-day activity was separated® at 
mass-169. 

The short-lived 74-minute activity decayed too 
rapidly to allow isotopic separation to be carried out. 
In an experiment where ytterbium was chemically 
separated immediately after bombardment, allowed to 
decay for 24 hours, and a second ytterbium-thulium 
separation made, the only activities present in the 
thulium fraction were 7.7-hour Tm'® and 9.6-day Tm!®. 
On the basis of this extraction experiment, the 74- 
minute activity is assigned to Yb'*’". No gamma-ray 
data were obtained on this nuclide because of the 
presence of so much other activity. Analysis of data 
taken with a crude beta spectrometer showed the 
presence of a positron of 2.40.2 Mev which decayed 


with an approximately 70-minute half-life. The fraction 
of decay via the positron route was not determined. 

Gamma spectra taken on Yb!® using the ytterbium- 
thulium equilibrium mixture showed the presence of 
gamma rays of 80, 112, 140, 180, 670, 800, and 1320 key 
energy as well as the 47-kev x-rays. 


Lutetium 


The gross decay curve of the activity in the lutetium 
fraction could be resolved into components with half. 
lives of 1.7 days, approximately 7.5 days, 32 days, and 
a small amount of a long-lived tail. Attempts to sepa- 
rate these activities on the time-of-flight isotope sepa- 
rator were unsuccessful. In the calculations of the cross 
sections for the formation of the lutetium isotopes, 
published data on the half-lives were used. The 1.7-day 
activity was assumed to be due to Lu’. 

Half-lives of 8.5 days and 6.7 days have been re- 
ported for Lu!” and Lu!”, respectively, but activities 
with half-lives as similar as these could not be resolved 
in the gross decay curve. Since both of these isotopes 
are essentially shielded nuclides, the cross sections for 
their formation are of particular interest to the over- 
all picture. Thus, in order to get something to use for 
these cross sections, their combined decay curve was 
treated as a single activity having a half-life of 7.5 days 
and the resulting cross section value divided by two in 
order to get the individual values. This is admittedly 
only a rough approximation to the actual cross section 
in each case, but since the two nuclides have adjacent 
mass numbers the values should not be too poor. 

The presence of a 32-day activity is somewhat 
puzzling. Since the lutetium-ytterbium separation is a 
difficult one, it is possible that this activity is due to 
an impurity consisting of unseparated 32-day Yb'®. In 
these separation experiments, however, the lutetium 
and ytterbium apparently were well separated, and 
since only the leading edge of the lutetium peak was 
used (in the ion exchange resin adsorption-elution 
method of separation), the contamination due to 
ytterbium should be negligible. It seems more probable 
that 32-day Yb'® is growing into the lutetium fraction 
as a daughter activity of Lu'®. From the relative magni- 
tude of the 32-day and 1.7-day activities, the 1.7-day 
activity could be the Lu’® parent. Further work will 
have to be done before any more definite mass assign- 
ments can be made. 

The very long-lived activities in the tail of the decay 
curve could have been 1.6-year Lu’, 1.4-year Lu’, 
165-day Lu’, or a mixture of these activities. Samples 
from which cross sections were calculated have not been 
measured for decay long enough for accurate identifica- 
tion of these species so the cross sections for their 
formation are not included in the tabulated areas. 


Hafnium 


Five active neutron deficient isotopes of hafnium 
have been previously reported: 1.9-hour Hf!”, 16-hour 
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Hf”, ~5-year Hf!”, 24-hour Hf!”, and 70-day Hf”. 
Activities with half-lives of ~70 days, 8.5 days, 44+2 
hours, and 12-+1 hours were resolved from the decay 
curve of the hafnium fraction. Analysis of the gamma- 
ray spectra showed gamma rays of 122+10 and 275 
+10 kev energy as well as 55-kev x-rays associated with 
the 44-hour activity, while a gamma ray of 175-10 kev 
energy seems to be present with the 12-hour activity. 

The 12-hour activity is presumably to be identified 
with the previously reported 16-hour Hf!” while the 
85-day activity is due to its Lu'” daughter. The 12- 
hour half-life was obtained after resolution of three 
other components in the gross decay curve so that this 
would be subject to greater errors than any of the others. 
All of the hafnium samples showed the same half-life 
within the error reported, however, so a value of 12 
hours was used in the calculation of the cross section 
for the production of Hf!” 

The presence of a 44-hour activity is more puzzling. 
It is uncomfortably close to the 52.8-hour half-life 
reported for Ta!’? and makes one suspect that tantalum 
may have been incompletely removed from the hafnium 
fraction. If this were the case, however, the two 8-hour 
tantalum activities should also have been seen, and in 
estimated abundance approximately thirty times that 
of Ta!””, No evidence was seen of any 8-hour com- 
ponent. Further, if a mixture of 24-hour (previously 
reported Hf!”*) and 52.8-hour activities were present, 
even in comparable abundances, the decay curve would 
show a decided bend. This was not the case; the resolved 
44-hour component was a straight line over approxi- 
mately five half-lives. Although further bombardments 
will have to be made in order to clear up this matter, 
for the purpose of these experiments it was concluded 
that the 44-hour activity is actually due to Hf!” and 
cross sections were calculated on that basis. 


Tantalum 


Seven activities of neutron-deficient tantalum isotopes 
have been reported in the literature. The gross decay 
curves of tantalum samples separated immediately after 
bombardment could be resolved into activities having 
half-lives of approximately 100 minutes, 8 hours, 2.2 
days, and a small amount of a long-lived activity which 
had a half-life greater than 50 days. No detailed gamma- 
tay spectra for these nuclides were available from the 
literature for identification by comparison. In the cross 
section calculations the 2.2-day activity was assumed 
to be due to Ta!’’ and the 100-minute activity was 
assumed to be due to Ta!”®, The 8-hour decay was un- 
doubtedly due to a mixture of 8.0-hour Ta!’ and 8.1- 
hour Ta!®, Since these could not be resolved from each 
other in the gross decay curve, the combined total cross 
section for their formation is tabulated. Decay of the 
long-lived tail has not been followed long enough to 
identify it with the 2-year half-life reported for Ta!” so 
data for this activity have not been included with the 
cross section figures. 


TABLE I. Cross sections.* 








Cross section 
(mb) 


Cross section 
Nuclide (mb) 
0.006 Sr® 
0.035 Sr*! 
Zr9 
Zr97 
Mo” 
Ru”? 
Rus 
Rw 
Rh 
Rh5 
Rhl07m 
Pdios 
Agios 
Agiiom 
Agi! 
Ag? 
Agi 
Cd107 
Cdus 
Cdit5m 
In! 
Tnllom 
Tm!67 
Ypi66 
Yb! 
Lu! 
Lu 
Hfi71 
Hfi73 
Hf75 
Tal?7 
Tals 
Ta!76,180 
wie 
wi77 
wis 


Nuclide 


Na* 
Mg’ 
K*® 0.0066 
K4 0.017 
Mn® 0.0018 
Mn‘*6 0.033 
Fe® 0.050 
Co! 0.054 
Ni® 0.038 
Ni® 0.015 
Cu 0.065 
Cu®? 0.054 
Ga 0.064 
Ga’8 0.044 
As™ 0.021 
As76 0.056 
As77 0.030 
Br 0.095 
Br® 0.080 
Br 0.050 
Rb* 0.078 
Rb* 0.047 
In! 0.013 
In'4m 0.021 
Tell? *0.0045 
Tells *0.011 
Tel! 0.028 
Cs!37 *0.0047 
Csi? *0.0022 
Ba!’ 0.0041 
Ba!29 *0.0025 
Ba"! 0.013 
Cel 0.019 
Cel35 0.22 
Er! 3L3 
Tm!65 48.6 





0.036 
0.016 
0.027 
0.0042 
0.046 
0.0015 
0.032 








* Cross sections for nuclides whose decay schemes are not accurately 
known, and about which assumptions were made, are marked with an 
asterisk (*). 


Tungsten 


Five radioactive neutron deficient tungsten isotopes 
have been previously reported, and four of them have 
radioactive tantalum daughters. In the decay curves 
for the tungsten fraction, activities with half-lives of 
21.5 days, 53 hours, 8 hours, and approximately 130 
minutes were resolved. The 130-minute activity was 
probably due to a mixture of W!”* and W!”’ (80 minutes 
and 130 minutes, respectively). In the calculations, 
cross sections for the formation of these nuclides were 
based on the measured yields of their 8.0-hour Ta!”* and 
53-hour Ta!”’ daughter activities. 

The 21.5-day activity was identified with the 21-day 
W'8 which has 9.35-minute Ta!’* daughter in equi- 
librium with it. 

No evidence was seen of the 140-day W'*, although 
the tungsten decay was followed as close to background 
as was practicable. In the gross decay curve a 140-day 
activity could not have been present with an intensity 
greater than 0.5 percent of that of the 21.5-day W!”8. 


IV. RESULTS AND DISCUSSION 


A summary of the cross sections for the production 
of spallation and fission products formed in the 340-Mev 
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Fic. 6. The distribution of spallation and fission products as a 
function of mass. Solid line depicts the total chain yield curve 
obtained by integration of cross sections in Fig. 7. 


proton bombardment of tantalum is presented in 
Table I. Cross sections for individual nuclides represent 
average values taken from a series of bombardments 
and are calculated on the basis of a 10.0-mb cross 
section for the reaction Al?’(p,3pn)Na™ in the alumi- 
num monitor foils.” 

The error in these cross sections will depend on the 
type of decay involved in the individual cases. For 
beta-emitting activities with an excess of neutrons, 
cross sections should be reproducible to +5 percent. 
In view of the large number of corrections involved in 
the calculations, however, an average error of no better 
than +15 percent can be claimed. For neutron-deficient 
isotopes whose decay schemes, including abundances of 
positrons, gamma rays, and conversion coefficients are 
known accurately, this same limit of error should apply. 
For those nuclides whose decay schemes are not accu- 
rately known, and about which assumptions were made, 
the cross sections will obviously be no more accurate 
than the accuracy of the assumptions. Cross sections 
for nuclides in this last category are marked with (*) in 
Table I and must be regarded as only approximations. 
Neutron-deficient nuclides which decay by the electron 
capture process, whose cross sections are based on x-ray 
and gamma ray counting in which the radiations pass 
through absorbers, will have values which are not too 
much affected by lack of information concerning de- 
tailed decay schemes. The counting efficiency for a 
mixture of gamma and x-rays differing widely in energy 
can be somewhat uncertain when samples are counted 
on the Geiger-Miiller counter, however, so that an 
accuracy of no better than +25 percent may be claimed 
for samples counted in this way. 

A plot of the cross sections from Table I versus mass 
number is shown in Fig. 6. In addition, cross sections 
for the formation of Be’, Li*, and F'* which were ob- 


tained by interpolation in curves given by Marquez 
are included for reference. Several features of this plot 
are apparent even at first glance. First, cross sections 
for the formation of fragments in the fission product 
region differ from those in the spallation product region 
by factors as high as 10‘. Second, although the cross 
sections for the formation of fission products are low, 
a peak which can be attributed to the distribution of 
fission products is discernible. Third, although there is 
such a peak due to fission products, it is very small and 
relatively flat and indicates that fragments due to 
fission may be spread over a very wide range of atomic 
numbers. 

When the cross sections are plotted on a “chart of 
nuclides,” i.e., on a graph of atomic number versus 
neutron number for all nuclides (Z versus N plot), this 
spread-out quality of the peak due to fission products 
becomes much more apparent. Maximum cross sections 
for a given mass lie fairly close to the main line of beta 
stability for all elements from sodium to indium and 
these maximum cross sections do not differ by much 
more than a factor of ten. This compares with ratios 
of approximately 10° for the total chain yield cross 
sections at the fission peak to those at the minimum in 
the region between fission and spallation for the prod- 
ucts formed in the bombardment of both bismuth and 
uranium with 340-Mev protons. Attempts to make a 
detailed analysis of the peak due to fission products are 
hampered by the fact that it is so broad and low. If, on 
the Z versus N plot, a line is drawn between all nuclides 
having the same cross sections, reasonable interpolation 
being made between adjacent nuclides, curves such as 
those shown in Fig. 7 are obtained. If estimates of cross 
sections for the formation of stable nuclides are now 
made by interpolation between these isobarn lines and 
summations are made for each mass number, the solid 
curve of Fig. 6 may be drawn. This line will then 
represent the total chain yield at each mass number. 

Cross sections for the formation of nuclides in the 
spallation region of tantalum are shown in the Z versus V 
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Fic. 7. Cross-section contour plot of the fission area. 


44 Luis Marquez, Phys. Rev. 86, 405 (1952). 
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chart of Fig. 8. Mass numbers for which the plotted 
cross section represents total yield for the given nuclide 
plus all of its precursors are designated by arrows 
pointing down the chain. In the case of Lu'”*+!” and 
Ta!76+180 the summed cross section listed in Table I has 
been divided by two and plotted in brackets. 

Inspection of these figures leads to several very 
interesting conclusions. The peak of the fission product 
distribution curve in Fig. 6 lies at approximately mass 
number 83, indicating a “most probable fissioning 
nucleus” with a mass number of 166. From the contour 
lines of Fig. 7 it is not possible to say whether the peak 
cross section for the formation of the nuclide with mass 
number 83 lies at atomic number 35 or 36, either one 
of which seems probable. Biller, in his work on the 
reactions of bismuth” with 340-Mev protons, came to 
the conclusion that the peaks of his chain yields fell on 
a straight line having the same neutron to proton ratio 
as his most probable fissioning nucleus. Lines drawn 
with the neutron-to-proton ratios of 72Hf!®, 7;Lu'®, and 
¥b'® are included in Fig. 7. From the fit of these lines 
to the isobarn lines plotted it is apparent that either 
Hf'®* or Lu!® is equally possible as the most probable 
fissioning nucleus while Yb'® has too low an atomic 
number to fit the data. Thus it may be said that the 
most probable fission process is that in which the Ta!*! 
target atom loses sixteen nucleons (counting the inci- 
dent proton) before the fission process takes place, and 
that these nucleons are boiled off in the ratio of 2.5 
protons to 13.5 neutrons. These data are not incon- 
sistent with Biller’s results on bismuth, where two 
protons and 19 neutrons must be boiled off to give the 
most probable fissioning nucleus, or with the results of 
Folger, Stevenson, and Seaborg” and Douthett and 
Templeton* with uranium and 340-Mev protons, where 
two protons and approximately 20 neutrons are emitted 
prior to the most probable fission event. 

From a study of the shape of the total chain yield 
versus mass number curve of Fig. 6 three separate areas 
may be delineated: first, the area of very light masses 
(and probably relatively high cross sections for forma- 
tion) which represent small fragments emitted as part 
of the spallation process; second, the fission area corre- 
sponding to fragments having comparable sizes, or sizes 
larger than those normally considered as being involved 
in spallation reactions; and third, the area involving 
end products of spallation reactions in which only 
relatively small particles are ejected from the excited 
nucleus. It is evident that these areas are not very 
sharply defined for this type of bombardment; one 
cannot, say precisely where the spallation process ends 
and fission begins, or where fission ends and the small 
spallation fragments begin. As a matter of fact, such 
distinctions are largely a matter of nomenclature and 
definition. For the sake of argument, however, let us 
take the area under the total chain yield curve between 


(9s M. Douthett and D. H. Templeton, Phys. Rev. 94, 152 
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Fic. 8. Cross sections in the spallation region of tantalum. 


the two minima in Fig. 6 (mass numbers 20 through 132 
inclusive) as a measure of the total fission cross section. 
Upon integrating this portion of the curve and dividing 
by two for a binary fission process, the total fission 
cross section obtained for 340-Mev protons on tantalum 
is 4.1+1.5 mb. This compares with 2000 mb for 
uranium,” 239+30 mb for bismuth,’* and approxi- 
mately 10-'-10-? mb for silver!’ under the same bom- 
bardment conditions. 

Note should be taken of trends that are apparent in 
the distribution of fission products as the atomic 
number of the target material is increased. In silver, 
and to a lesser extent copper, indications are that in 
the fission region no symmetrical fission peak is de- 
tectable. Fission data for these elements are meager 
(i.e., five measured cross sections between mass-24 and 
mass-56 in the silver bombardments) so that no detailed 
information concerning the fission region is available. 
Even if such information were known, however, it 
seems probable that the indefinite extent of the spalla- 
tion process would tend to make interpretation of the 
fission data difficult. These total reaction cross section 
curves may be considered as a superposition of spalla- 
tion and fission cross section components and if spalla- 
tion extends into the fission area the effect will be to 
raise the “wings” of the fission curve, i.e., make it 
appear as though asymmetric fission were more prob- 
able than is actually the case. About all that can be 
done in the lighter elements is to set an upper limit to 
the total fission cross section, in the absence of any 
detailed knowledge about the distribution of the mass 
numbers of the fission fragments. 

This “contamination” of the fission peak by products 
which may be due to spallation is negligible for bismuth 
and uranium. Here fission is a predominant reaction and 
the fission cross section peak height is such that the 
ratio between cross sections at the fission peak and those 
at the minimum in the region between fission and 
spallation is roughly 10%. For these elements the con- 
clusion has been drawn that binary fission into roughly 
equal sized fragments is the most probable type of 
fission reaction. 

The tantalum fission data seem to indicate a picture 
which lies between these two extremes. From the shape 
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of the total chain yield versus mass number curve in 
Fig. 6 we may consider that the fission region extends 
roughly from mass number 20 to mass number 132. 
There will be overlapping between spallation and fission 
curves at the two extremes of this region, of course, 
but it is difficult to see how spallation, i.e., emission of 
a long series of small particles, will extend to products 
far enough into the fission region to change the shape 
of the fission curve significantly. It would appear, 
therefore, that the spread-out quality of the tantalum 
fission peak is real and that asymmetric fission is rela- 
tively more probable than in either bismuth or uranium. 
As a quantitative measure of this tendency toward 
asymmetric fission, let us compare the ratio of the cross 
section for symmetrical fission to that for a process in 
which the fissioning nucleus splits into fragments having 
masses in the ratio 70:30. Consideration of the data 
leads to a value of 5 for this ratio in tantalum fission. 
In uranium” the 50:50 split is approximately 50 times 
more probable than the 70:30 process and in bismuth!® 
this ratio is about 90. The latter two ratios are made 
somewhat uncertain by the steep slopes of the fission 
product distribution curves for bismuth and uranium, 
but they do indicate a trend which suggests for their 
explanation an extension of the line of reasoning used 
to explain the change in shape of the double humped 
thermal neutron uranium fission product distribution 
curve as the energy of the bombarding particle is in- 
creased. Included in this reasoning is the thought that 
at the higher energies the nuclear shell effects which 
probably contribute to asymmetric fission with thermal 
neutrons are overshadowed as a result of large nuclear 
excitation and therefore symmetrical fission becomes a 
favored reaction. The fact that the above-mentioned 
ratio is lower for uranium than for bismuth may indicate 
that the low-energy asymmetric fission process is still 
important enough with 340-Mev protons to broaden 
somewhat the uranium fission peak while low-energy 
fission does not occur with bismuth. This interpretation 
seems reasonable in view of the fact that a very wide 
range of excitation energies may be imparted to the 
target nucleus and that even in uranium nuclei excited 
to about 40 Mev the peaks corresponding to asymmetric 
fission may be seen. 

Since tantalum, like bismuth, does not undergo fission 
with low-energy particles, the question arises as to why 
the asymmetric fission of tantalum is so much more 
probable than that of bismuth. The small magnitude of 
the tantalum total fission cross section and the large 
energy required to effect the fission reaction indicate 
that a larger excitation energy is required to get 
tantalum into a fissionable state than is necessary for 
either bismuth or uranium. Perhaps it may be inferred 
that these very high excitation energies tend to destroy 
the fissioning nuclides’ preference for roughly sym- 
metrical fission. Thus we have asymmetric fission 
favored at low energies and symmetric fission at high 
bombardment energies with asymmetric fission be- 
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coming important again in those cases where the 
nucleus must take on high excitation energies as a 
prerequisite to undergoing the fission process. 
Incident protons with 340 Mev of energy may impart 
a very wide range of excitation energies“ to a target 
nucleus such as tantalum. It is interesting to try to 
determine the relative probabilities of the various type 
spallation reactions and the fission reaction in tantalum 
at the various excitation energies. The spallation yield 
data as summarized in Fig. 8 indicate that spallation 
reactions, with neutron emission favored over proton 
emission, are by far the most important of the com- 
peting reactions. The fission process does not seem to be 
significant. At higher excitation energies, after a fairly 
large number of neutrons and possibly one or two 
protons have been evaporated, emission of charged 
particles and fission both become increasingly im- 
portant. Even under these circumstances, however, it 
is interesting to note that the fission process does not 
have nearly as large a yield as the spallation process. 
This can be deduced from the yield data by the following 
approximate method of reasoning. Let us assume that 
most of the spallation products below mass number 166 
are formed by a spallation process in which they pass 
through intermediate nuclides with mass number 166 
or near 166. Integration of the spallation product yield 
curve below mass number 166 and comparison with the 
total fission cross section should then give an indication 
of the relative probabilities for spallation and fission 
for those tantalum atoms which had at least sufficient 
excitation energy to evaporate sixteen nucleons. Treat- 
ment of the data in this manner shows a total spallation 
cross section of about 600 mb for the formation of 
products with mass number less than 166 as against a 
total fission cross section of 4.1 mb. In view of the fact 
that we are considering a region of intermediate fission- 
ing nuclei rather than a single nuclide, and that this 
region should extend to mass numbers higher than 166, 
this ratio of fission to spallation yield must be regarded 
as only very approximate. As an order of magnitude, 
however, it shows that even when tantalum nuclei 
receive sufficient initial excitation energy to enable 
them to undergo the fission reaction, less than 1 percent 
of the nuclides actually do split; the remainder dis- 
sipate their excitation energy by the spallation process. 
The spallation yield data of Fig. 8 indicate that the 
highest cross sections are observed for those reactions in 
which the incident proton is not captured and only a 
few neutrons are evaporated. The relative probability 
of a proton being emitted with these first few neutrons 
could not be determined because the hafnium isotopes 
in this region which would be used for detection are 
stable rather than radioactive as required by the tech- 
nique used in this research. However, from the magni- 
tude of the cross section for the production of Hf!” it 
may be inferred that this probability is small compared 


46 R. Serber, Phys. Rev. 72, 1114 (1947). 
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to that for neutron evaporation. These data also indi- 
cate that spallation of as many as 21 nucleons has a 
yield lower than the maximum by a factor of only 7. 

In general it is possible by radiochemical techniques 
to detect only the end products of spallation reactions 
and not possible to establish the mechanism by which 
such products are formed. Thus a reaction in which 
four alpha particles are emitted leads to the same 
nucleus as one in which eight deuterons or eight protons 
and eight neutrons are emitted. However, some inter- 
esting conclusions can often be drawn by comparing 
the yields of neighboring shielded and unshielded 
nuclides. For example, some information concerning 
the mode of formation of the spallation products may 
be inferred from a comparison of the cross sections for 
the formation of Tm!® and Tm'®. In this case Tm!® is 
a shielded nuclide and may be formed only by spallation 
of five protons and nine neutrons (or combinations of 
these) from the target tantalum nucleus. Thulium-167, 
however, in addition to the possibility of formation by 
direct spallation of five protons and ten neutrons (or 
combinations of these) from tantalum, can be formed 
by beta decay (positron emission or electron capture) 
of members of the mass number 167 chain of higher 
atomic number, i.e., Yb!®”, Lu'®’, Hf!®”, Ta!67, and W!®7, 
Since Tm!*? and Tm'® are neighboring isotopes, it is 
reasonable to assume that their cross sections for direct 
formation by spallation are comparable. The observed 
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cross section for the formation of Tm'* is approxi- 
mately fifty times that for Tm’®. The conclusion 
naturally follows that most of the observed cross section 
for the formation of Tm!*’ must be due to contributions 
of its precursors and that the major portion of the 167 
chain yield lies in nuclides having atomic numbers 
greater than 69. 
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Experimental studies have been made of the low-energy yields 
of secondary particles resulting from high-energy bombardment. 
For this purpose, thin foils of Be, Al, Ni, Ag, Au, and U have 
been bombarded by an internal beam of 375-Mev alphas, 332-Mev 
protons, and 187-Mev deuterons. Secondary particles emerging 
from the disintegration of the nucleus at 0° to the incident beam 
direction are magnetically analyzed and detected in nuclear 
emulsions located beneath the median plane of the 184-inch 
cyclotron. There are three specific positions for these emulsions 
corresponding to energies of the secondary protons and of alpha 
particles of approximately 6, 10, and 20 Mev. This apparatus was 
modified to make a special study of the secondary alpha and 
proton yields by including two extra plates so that 10 energy 
points could be taken in the range from approximately 5 to 22 
Mev. The angular distribution of secondary particles has also 


been measured for 240-Mev alpha bombardment of Be, Al, Ni, 
and Ag. Here, secondary particles emitted at 0°, 45°, and 135° 
are detected in nuclear emulsions at positions for which the 
secondary proton and alpha energy is approximately 6 Mev. A 
secondary particle is identified by measurement of its radius of 
curvature upon entering the emulsion and its range and specific 
ionization in the emulsion. A considerable yield of hydrogen and 
helium isotopes as well as of particles of higher atomic number is 
found. The relative yields of the secondary protons and alpha 
particles for each element and for each bombardment are shown 
as a function of energy. The results, while found to be consistent 
with the predictions of an evaporation model, also indicate that 
a large percentage of secondary protons and alphas are directly 
knocked out of the nucleus. 





INTRODUCTION 


HE interaction of high-energy nucleons with 
nuclei is usually described qualitatively by means 
of a two-step process. In the first step, the incident 
nucleon interacts directly with a few nucleons in a 
nucleus. If such collisions are inelastic, mesons may be 
produced or if the collisions are elastic or quasi-elastic, 
large amounts of energy will be transferred to the 
nucleons and some of these will immediately (~10-” 
sec) leave the nucleus. The remaining nucleons will 
interact quite strongly so that in a very short time (per- 
haps ~10~ sec) the nucleus will be in an equilibrium 
state that can be characterized by a temperature. In 
the second step, the excited nucleus then proceeds to 
“boil off” particles, the latter process being described 
by an evaporation model. Nucleons or nucleon aggre- 
gates that leave the nucleus with energies of 30 Mev 
or less are generally associated with the evaporation 
process. 

Although this two-step process is generally accepted 
at present, some controversy exists as to which step 
predominates for the production of low-energy second- 
ary particles. The evaporation hypothesis has had 
considerable success in predicting the energy spectrum 
of the secondary particles. This theory is based on the 
Weisskopf thermodynamical model! for a nucleus of 
mass 100 and was first applied to analyzing very high 
nuclear excitation by Bagge.” Harding, Lattimore, and 
Perkins,? and LeCouteur* have refined this model in 

* This paper is based on a thesis submitted in partial fulfillment 
of the requirements for the Ph.D. degree. The work was performed 
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analyzing cosmic-ray events so that nuclear excitation 
energies as high as the total nuclear binding energy of 
the nucleus could be used to explain the spectrum of 
hydrogen and helium isotopes of less than 30-Mev 
energy. On the other hand, Bernardini, Booth, and 
Lindenbaum‘ believe that while the evaporation process 
may account for a major portion of the low-energy 
protons, for a 400-Mev primary nucleon at least 25 to 
40 percent of the low-energy protons are knocked out 
rather than evaporated off. 

The experimental information is based primarily on 
the direct bombardment of nuclear emulsions by high- 
energy particles produced by cosmic rays*:*-” or by 
artificial sources.'® The cosmic-ray bombardments show 
that the “black tracks,” which are composed primarily 
of hydrogen and helium isotopes of energies below 30 
Mev, have an isotropic distribution while the “grey 
tracks,” which are composed primarily of protons of 
energies in the energy interval 30 to 500 Mev, have a 
pronounced anisotropic distribution with a peaking in 
the forward direction. However, Bernardini et al.,!* in 
their experiment, in which they bombard nuclear 
emulsions with protons and neutrons of 300 to 400 Mev, 
found that while their “sparse black” and “grey track” 
distribution, which they define as having energies 
between 30 to 400 Mev, is similar to the cosmic-ray 
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data the angular distribution of black tracks was not 
found to be isotropic but there was a 25 to 40 percent 
excess of protons in the forward direction. They 
attribute the disagreement with cosmic-ray results to 
the difference in energy of the primary particles. 
According to their model, higher energy primaries 
induce nucleonic cascades in which preference for the 
incoming direction is lost by many collisions, so that 
the protons with less than 30 Mev of energy may be 
expected to have an isotropic distribution. 

In addition to the emission of individual nucleons 
and nuclear aggregates (2, 3, 4 nucleons), the ejection 
of larger fragments (Z from 3 to 10) is observed from 
high-energy nuclear bombardment'*~'* and cosmic-ray 
stars.!7-2! The emission of these larger fragments has 
been described by Perkins.” He finds that the evapo- 
ration theory predicts a frequency of fragment emission 
much smaller than observed. The low-energy fragments 
can be explained by a fission process.” However, high- 
energy fragments (energies greater than 4 Mev per 
nucleon) are strongly collimated with incident primary 
particle and cannot be explained by a fission process 
or by a direct knock-on by the primary particle.” 

As informative as the analysis of nuclear disintegra- 
tions in photographic emulsions may be, it leaves much 
to be desired. Complications are introduced by the 
presence of gelatin (light nuclei) in the emulsion and, 
of course, events occurring in Ag or Br cannot be 
distinguished from each other, so that a mean mass 
has to be assumed. Also, the statistical error in identi- 
fying particles and their energies is large. Barkas* 
has shown that it is possible to identify secondary 
particles and measure their energies by using the 184- 
inch cyclotron magnet as a spectrometer. The present 
experiment is a continuation of this method. 


Il. EXPERIMENTAL ARRANGEMENT AND PROCEDURE 


The entire experiment is performed beneath the 
circulating beam of the 184-inch cyclotron. The mag- 
netic field of the cyclotron provides a means for ana- 
lyzing the momentum of secondary particles emitted 
from an internal target. Nuclear track emulsions are 
employed to detect the secondary particles. 

Two specific experimental arrangements have been 
constructed to utilize an existing cart, 40 in. by 20 in., 
which enters the cyclotron pressure chamber through 
an air lock. This cart can be placed in position beneath 
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the circulating beam. One arrangement (Fig. 1) meas- 
ures the relative abundances of secondary particles 
emitted at 0° for three different radius-of-curvature 
intervals. The other arrangement (Fig. 2) measures 
the relative abundances of secondary particles emitted 
at three different angles for one radius-of-curvature 
interval. 

For both arrangements, the beam is clipped radially 
by a carbon block which is located on the opposite side 
of the cyclotron from the target. The beam is clipped 
at a radius two inches greater than the target radius. 
Vertical oscillations are also clipped by a copper block 
lowered into the beam so that the height of the beam 
at the target is largely confined to ? inch as determined 
by radioautographs of the target. 

The nuclear-track plates which are used as detectors 
are 200u Ilford C2 emulsions. These emulsions are of 
moderate sensitivity, so as to obtain some ionization 
discrimination and yet to be able to see higher energy 
protons in the emulsion. 


A. Momentum Distribution at 0° (Fig. 1) 


Thin ribbon targets extending parallel to the mag- 
netic field are placed with their smaller dimension 
perpendicular to the beam direction. These targets are 
exposed at a radius of 79 inches, corresponding to 
bombarding energies of protons of 332 Mev, deuterons 
of 187 Mev, and alpha particles of 375 Mev. Secondary 
particles then spiral down into nuclear emulsions which 
are placed at three specific positions along a radial line 
of the cyclotron. For the area of the plates that were 
scanned, these positions correspond to radius-of- 
curvature interval of 21-24.5 cm, 29-32.5 cm, and 
42-46 cm. The nuclear-track plates are placed with 
emulsion upward in a plane parallel to the median plane 
of the cyclotron. The plates are 53 inches below the 
median plane for 21—24.5 cm and 29-32.5 cm positions, 
and 4} inches for the 42-46 cm position. The plates 
had to be raised for the 42-46 cm position so the orbits 
of the secondary particles could clear the edge of the 
cart. Shielding, of brass and copper, is placed around 
the plates to protect them against stray particles from 
the main beam and against neutrons from the target. 
Channels are built in the shielding so that particles 
with a plane projected angle of +10° can enter the 
plates. 

In order to get more data for a separate study of the 
energy spectra of protons and alpha particles, the 
apparatus was modified by the addition of two plate 
positions, one plate falling between the plates at 
21-24.5 cm and 29-32.5 cm positions located at 53 
inches below median plane and the other between the 
29-32.5 cm and 42-46 cm positions located 4} inches 
below median plane. In order to improve the resolution 
and get additional data, two narrow regions were 
scanned on each plate. The radius-of-curvature intervals 
for the positions scanned were the following: 
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Fic. 1. Plan view of arrangement of apparatus to measure relative abundances of secondary particles emitted at 0° 
for three different radius-of-curvature intervals. The cart, loaded with copper shielding and with plates in the positions 
shown, enters the cyclotron vacuum tank through an air lock. The cart is low enough to be entirely underneath the 
circulating beam. The secondary particles spiral down slightly and enter the plates through the surface of the emulsion. 
Blocks of wolfram are placed as roofs over the plates to reduce stray light and background tracks. 


Plate position Radius-of-curvature intervals (cm): 


21.3-22.7, 23.5-24.9 
25.4-26.8, 27.6-29.0 
29.4-30.9, 31.6-33.1 
35.9-37.5, 38.2-39.8 
42.5-44.1, 44.7-46.4 


B. Angular Distribution (Fig. 2) 

This apparatus detects particles which are emitted 
at angles of 0°, 45°, and 135° to the incident-beam 
direction. In order to contain the orbits of secondary 
particles in regions of nearly constant magnetic field, 
the targets are exposed at a radius of 62 inches and 
mounted in the previously described manner. Thus the 
effective target thickness for the secondary particle is 
v2 greater for the 45° and 135° position than for 0°. 
The radius-of-curvature interval for each position is 
21-24.5 cm. At a 62-inch radius, the beam is only 2} 
inches above the plates. The elevation of the beam, 
coupled to the fact that only a limited amount of 
shielding could be placed around the plate, permitted 
only alpha bombardment as proton and deuteron 
bombardment blackened the plates with background 
tracks. The alpha energy at 62 inches is 240 Mev. The 
channels in the shielding permit particles with a plane 
projected angle of 0°+10°, 45°+10°, and 135°+10° 
to enter the plates in each position. 


C. Targets 


The targets are thin foils prepared by commercial 
methods. The amount of contamination should be <1 
percent (no experimental verification was made of the 
purity of each element, however). Uranium is un- 
doubtedly contaminated by the formation of an oxide 
which may be >1 percent. The target thickness is as 
follows, in mg/cm?: 


Be—8.67, 
Al—1.67, 
Ni—8.10, 


Ag—12.8, 
Au—11.7, 
U—23.0. 


D. Microscope Measurements 


The plates are scanned under ~1000X magnification. 
The position, range, plane-projected angle, and charge 
of each track on a measured area of plate are recorded. 
Only tracks having the proper dip angle while entering 
the emulsion within +10° of the mean plane projected 
angle for that plate are accepted. The ranges are 
measured by means of a calibrated reticule placed in 
the eyepiece of the microscope. However, some of the 
very long proton ranges (~1800u) were also measured 
by means of the microscope stage coordinates. The 
angles are measured within an accuracy of +1° by a 
goniometer affixed to the eyepiece. For most positions, 
the charge-one secondary particles (hydrogen isotopes) 
can be separated by eye from the higher-charge second- 
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Fic. 2. Plan view of arrangement of apparatus to measure relative abundances of secondary particles emitted at 0°, 45°, 


and 135° for one radius-of-curvature interval. (Cart, shielding, and geometry as in 


ary particles. The charge is recorded as one or greater 
than one. For those cases (to be discussed in the next 
section), where there is doubt concerning the charge, 
a measure of the specific ionization is made by recording 
the number of gaps in each track where there are no 
developed grains. Tracks were not recorded unless they 
were at least 9 microns long. This range was selected 
arbitrarily as a range that would not be overlooked by 
the observer, as well as being of sufficient length to 
get an accurate angle measurement. 


Ill. METHOD OF ANALYSIS OF SECONDARY 
PARTICLES 


A. Calculation of Range, Radius of Curvature, 
and Acceptable Range Interval 


In order to identify the secondary particles, one 
makes use of a set of curves in which the range in 
emulsion is calculated for each isotope and plotted as a 
function of radius of curvature (as in Fig. 4). In such 
a diagram each nuclear type falls on a characteristic 
locus. A point is plotted on the same graph, from an 
experimental determination of the range and radius of 
curvature. The position at which the point falls on the 
curve identifies the particle. 

The calculation of the ranges involves first finding 
the Hp and, consequently, the energy of each particle. 
An expression for the Hp of a particle moving in the 
median plane of the nonuniform field of the cyclotron 
has been previously derived.”* This expression, in which 
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Fig. 1.) 


the trajectories are described in cylindrical coordinates 
(r,8,2) and which is corrected for an orbit lying slightly 
outside the median plane, is 


rT2 
Hp=secy { H()rdr / (r1 costi1—12 COSA2), (1) 
rl 


where the subscripts refer to any point on the orbit, 
tan\=(1/r)dr/dé and y is the angle of pitch of the 
spiral path. For the special case of an orbit whose 
initial and final trajectories intersect the same radial 
line (all positions in Fig. 1 and 0° position in Fig. 2), 
(1) reduces approximately (error<0.1 percent) to 


Hp=sec secy f H(r)rdr / (ritre), (2) 


where @ is the plane-projected angle measured with 
respect to a line perpendicular to the radial line. For 
cases of the 45° and 135° positions in Fig. 2, the 
expression is slightly more complicated. The magnetic 
field of the cyclotron has been measured (relative field 
values are accurate to ~0.02 percent but the absolute 
value of the field could be off by as much as 0.1 percent) 
and Hp calculated by a numerical integration. 

Table I shows the secondary particles considered 
and their mean energies in each plate not corrected for 
energy loss in the target. Carbon is the highest atomic 
number considered, because the range-energy curves 
have not been verified for higher atomic number and 
because the resolution becomes very poor. 
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Knowing the energies, we find the ranges in emulsion 
of the hydrogen and helium isotopes by using the 
published data of Wilkins.** For the heavy secondary 
particles, the ranges are found by using the range-energy 
curves for the alpha particles and making use of an 
empirical expression which describes the range extension 
introduced by electron pickup.*’ 

Figure 3 shows a diagram of an orbit traveled by a 
particle upon leaving the target. From simple geo- 
metrical considerations and with the assumption of a 
uniform magnetic field, the radius of curvature, p, is 


4h? cos?B \3 
———), @) 
(w+28)?d? 


d 
p=pu eile seci( 1+ 


where py is the horizontal projection of p, y is the 
angle of pitch [tan (h/mpx) ], d is the distance from 
the target measured along the x axis at which a particle 
enters the emulsion, / is the height of the beam above 
the emulsion, and 8 is the plane projected angle (whose 
sign depends on the direction of the particle entering 
the plate). We can correct p by taking into account the 
nonuniformity of the field. That is, more exactly, 
p= (Hp)/H where Hp is determined from (2) and H is 
the mean value of the magnetic field for the orbit. The 
values for p determined by the two methods differ by 
<0.002p. 

The calculated-range-versus-p curve gives a character- 
istic locus for each nuclear type. However, this calcu- 
lation has to be verified experimentally because there 
is possible variation in the stopping power of the 
emulsion and error in the determination of the absolute 
value of the magnetic field. An experimental check was 
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Fic. 3. Schematic diagram of the trajectory of a secondary 
particle emerging from target and spiraling down and entering 
nuclear emulsion with plane projected angle £. 
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made by measuring the range-energy curve for alpha 
particles. There was agreement to better than 1 percent 
for the calculated curves in all plate positions. 

In order to determine how far from a calculated locus 
the range of a particle may fall and still be included as 
belonging to that locus, the range straggle was measured 
for the hydrogen and helium isotopes. The standard 
deviation was found to be nearly constant for all ranges 
and to be 3 percent or less of the range. (The range 
straggle includes the usual Bohr straggling, the effect 
of the finite width of the target, and observer errors.) 
The acceptable band width for each locus was taken 
as +23 standard deviations or +7} percent of the 
range. 

Protons have by far the longest range in each position 
and also undergo the most scattering. They could not 
be measured to the same accuracy as the other particles 
without consuming an inordinate amount of time. The 
band width for protons was widened to +10 percent 
to allow for less accurate measurements. Protons in 
the 42-46 cm position, which have a range of 1800u, 
frequently (~30 percent) scatter out of the plate 
before coming to the end of their range. 

In order to determine the number of protons that 
come from the target, a plot is made of the protons 
that leave the emulsion. The protons that have too 
long a range to have come from the target determine 
the background. It is found that the background 
protons constitute about 30 percent of the protons 
leaving the plate. 


TABLE I. Mean energies of secondary particles in Mev for the 
radius-of-curvature intervals considered. (These energies are 
uncorrected for energy loss in the target, although it is significant 
for particles of short range.) 
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Fic. 4. Representative sample of secondary particles resulting from 375-Mev alpha bombardment of Be. The solid lines are 
the calculated loci for most of the isotopes considered. The charge of each particle is determined to be one or greater than one 
by determination of the specific ionization. Particles whose ranges are displaced more than 73 percent of the calculated range 


are regarded background. 


There is some overlap of ranges for the hydrogen and 
helium isotopes, notably H? and He’, for all positions. 
Identification of such tracks was made by gap count. 
If G is the number of gaps in a residual range R, and 
M is the ionic atomic weight, then G/M=f(R/M), 
where f(R/M) is the same function of (R/M) for all 
isotopes of an element. Curves of {(R/M) prepared 
from tracks of all isotopes which have been identified 
provided means for separating completely H? and He’. 
There is also a slight overlap between H* and He‘ in 
the 21-24.5 cm position, and it was necessary to narrow 
the acceptable band width to 6 percent of the range 
for this case, as the tracks for these particles are too 
dense to separate by gap count. 

Only a few of the heavier particles can be identified 
individually. Li® and B® can always be distinguished 
from others by the characteristic hammer at the ends 
of their tracks and from each other by their ranges. 
Li’ can be separated only in the 42-46 cm position. 
Li’ and Be’ together form a common locus which is 
separable in each position, although there is possible 
contamination with carbon isotopes in the 21-24.5 cm 
position. For these particles also, a +7} percent band 
width was taken, except for Li® and Be? in the 21-24.5 
cm position, where the band width was 6 percent of 
the range. 

Figure 4 shows the calculated loci for the secondary 
particles that could be identified individually, together 
with a representative sample of experimentally deter- 


mined points for one of the bombardments using the 
0° apparatus. 

For the remaining secondary particles listed in 
Table I, there is an overlap of ranges, and separation 
was therefore attempted by grouping the calculated 
loci together wherever possible. The groups chosen are 
shown in the table of results. They were chosen arbi- 
trarily and could very well overlap. The small number 
of these particles found does not justify going into 
greater detail. Only tracks which were greater than 9u 
were accepted. All tracks that had a range greater than 
Qu but were still too short to fall on any calculated 
locus were listed in the “not classified” group. For the 
29-32.5 cm and the 42-46 cm positions, the members 
of these groups are fission fragments or members of 
the other groups that are not fully stripped of electrons 
when they leave the target. The resolution decreases in 
going from the 42-46 cm plate to the 21-24.5 cm plate. 
In the latter position, Li® and Be’ were the only heavy 
particles that could be separated; all the rest fell so 
close together that it was not even possible to separate 
by groups, and they were all listed in the ‘“‘not classified” 
group for this position. 


B. Background 


The general background is very definitely a function 
of the element used as target. Unfortunately, it is not 
possible to measure the background experimentally by 
removing the target. The target acts as a beam clipper 
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as well as a neutron source, so that conditions are not 
comparable when the target is absent. Since the same 
amount of shielding for the plates is used with each 
kind of bombarding particle, the general background 
may also be expected to be a function of the range of 
the bombarding particle in the shielding. The back- 
ground resulting from alpha and deuteron bombard- 
ment is very much less than the background resulting 
from proton bombardment. Nevertheless, the back- 
ground tracks, which arise principally from the scat- 
tered beam and neutrons striking the cart and shielding, 
are not a serious problem. The angle criteria (accepting 
only tracks of the proper projected and dip angles) 
rule out most of the background. With the exception 
of protons, practically all the secondary particles (~98 
percent) fall within the calculated range intervals. The 
situation for the heavy-particle groups and “not classi- 
fied” group is slightly ambiguous, as there is no range 
criterion to eliminate background here. However, only 
tracks which can be observed to have a charge of two 
or greater are included in this group and this type of 
background (charge 2 or greater) is believed to be 
small. Almost all the background tracks which satisfy 
the angle criteria and do not fall within calculated 
range intervals are protons, and most of these protons 
fall well outside the calculated range interval. 


ROBERT W. DEUTSCH 


C. Solid Angle Factor and Reduction of Data 


In making a comparison of the data from different 
plates, one must take into account the solid angle 
subtended by each plate. It is necessary to transform 
the plate coordinates (x,y,8) into the target coordinates 
(p,0,). That is, it is necessary to transform the number 
of tracks found per unit area per angular interval on 
the plate into the number of particles per unit solid 
angle per unit radius-of-curvature interval leaving the 
target. This transformation’* is accomplished by means 
of a Jacobian, J, such that: 


AN AN 





AN (=) 
ApAw ApAcosdAd — \ p,0,6/ AxAyAB 


The value of the Jacobian is 


2h 
[J|= 


cos?0 


sin” : 
2p cos0 


For the special case of 180° focussing, as we have in 
the two experimental arrangements, the Jacobian 
reduces to 2h[1+(apu/h)*], where h is the height of 
the beam above the plate and py is the horizontal 
projection of the radius of curvature. This Jacobian is 
needed as a weighting factor to reduce the data for 


TaBLE II. Relative abundances of products emitted at 0° to the incident beam direction for 375-Mev alpha bombardment. Each 
element has been normalized to 100 percent for the number of particles found per unit solid angle per unit radius-of-curvature interval. 
The actual numbers of tracks found are in parentheses and are listed below the percentages in each case. 








Rad.-of- 
curv. 
interval 42-46 cm 
Element Be Al Ni Ag Au U Be Al 


29-32.5 cm 21-24.5 cm 
Ni Ag Au U Al Ni Ag Au U 





Hi 10.92 
(163) 


H? 3.62 


12.10 
(199) 


2.43 


13.36 
(239) 


2.63 


17.37 
(194) 


3.40 
(54) (40) (47) (38) (19) 
H3 2.75 0.48 0.34 0.09 0.17 
(41) (8) (6) (1) (1) 
1.29 1.07 1.16 
(23) (12) (7) 
9.67 7.88 17.46 28.29 
(157) (159) (141) (195) (170) (273) 
0.74 0.42 0.50 0.63 1.50 0.63 
ai) @ 9M WM ~~ g) (9) 
0.33 0.48 0.34 0.27 0.83 
5S) @® © ©) §) 
0.07 0.28 
(1) (4) 
0.07 0.06 
qa) =) 


0.27 0.42 
© 
II 0.07 0.18 


29.62 
(178) 


3.16 


8.36 
(119) 


3.94 
(56) (31) 


2.32 0.19 
(33) (3) 


4,29 
(61) 


19.19 


13.57 
(214) 


1.97 


He? 1.33 

(21) 
14.97 
(236) 


1.14 
(18) 


2.68 1.46 
(40) = (24) 


10.52 


0.27 0.17 

(3) (1) (11) 

0.09 0.17 42 0.21 

(1) (3) (1) (1) (3) 
III 0.12 0.06 0.18 
(2) (1) (2) 

Not 0.61 0.22 O81 8.15 0.07 

classified (10) (4) (9) (49) (1) 

I —He-, Be®, Bie, Cu 

II —Be!®, Bu, C12, C13 

III—He’, Li®, B12, Cs 


0.77 = 1.46 


(23) 


1.27 
(20) 


0.06 
(1) 


0.06 
(1) 


3.30 
(52) 


26.88 
(401) 


8.51 
(127) 


38.56 9.79 
(499) (271) 
0.87 0.15 0.33 
(13) (2) (9) (12) (3) (16) 
0.34 0.15 0.25 0.43 0.03 0.08 
(5) (2) (7) (8) (1) (9) 
1.01 0.08 0.47 0.59 0.06 0.17 
(15) (1) (13) (11) (2) (20) 
2.24 3.87 11.70 0.25 0.49 
(29) (107) (218) (8) (58) 

0.47 83 0.48 19 0.43 

(13) (9) (5) 


14.82 
(276) (491 


0.65 0.19 


1.67 
(196) 


0.14 


31.16 15.90 
) ($08) 
0.06 
(2) 


0.47 
(7) 


0.47 0.38 
7) S) (12) 
0.14 0.08 0.09 0.32 
2) @) @) 9) 


0.43 


0.14 0.23 


1.27 4.05 0.32 0.18 0.31 
(2) (3) (26) (112) (S) (©) (37) 


I —He’, Li’, Be, Bel, Bt, Bu, Cu, C12, C13 
II—He’, Li®, B12, C4 








28 W. H. Barkas. University of California Radiation Laboratory Report UCRL-2126 (unpublished). 
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TaBLE III. Relative abundances of products emitted at 0° to the incident beam direction for 332-Mev proton bombardment. Each 
element has been normalized to 100 percent for the number of particles found per unit solid angle per unit radius-of-curvature interval. 
The actual numbers of tracks found are in parentheses and are listed below the percentages in each case. 











Rad.-of- 


curv. 
interval 42-46 cm 29-32.5 cm 21-24.5 cm 


Element Be Al Ni Ag Au U Be Al Ni Ag Be Al Ni Ag Au U 





H! 14.10 9.47 15.63 51.50 16.02 27.36 45.03 10.82 22.21 40.11 16.74 1.45 2.26 
(146) (132) (104) (138) (120) (183) (241) (87) (165) (256) (260) (136) (109) 


H? 3.38 1.94 3.91 1.86 1.86 1.05 2.74 0.40 0.12 0.05 0.11 
(35) (27) (26) ~— (5) (14) (7) (22) = (3) (2) (5) 6S) 

H? 0.58 0.07 1.05 0.26 1.37 0.27 0.06 0.01 0.06 
£2) > 9 HOD MSD (2) (11) (2) qa)  (@) (3) 

0.96 0.86 0.60 0. 0.26 2.74 0.94 0.04 0.25 

(10) (12) 4) 1) (2) (22) (7) (3) (12) 

Het 6.37 3.95 12.62 15.49 14.68 12.25 0.23 2.07 
(66) (55) (84) (116) (118) (91) (21) (100) 


Lis, Be? 0.22 0.15 0.26 0.62 0.40 0.05 0.16 
(3) (1) (2) (5) (3) (5) (8) 


Li? 0.07 
(1) 
Lié ’ 


1.32 0.42 
(10) (S) 


0.37 0.53 0.09 
(1) (4) (1) 


Not 0.11 0.07 0.37 24.77 0.24 0.80 0.21 7.04 0.05 0.31 
classified (1) (1) (1) (78) (2) (6) (2) = (83) (4) = (15) 
I —He’, Be’, B10, cu I —He‘’, Li’, Be®, Be!®, B19, Bu, Cu, C12, Cis 
II —Be?, Bu, C12, Cis II—He’, Li, B12, C4 
IlI—He’, Li®, B2, Cu 








TABLE IV. Relative abundances of products emitted at 0° to the incident beam direction for 187-Mev deuteron bombardment. Each 
element has been normalized to 100 percent for the number of particles found per unit solid angle per unit radius-of-curvature interval. 
The actual numbers of tracks found are in parentheses and are listed below the percentages in each case. 








Rad.-of- 


curv. 
interval 42-46 cm 29-32.5 cm 21-24.5 cm 


Element Be Al Ni Ag Au U Al Ni Ag Au U Be Al Ni Ag Au U 





H! 10.48 17.36 29.26 29.63 28.40 35.76 26.99 9.76 9.96 25.51 37.58 18.29 1.87 2.08 
(230) (206) (177) (312) (403) (473) (349) (264) (80) (166) (257) (325) (87) (117) 


2.23 4.80 3.80 2.56 0.99 0.45 0.23 0.37 Sit . 1.23 029 0.04 0.27 
(49) (57) (23) (27) (14) (6) 3) _— (10) (25) (8) ~— @) (2) (15) 
0.41 1.09 0.33 0.57 0.07 0.15 0.21 2.99 0.77 0.14 0.11 

9) (3) @) ©) @) @) ©) (24) (5) (1) (6) 
0.50 1.09 0.99 0.67 0.52 0.15 0.41 3.24 0.31 0.14 0.02 0.11 
(ii) (13) ) (7) (2) (A) (26) (2) (4) (1) @) 
4.15 12.88 26.12 17.28 5.60 0.77 2.21 13.33 13.37 2.63 0.34 6.81 
(91) (153) (158) (182) (74) (10) (60) (107) (87) (18) (16) (383) 


Lis, Be? 0.05 0.66 0.47 0.07 0.39 0.25 0.75 0.31 0.02 0.08 
(1) (4) ) q@) G6) @%) (6) = (2) (i) S) 


0.09 0.17 0.57 
(2) (1) 6) 


0.05 
(1) 


0.09 0.33 0.79 0.69 
(2) (2) (13) (9) 
0.82 0.19 21 0.43 0.23 

(S) (7) (3) 


0.17 0.50 
(2) (3) 
Not 0.79 0.32 1.09 4.30 0.07 0.55 0.07 0.69 8.06 ; 006 0.13 
classified (is) (7) (13) ~— (26) (1) (9) (1) (9) (218) (1) (6) 
I —He’, Be®, Bi, Cu I —He’, Li?, Be®, Be, Bt, Bu, Cu, C12, Crs 
II —Bel®, Bu, Ciz, Cis II—He’, Li, BY, C4 
IlI—He’, Li, Bu, Cut 
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Fic. 5. Yields of secondary protons and alphas emitted at 0° 
to the incident beam direction as a function of their energy. The 
yields of protons and alphas are relative to each other and the 
ordinate is in arbitrary units. Smooth curves have been arbitrarily 
drawn through the points. The errors shown for the number of 
particles found are statistical standard deviations. The energy 
resolution for each point is found by combining the energy spread 
determined from scanning a finite length of plate and the loss of 
energy by ionization in traversing the thickness of target. 
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Fic. 6. Yields of secondary protons and alphas emitted at 0° 
to the incident beam direction as a function of their energy. 
(See caption to Fig. 5.) 


the apparatus shown in Fig. 1. However, for the angular 
distribution, Fig. 2, the Jacobian is the same for each 
position, as py and h are the same in each position. 

Finally, expression (4) is transformed into a function 
of the energy by using a nonrelativistic relationship 
between energy and momentum such that: 


AN p AN 
AFAw 2E ApAw 





(5) 


IV. EXPERIMENTAL RESULTS 
A. Momentum Distribution at 0° 


Table II gives the abundance distribution of second- 
ary particles obtained for 375-Mev alpha bombard- 
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Fic. 7. Yields of secondary protons and alphas emitted at 0° 
to the incident beam direction as a function of their energy. 
(See caption to Fig. 5.) 


ment. Tables III and IV give similar results found for 
332-Mev proton and 187-Mev deuteron bombardments. 
In these tables, each element has been normalized to 
100 percent for the number of particles found per unit 
solid angle per unit radius-of-curvature interval. The 
numbers not in parentheses are the percent values of 
each secondary particle found. The figures in paren- 
theses are the actual numbers of tracks found. The 
method for reducing the data to this form has been 
described in the previous section. 

The spectra of the protons and alphas that were 
obtained with the modified apparatus are shown in 
Figs. 5-10 for each bombardment. These figures give 
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the yields of protons and alphas relative to each other 
expressed in arbitrary units. The points are connected 
by a smooth curve drawn in an arbitrary fashion. It is 
not possible to compare different bombardments of the 
same element directly as such a comparison would 
require measurement of the absolute yields. Lack of 
time did not permit the scanning of the plates for the 
proton bombardment of Ni, Au, and U. For these 
bombardments, the results as listed in Table III are 
given with the expected curves. In all these plots, the 
errors shown for the number of particles found are 
statistical errors expressed in standard deviations. The 
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Fic. 8. Yields of secondary protons and alphas emitted at 0° 
to the incident beam direction as a function of their energy. 
(See caption to Fig. 5.) 


energy resolution for each element shown is found by 
combining the finite length of plate with the loss of 
energy by ionization caused by the finite thickness of 
the target. The ionization loss for protons and alphas 
in Be, Al, and Ag targets was found directly from 
Aron’s range-energy curves.” The ionization loss in 
the Ni, Au, and U targets was found by extrapolating 
the results for Cu and Pb, respectively, considering 
the change in electron density. 

* Aron, Hoffman, and Williams, University of California 


Radiation Laboratory Report UCRL-121, AECU-663, 1949 
(unpublished). 
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Fic. 9. Yields of secondary protons and alphas emitted at 0° 


to the incident beam direction as a function of their energy. 
(See caption to Fig. 5.) 
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Fic. 10. Yields of secondary protons and alphas emitted at 0° 
to the incident beam direction as a function of their energy. 
(See caption to Fig. 5.) 
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Fic. 11. Relative yields for the angular distribution of secondary 
protons and alphas resulting from 240-Mev alpha bombardment 
of Be, Al, Ni, and Ag. The number of tracks found per unit solid 
angle per unit energy interval is in arbitrary units. 


B. Angular Distribution 


Tables V to VII give the results obtained for Be, Al, 
Ni, and Ag for 240-Mev alpha bombardment. In these 


tables, each element has been normalized to 100 percent 
for the number of particles found per unit solid angle 
per unit radius-of-curvature intérval. The numbers not 
in brackets are the percent values for each secondary 
particle found. The numbers in brackets are the actual 
numbers of tracks found. Figure 11 is a plot of the 
relative yields of protons and alpha particles (the 
errors shown are statistical errors). The energies of the 


TABLE V. Relative abundances of products emitted at 0°, 45°, 
and 135° to the incident beam direction for 240-Mev alpha 
bombardment. Each element has been normalized to 100 percent 
for the number of particles found per unit solid angle per unit 
radius-of-curvature interval. The actual number of tracks found 
is in parentheses listed below the percentage in each case. 








Bombarded 
element Be 
Angular 
position 
H! : 8.80 
(252) 
2.27 
(65) 
2.41 
(69) 
2.55 
(73) 


135° position 


2.95 
(324) 
0.77 


0° position 45° position 





Not 
classified 
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protons considered are 5.50.6 Mev, while the energies 
of the alpha particles are 6.81.9 Mev. 

The results for Au and U have not been included. 
The results for different exposures for these elements 
were inconsistent and not very reproducible. However, 
the yields from these bombardments were quite low, 
the flux of secondary particles being less than one 
hundredth as much, for the same bombarding time, as 
for the other elements. The fact that the yields are low 
for Au and U is not surprising, since the energies of the 
secondary particles are well below the Coulomb barrier 
for these elements. For extremely low yields, it is to be 
expected that any background effects, such as stray 
particles striking the cart and shielding and being 
scattered into the plates or producing secondary parti- 
cles which enter the plates and satisfy the angular and 
range criteria, will be greatly magnified. All the elements 
with the exception of Be were run more than once, and 
there was always agreement well within statistics for 
the different exposures of the same element except in 
the case of Au and U. The results given in Fig. 11 for 
Be, Al, Ni, and Ag show that the angular distributions 
of the protons and alphas change very definitely as a 
function of atomic number, indicating that the back- 
ground effects are small for these cases. 

The failure to measure the angular distribution of 
Au and U for these low-energy secondary particles 
should not cast doubt on the results obtained for Au 
and U by using the apparatus which measured the 
momentum distribution at 0°. Here the results of 
different exposures for the same bombarding particles 
were reproducible, although the low-energy alpha yield 
fluctuated for reasons explained in Sec. V-B. The 
angular distribution apparatus is known to have a 
higher background; only alpha bombardment of the 
targets is possible. The higher background in the 
angular distribution apparatus is due to several factors. 
The plates have less shielding around them; the median 
plane of the cyclotron is one inch or 50 percent closer 
to the top of the cart at the target position, and the 
plates are set higher in the cart and therefore are closer 
to the median plane. 


V. DISCUSSION OF RESULTS 


A. Angular Distribution of Protons and 
Alpha Particles 


The most direct way of discerning the region of 
validity of the cascade and evaporation models is to 
measure the angular distribution of heavy nuclei for 
energies of the secondary particles varying from about 
5 to 50 Mev. Because of the limitations of the size of 
the cart, the highest energy that could be measured 
for secondary protons and alphas in this experiment 
was approximately 6 Mev. 

The results for Be and Al represented in Fig. 11 show 
a sharp falling off as a function of increasing angle. 
However, since alphas are the bombarding particles, 
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the center-of-mass velocity is undoubtedly high enough 
—even taking into account a considerable amount of 
incident momentum being carried off by fast ejected 
particles—that there will be a considerable difference 
between the distribution actually occurring in the 
center-of-mass system and that measured in the labo- 
ratory system. There has been no lower limit set as to 
the number of nucleons necessary for a statistical 
theory, such as the evaporation model, to be valid. 
Since the compound-nucleus theory holds for the 
lightest elements, it would not be too surprising if Be 
could be explained by a two-step process. Nevertheless, 
to disentangle the results enough to determine the 
center-of-mass distribution for these light elements 
requires a considerable amount of supposition concern- 
ing the nature of the process giving rise to the secondary 
particles, and such an analysis has not been attempted. 

The results for Ni and Ag are shown in Fig. 11. For 


TABLE VI. Relative abundances of products emitted at 0°, 45°, 
and 135° to the incident beam direction for 240-Mev alpha 
bombardment. Each element has been normalized to 100 percent 
for the number of particles found per unit solid angle per unit 
radius-of-curvature interval. The actual number of tracks found 
isin parentheses listed below the percentage in each case. 








Bombarded 
element Al 
Angular 
position 135° position 


9.18 


0° position 45° position 





Li®, Be’ 


Not 
classified 


(51) 








these elements the center-of-mass velocity is small. For 
low-energy particles, however, it is significant, since in 
the region around 6 Mev the yield of protons is energy- 
dependent (as one can see from the results for Ni and 
Ag in Figs. 7 and 8). Thus, if the residual nucleus 
retains a major portion of the incident momentum, 
then for a constant laboratory energy, a proton emitted 
in the backward direction has ~1 Mev greater energy 
than a forward emitted proton. In this energy region, 
the proton yield for Ni is a decreasing function of 
energy, while the proton yield for Ag is an increasing 
function of energy. Therefore, an isotropic emission in 
the center-of-mass system would show a peaking in the 
forward direction for Ni and a rise in the backward 
direction for Ag. This is what is observed in Fig. 11. 
The solid angle factor in going from the center-of-mass 
system to the laboratory system should also be taken 
into account, although it is quite small at low velocities. 
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TABLE VII. Relative abundances of products emitted at 0°, 
45°, and 135° to the incident beam direction for 240-Mev alpha 
bombardment. Each element has been normalized to 100 percent 
for the number of particles found per unit solid angle per unit 
radius-of-curvature interval. The actual number of tracks found 
is in parentheses listed below the percentage in each case. 








Bombarded 
element Ni 
Angular 
position 


H! 36.34 


135° position 
23.64 


45° position 
27.29 


0° position 





H* 
H’ 
He? 
Het 
Li®, Be? 
Li® 


Not ; 0.11 
classified (1) 








This factor tends to cause a peaking in the forward 
direction, and probably affects Ni more than Ag, since 
the center-of-mass velocity is probably less for Ag than 
for Ni. Therefore, it appears that the proton angular 
distribution is isotropic for both Ni and Ag. The rise 
in the alpha yield with increased laboratory angle for 
both these elements can also be explained by similar 
arguments based on the fact that yield of alpha particles 
should be increasing with energy in the region. 


B. Energy Distribution of Protons and Alpha 
Particles Emitted at 0° 


1. Ag (Fig. 8) 


The element that can best be compared with theory 
is Ag, Fig. 8. The predicted proton distribution for the 


TABLE VIII. Relative abundances of products emitted at 0°, 
45°, and 135° to the incident beam direction for 240-Mev alpha 
bombardment. Each element has been normalized to 100 percent 
for the number of particles found per unit solid angle per unit 
radius-of-curvature interval. The actual number of tracks found 
is in parentheses listed below the percentage in each case. 








Bombarded 
element Ag 
Angular 
position 


H 27.90 


45° position 135° position 


26.88 


0° position 





Li®, Be? 


Not 
classified 
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Fic. 12. The energy spectrum of the evaporated particles of 
charge e for five different values of the initial excitation energy. 
[LeCouteur (see reference 4) ] 


evaporation model as derived by LeCouteur is shown 
in Fig. 12. It can be seen that the shape of the curves 
is a very slowly varying function of excitation energy. 
The shapes of the experimentally determined proton 
spectra appear to be nearly similar for all bombard- 
ments. This fact is significant since, according to the 
evaporation model, the only effect of the bombarding 
particle should be in the total excitation energy given 
to the nucleus, and the resulting low-energy spectrum 
should be nearly independent of the primary process. 
In all cases, there is a maximum near 8 Mev. However, 
the position of the most probable energy appears to be 
increasing with excitation energy. That is, although the 
excitation energy is not known, the alpha bombardment 
should provide the highest excitation (believed to be 
~100 Mev) while the proton and deuteron bombard- 
ments probably have similar excitation energies (be- 
lieved to be ~50 Mev). This shift would be expected 
on a simple classical evaporation model, but LeCouter’s 
curves indicate the most probable energy is independent 
of temperature. Also an evaporation model implies an 
exponential fall off in the yield for energies higher than 
the most probable energy, and the yield is definitely 
not falling off exponentially for the proton spectra. 
It appears, therefore, that a considerable number of 
these higher-energy protons originate from another 
process, probably the knock-out process postulated by 
Bernardini et al. 

According to the evaporation model, the alpha parti- 
cle distribution should have a peak at approximately 
twice the most probable proton energy. In all cases, 
this maximum is observed. However, here too the yield 


is not falling off exponentially for energies higher than 
the most probable alpha energy but indeed much less 
slowly. This discrepancy with the evaporation model 
implies that alpha particles are also knocked out of the 
nucleus. Bernardini ef al. have not considered this 
possibility at all. As a matter of fact, they identify all 
their black tracks to be protons upon the assumption 
that the alpha particle emission is small compared to 
nucleon emission. However, for the proton bombard- 
ment which closely resembles the experiment of 
Bernardini et al., the alpha-to-proton ratio is approxi- 
mately 0.27 considering only energies of the secondary 
particles up to 24 Mev. Extrapolating to 30 Mev, the 
alpha-to-proton ratio is about 0.32. Thus, in terms of 
the black’ tracks of the Bernardini e¢ al. experiment, 
about 25 percent of these black tracks are alpha 
particles. 
2. Ni (Fig. 7) 

The results for Ni are very similar to the Ag results. 
There appears to be a peak at about 5 Mev for the 
proton spectrum while the alpha spectrum has a maxi- 
mum at about twice this value in agreement with an 
evaporation theory. However, here again the non- 
exponential fall-off in the yields for the high-energy 
protons and alphas are indicative of a knock-out 
process. 

3. Au and U (Figs. 9 and 10) 


For these elements, the evaporation model predicts 
that the probability of charged particle emission should 
be very small compared to neutron emission since the 
large Coulomb barrier for these elements prohibits 
charged particle emission. The proton spectra have 
very flat maxima in the vicinity of 13 Mev for Au 
and 15 Mev for U for all the bombardments, the shift 
in the peak with atomic number again being in accord- 
ance with an evaporation theory. However, the flatness 
of the maxima indicates the dominant form of emission 
for charged particles is the knock-out process for these 
elements. 

The yield of alpha particles is rising at 20 Mev for 
both elements and not much can be said about the 
location of the maxima. The rise in the yield of alpha 
particles at low energies is attributed to slow alpha 
emitters created during the bombardment. Also, these 
slow alpha emitters undoubtedly cause fluctuations in 
the alpha yield, since the number of low-energy alphas 
detected is a function of the time the plates are left in 
the cyclotron after bombardment. 


4. Be and Al (Figs. 5 and 6) 


The Be bombardments are complicated by the center- 
of-mass velocity. Here as with the angular distribution, 
no attempt has been made to unravel these distributions 
to get the true emission spectra. Al, despite the com- 
paratively few number of nucleons present, appears to 
have maxima in the regions that an evaporation model 
would predict. 
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C. Other Secondary Particles 


Tables II-VIII indicate that an appreciable number 
of other particles are also emitted. However, the indi- 
vidual statistics as well as the energy resolution are 
quite poor for most of these particles. In comparison 
to the yields of protons and alphas, the yields of H?, 
H' and He’ particles are considerable only for the light 
elements, Be and Al. The depression of the yields of 
these particles for heavier elements is primarily a 
Coulomb barrier effect. In particular for the H? and 
H’ particles, their energies are approximately 3 and 3 
respectively of the proton energy so that only the lower 
part of the spectrum is measured which is the part that 
is suppressed by the Coulomb barrier. 

The results also indicate that secondary particles, 
fragments of A >4, are also emitted with high momenta. 
The yields seem to follow the curve for binding energy 
per nucleon, being high for the light and heavy elements 
and having a minimum for Ni. Most of these heavy 
fragments from heavy nuclei undoubtedly result from 
the fission process. However, it is conceivable, in the 
light of the spectra of the secondary alphas, that some 
of them are produced by the knock-out process. 


VI. GENERAL OBSERVATIONS 


The results obtained in this experiment for the 
proton and alpha yields are consistent with the pre- 
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dictions of an evaporation model. The positions of the 
maxima for each element and the change of the maxima 
as a function of atomic number are in accordance with 
the theory. Also, for Ag, at energies at about 6 Mev 
the distributions of protons and alphas seem to be 
isotropic. On the other hand, the high-energy tail of 
the proton distribution found for Ag indicates a com- 
petitive knock-out process such as has been treated by 
a nucleon cascade theory. However, the high-energy 
tail found for the alpha spectra of Ag as well as the 
large abundance of those alpha particles (~25 percent 
of the black tracks) indicate a knock-out process for 
alpha particles which does not have a theoretical 
interpretation as yet. 
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Nucleon Anomalous Moment in a Cut-Off Meson Theory* 


M. H. FrrepMANt 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received August 26, 1954) 


The anomalous magnetic moments of the neutron and proton are calculated to fourth order by using a 
cut-off meson theory. The value obtained is 1.44 when one uses the same parameters as employed for fitting 


the meson-nucleon scattering data. 


I, INTRODUCTION 


NUMBER of meson theory calculations have 

been carried out by using a cut-off model, the 
results of which seem to agree fairly well with experi- 
ment over the region of applicability. A summary of 
these results has been prepared.! This paper will deal 
with the calculation of the anomalous nucleon magnetic 
moments up to fourth order in the coupling constant. 
It will be seen that the f* corrections are small com- 
pared to the f? terms so that one has reason to believe 


*This work was supported in part by the Office of Naval 
Research. 

t Now at Physics Department, Columbia University, New 
York, New York. 

1G. F. Chew (to be published). 


that perturbation theory makes sense for this model. 
This point has been discussed in more complete detail 
for the general case.” 


II. HAMILTONIAN 


The Hamiltonian chosen corresponds to the deriva- 
tive coupling of pseudoscalar mesons with a fixed ex- 
tended source. The electromagnetic interactions do not 
include those involving the nucleon currents, which we 
assume to be small because of the elimination of high 
momentum mesons and hence large nucleon recoils. 

The theory may be made gauge-invariant in an in- 
finite number of ways. One such? is to modify the usual 


2G. F. Chew, Phys. Rev. 94, 1755 (1954). 
3R, G. Sachs (private communication), 
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derivative coupling so that 


(f/u) f tta-¥o(x)p(x)dx > (f/n) f rev 


{oa exp( ie f A-ds) fo(adax, 
r 
and 


(f/u) j 1 0-V*(x)p(x)dx > (f/u) f ro-v 


{6G exp( —ie [ A-as) 


where A is the vector potential and ¢ the charged meson 
field. p(x) is a form factor which makes the interaction 
nonlocal and I is a straight line contour from the origin 
to the point x. However, since the magnetic moment 
will only receive contributions from circulating cur- 
rents, the line integral /A-ds is equal to zero for our 
present purposes. That is, if we choose A= —}rX &, 
where & is a uniform magnetic field, this is the case. 
It is also convenient to work in the interaction repre- 
sentation so that our interaction Hamiltonian finally 
becomes 


p(x)dx, (1) 


Hine=Hi+Hz2, 


Hy=(f/w) bd) f ra -Vba(%1)6(x)dxy(i) 
~smb(¥), (2) 
H2= Typ { dxAr(x) “b.V dy, 


where 
T= 1 
=—1 for p=2, v=1 


for w=1, v=2 


=0, otherwise. 


Repeated indices are to be summed. The ¢,(x,/) are the 
three real components of the meson field, while y(?) 
is the nucleon field. In this approximation this latter 








nucleon line 
------- meson line 


“external photon” line 


Fic. 1. Feynman diagrams for the anomalous magnetic mo- 
ment calculation to fourth order. Diagram (a) gives a second order 
term and fourth order terms resulting from renormalization. 
Diagram (b) gives a fourth order contribution. 


FRIEDMAN 


is a function of time only (being fixed at the origin of 
the space co-ordinates) and consists of four states 
corresponding to the four spin and isotopic spin ori- 
entations. Ar(x) is the vector potential which is now 
transverse. 

The Hamiltonian used here has omitted any de- 
scription of the interaction of the nucleon current with 
the electromagnetic field. One may show that if this 
model is assumed to be the low-energy limit of a rela- 
tivistic theory, then consistency requires that we also 
omit the effect of the Dirac moment of the proton in 
intermediate states.* 


III. ANOMALOUS MOMENT TO ORDER f?/4x 
In the following, all references shall be to three- 


vectors, the fourth component being specifically written 
in or mentioned. Let 


o(| |) = f dxp(x) exp(ik-x), (3) 


and the electromagnetic field be given by 
K(x) a Vv XAr(x), Ar(x) = Daag exp(iq: x), (4) 


where 
q:a,=0. 
Then the Feynman propagators and vertex operators 
are as follows: 
(a) Emission or absorption of a meson of mo- 
mentum k, 


+io-kz,v(k) [+ for absorption, (—) for emission ]. 
(b) Scattering of a meson from k to k+q by (x), 
QieT y»aq: k. 


(c) Propagation of a meson with momentum k and 

energy ko, 
1/(ko?—wr’), 
where w,= (k?-+y?)?. 

(d) Propagation of a nucleon with energy fo and 
renormalized mass m (the nucleon always has zero 
momentum), 

1/(po—m). 
In (c) and (d), the masses have small negative imagin- 
ary parts. 

Thus to second order the only Feynman diagram is 
that of Fig. 1(a). The corresponding matrix element is 


M.=2ie(f/u)?E, | — 
M,=2ie(f/u —z 
j q (2m)! 


aq’ 

-(k 7.0(|k —— 
(k+4q)7,2(| t+ a 
1 1 


x , 
Lhe? — (wcu+q)— 4)” ] [ho?— (wx—ie)?] 


4G. F. Chew and F. Low (private communication). 


te 


v(k)o- kr, 


- 


(5) 








wher 


NUCLEON ANOMALOUS MOMENT 


where d4k=idkodk. We first integrate over dko, and 
perform the indicated sum on the r matrices to obtain 


u=2(F/aers Ea f“ = 


0(k) aq: ke- ko- qv(| k—q| ) 
x 





(6) 


WW (k—q)” 


where we have made use of the following relation: 
ay: f kf(\k—al)dk=ay-a f #aek(¢#)=0. (7) 


Here f is an arbitrary function and + is the result of 
the angular integration over k. It is now permissible 
to assume that the external magnetic field is slowly 
varying, so that to first order in q, Eq. (6) becomes: 


M,=— (e/2m)r30-H (x=0) 
8 m/1\ ® dkk'n*(k) 
xf jany-(-) — ; 


eo Wk 


where we have used 
Yq(o- aq) (o-q) = —o-5C(x=0). (9) 
IV. (f?/4x)? CONTRIBUTIONS 


We again obtain fourth order contributions from 
diagram (a) of Fig. 1, if we replace Sr(po) by the. re- 
normalized propagator Sr,’(po), and +i(o0-k)v(k)7, by 
+i(o-k)v(k)7,L,(po,po'). The procedure for renor- 
malization is that of Dyson and Ward. To order /?, 
Sp,’ and L, are 


woo=——+() (5) 5 
dkk'v?(k) 


if | 
J) [po—m—wrx Jot 


L,(po,po’) = +(—)(— -)- nk dkkv?(k) 





(10) 





1 
1 a 
weLwr— po—m |Lwe— po’ —m]  wi3 
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In addition to this there is a contribution corresponding 
to diagram (b) of Fig. 1. 

The calculation of these matrix elements is straight 
forward and employs the same procedures used in 
evaluating the second order term. We shall therefore 
just quote the results. 

Let M,% be the /* contributions arising from S,,’ 
and M," be the /‘ contribution from each vertex. Then, 


e Pm 1 ddl? (1) 
set sian NE ee 
2m ww? (wx+wr) 
ee 


XI x0|— : |} (12) 
we (wetwr) 
2M," =—(2/9)M,S. (13) 


The contribution from diagram (b) of Fig. 1 is 
M,= (1/9)M,5, 


and thus the total fourth order contribution is (8/9)M,°. 
Hence, the anomalous moment of the proton (that of 
the neutron being equal and opposite) is: 


order f?/4r, 


F 8\m/1 © dkk*v?(k) 
-OOOL 
4a 3r/ wu X\pl Jo wx! 


order (f?/41)?, 
(~ ) 32 = US dldklv? (1) kv? (k) 
w=(—) —-(- 
' An] On? wu \p3 0 ww? (w. +a) 


x|—+ (16) 
wx Lorton) 


At present the meson-nucleon scattering data seems 
to be best fitted! by setting (2/47) =0.058 and taking 
v°(k) to be a unit step function with the step at wmax 
=5.6u. Then, 


(14) 





(17) 
(18) 


The author would like to thank Professor G. Chew 
for having suggested this problem and for the many 
helpful and enlightening discussions. 


W= Ue+U,= 1.44, 
where 
=1.15 and U4=0.29. 
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Variable Mass Equations 


J. E. Mecoittr 
Emmanuel College, Cambridge, England 
(Received June 8, 1954) 


Isotopic spin-space is generalized. The equations of field theory then describe systems of interacting 
particles as in ordinary isotopic spin-theory, but the particles and their interactions are more complex. The 
different systems which arise from different generalizations are systematically discussed. 





1. INTRODUCTION 


HE aim of this paper is to systematize field 

equations which describe particles having variable 

masses, and to make possible the description of families 
of such particles by one general theory. 

It is shown that a desire for conservation equations of 
the usual charge-current type leads to the study of a 
generalized isotopic spin space. This space is Euclidean 
and has an arbitrary number of dimensions. It is be- 
cause it has the same kind of structure as ordinary 
coordinate space, that the concept of spin occurs in it. 

The general theory allows, but does not necessarily 
contain, multiply-charged particles. If the concepts of 
mesonic charge and mesonic charge conservation are 
introduced, a use for theories with multiply-charged 
particles is found. Apparently different particles can be 
thought of as differing only in mesonic charge. 

It is shown that for interaction, a modified Dyson 
graph picture is valid. Renormalization is possible, but 
this is not shown. : 


2. GENERAL THEORY 


We shall consider the customary boson and fermion 
field equations, but we shall replace the c-number 
masses by matrices, whose nature is unspecified save 
that they are Hermitian. 

The y’s and @¢’s are given an extra suffix, and using the 
summation convention, the free-field equations are 


0 
—Yas"bpat M awhar=9, (1) 
OX, 


[ Pbat (m?) ob s=0. (2) 


The matrix multiplication will often just be implied. 
When there is interaction, it is assumed that the 
Hamiltonian contains a term 


igVaaVapharVao(o-t+¢-'), (3) 


where the y is an ordinary y matrix, e.g., 7°, and the A° 
are a set of matrices in the same space as M, whose 
nature is unknown. Equation (3) may be written as 


igdyAY($-+¢-'). 


The fermion charge-current vector is taken as 


yyy, 


where J is a matrix in the same space as M, and the 
boson charge-current vector is taken as 


feet oe 
|—i-0i—], 
Le OX 


where 7 is a matrix in the same space as m. Strictly, 
charge conjugates should be added in, but these are 
temporarily ignored. They make no essential difference. 
The equation for total charge-current conservation, 
which it is necessary to have, is 
a dp gt 
te iWJp+¢' j——— jo} =0. (4) 


Wig ic, Ot, 


By satisfying this equation, we can partially determine 
the unknown matrices. 
From (1), 


a 
vJy'—+ VJ My=0, 
OX, 


ay : 
—'W— IM =0; 
OX, 
so for conservation for a free-fermion field, 
[M,J]=0. 
Similarly, for a free-boson field, 
[m?, 7 ]=0. 


We now satisfy the conservation equation for the 
interacting fields. The coupled equations are 


0 
oe Paviete), 
Xp 
(6) 


pL - 
= — = gWyA*(data'), 
Xp 


a ig Sita (7 


L Poat+oe" (m?) Ba= ighyAy, 


(In the last equation, an infinite constant appears, but 
as usual disappears when the charge conjugate part 1s 
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where 


Th 


whicl 


VARIABLE 


added in.) Thus, 


a 
_ (PJ yp) =ighyLJ At W (bat ou"), 
Xu 


and 


df .d¢ agt 
—(«—-—ie) 


Op OX, OXp 
=ighal japWyM*y—ighyAWjasbs. (9) 


Adding, the required conservation equation (4) is ob- 
tained if 


[J,A*]= — japh®= M8 j gq. (10) 


In this equation of course, J, A*, A® are matrices (in 
the same space as M) arid jag is a number, being an 
element of matrix 7. A trivial solution J/=1, 7=0, 
always exists and this is the equation 


Wr at 
—(Wy"y) =9, 
OX, 


which expresses the conservation of the number of 
fermions interacting. 

In general, Eqs. (10) define 7, given J and the A, but 
they also require jos=—Jjga. J and A®* Hermitian 
implies 7 Hermitian, as is necessary. 

It is necessary now to postulate some relationship 
between J and the A*. When the A® are given, the 
interaction theory can be set up, and it is expected that 
aconserved J will depend upon the A*. We suppose J 
isa linear combination of the A*. If Eq. (10) is satisfied 
by all linear combinations of the A, it is necessary that 


[A7,A* ]=A'tga7, (11) 
where 


tga%= —teg’. 


This equation may be satisfied by taking for the A°, 
the members of the group of generators of infinitesimal 
rotations in a Euclidean space of arbitrary dimensions. 
These are usually written 

I, ij; [4=—I]*, 
and satisfy 


[19% 14] = 15 gol ©4415 pal “°—i8p.1°4—i8aal ©. (12) 


These evidently satisfy (11), for (11) is certainly 
satisfied if 7°, I°¢, commute, and if they do not 
commute they have a common suffix, and it is seen that 


[fe [se ]m GJ *, 
[7e%,7e]= —il*, 
which is what is required. 


As a particular example, the spin-} infinitesimal 
generators in 3 dimensions are just half the Pauli 
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matrices, so it is possible to write the interaction as 


2igWyTa (datda') . 


This form for the interaction is well known. 


3. ALGEBRAIC PROPERTIES OF MATRICES 


Suppose A is a linear combination of the A*. Then the 
fermion matrix A corresponds to the boson matrix a, 
where 


[A,A? ]=—dapA*. from (10) 


If similarly B<>d, then evidently 


A+Beoatd, (13) 


and a short calculation shows 
[A,B}[a,b]. 


Equation (14) shows that the boson matrices /* satisfy 
the same commutation relations as the A%, and so are 
just another representation of the group to which A* 
belongs. 

It is shown now that (¢*)’=é*. Thus since the eigen- 
values of ¢, from the group property, are +k, +(k—1), 
--+ (2k an integer), the eigenvalues are 0, +1. 


[Pe [Pe Pay |= le, 


Thus, for given 0, [A®,[A®,A®]]=A®% if @ and 6 have a 
superscript in common, and zero otherwise. 
Now 


(14) 


[A*,A* |= A%t,,’, 


and so tga°=0 if @ and 8 do not have a superscript in 
common. Thus, summing on 8, 


[A*,[A%,A9] Itsy =A%tp,; 


M(H) 84 a Mtg, 
P=. 


Hence, the eigenvalues of ¢ are 0, +1. This is a 
welcome result because if one of the ?’s is interpreted as 
boson charge, as is expected, the boson charge values are 
just 0, +1. 

It is interesting to observe that if the Dirac y* are 
considered as 4 of the 10 infinitesimal rotation genera- 
tors in 5 space,! in the appropriate representation, and if 

[17,J*]= Sag? 
the 10, 10X10 matrices S7 will just be the 10X10 6 
matrices of Kemmer. In fact the y’s and @’s are related 
in a way similar to the way in which A°’s and /?’s are 
related. 


4. GAUGE TRANSFORMATIONS 


The parts of y and ¢ on which the A’s and the ?’s 
operate respectively, are not completely determined. It 
is possible to have a series of infinitesimal unitary 


1 See, for example, H. J. Bhabha, Revs. Modern Phys. 17, 200 
(1945). 
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transformations of the type 
yy =e'Shy, 
gg = eG; 
where SS is a linear combination of the A’s, and 
[S,A°]=A*sgq= —Saph*. 


This may be regarded as a rotation in isotopic spin 
space. It is the precise analog of the similar gauge 
transformation which operates on the part of y on 
which the y matrices act. In this case, of course, it is 
familiarly recognized as a Lorentz rotation. 

A trivial calculation shows that the interaction 


ighyA'Y (data!) 


is invariant under such rotations. 
The relationship (10) between J and j is also in- 
variant, as is necessary, for (13) and (14) show that 


Jej 
implies 
J+i00LJ,S}>j+i60Lj,s]; 
that is, 
e 1688 Jet 160S¢_y6— nightie, 


It has been possible, by starting with conservation 
equations, to produce an isotopic spin space and to 
obtain invariance of the interaction under rotations in 
it. Of course, it would have been possible to have 
started with a generalized isotopic spin space and to 
have assumed invariance, and then, vice-versa, the 
conservation equations would have followed. 


5. MASS MATRICES 


It is unnecessarily restrictive to demand that the 
field equations should be invariant under rotations in 
spin space. (Since the proton mass does not equal the 
neutron mass, this is evidently true.) We take 


M=F().A°), m= f(Aal*), 


where F and f are arbitrary functions. \,A* and J are 
chosen so that [A,A*,J ]=0. Thus, by (14), [Aat*,7]=0, 
and hence 


[M,J]=0, [m?*, 7 ]=0. 


Thus, the conservation condition for free fields is 
satisfied. F, an arbitrary function, merely means that 
the eigenvectors of M are the eigenvectors of \,A*%, but 
that the eigenvalues are arbitrary. 

Suitable forms for A*, M, m, J, 7 have now been 
found. The theory can now be applied. 

Example: The simplest case is obtained by taking the 
spin-} representation in 3 dimensions, for the matrices 
A*. The A“ are then the three matrices ¢g= 437 where Ta 
are Pauli matrices. 

It is of interest because it gives two internal fermion 
states and three internal boson states, and may be used 
to describe the neutron, proton, 7-meson system. 


E. MEGGITT 


The o’s have eigenvalues + 3 and the ?’s corresponding 
to them have eigenvalues 0, +1. The matrices ¢ can be 
obtained explicitly at once. For example, 


0 -¢ 0 
i= (+: 0 0). 
0 0 0 

The most general form for \.A*, allowing a rotation, 
is just Ao3. Thus J is taken as e(}++03). (There is an 
extra term 3¢ here, which was not in the theory and 
which has been put in solely to give the customary zero 
of the fermion charge; since }e~y"J is separately con- 
served as has been shown, this addition is unimportant.) 
Also j is taken as ets. Hence, there are two fermion 
states having charge 0, e and three boson states having 
charge 0, --e. The masses corresponding to these states 
are arbitrary. Explicitly for example, M may be written 
as a+bo; where a and 6 are arbitrary. 

The current and charge has been introduced as 
something which is conserved. So far there has been no 
electrical interaction. To introduce it, a term X,A, is 
taken in the total Hamiltonian, where A, is the custom- 
ary electric vector potential, and X, is the current 
vector previously defined. Since 0X,/dx,=0, there is 
gauge invariance under the transformation A,—4A, 


+0¢/dx,. 
6. INTERACTION AND THE S MATRIX 


It will be shown that the usual Dyson graph picture is 
valid, but that for each vertex of the graph there is an 
additional factor occurring in the appropriate S matrix 
term, and that this factor depends upon the internal 
states of the particles interacting at that vertex. This 
factor multiplied by g will be termed the effective 
coupling constant. 

The free fermion equation is 


y"dp/dx,+ My=0. 


A solution is p= e*?#\™ 7» (p(m)m)v(m), where « and ? 
are column matrices operated upon by the 7’s and by M 
respectively, and Mv(m)=mv(m) (v normalized). 

We proceed as usual by taking a general linear 
combination of such solutions as the general solution, 
the coefficients being annihilation and creation opera- 
tors. For a creation, it is necessary to specify the 
internal state of the particle created and similarly for a 
destruction. Thus, 


Y= aL p(m)m Je*?«™ «uu (p(m)m v(m) 


+conjugate part, 
where 


La(p(m)m), at (q(n)n) ]=Smnd po. 


@ is dealt with in the same way. Suppose the column 
eigenvectors which arise here and correspond to the 7's 
are called w(p), the p labelling the eigenvectors, as 
labelled the eigenvectors of M. The interaction term in 
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the Hamiltonian is 
ighyAY (batga'). 


There is, thus, an extra factor at each vertex, as 
compared with usual theory: 


ot (m;)A%(m2) Walp). 


This particular factor comes from a vertex where there 
are three lines with the additional labels mm, m2, and p 
which describe the internal states of the particles. The 
effective coupling constant is 


f(mymep) = got (my) A%0(me) Walp). 


(It is determined only to within a phase factor. How- 
ever since w’s always occur in conjugate pairs, this is 
unimportant.) 

As an example, consider the 3-dimensional spin-} 


case : 
0 


0 -4# 0 
n= (43 0 0), 
0 0 0 


so (labelling eigenvectors by eigenvalues of o3 now), 


“a=(/), “(3 -(\) 


wn=1h2(?), u(-1)=1/2(-i), =(9). 


The nonvanishing /’s are 
f (320) = 3g, 
f(—3—320) = — 4g, 
f($-34+1) = 8/2, 
f(—3+3-1)=9/V2. 


The zero f’s are those at which charge is not conserved. 

By using effective coupling constants, it is perhaps 
possible to describe by one theory many different 
mesonic decays. The apparent differences in coupling 
constants necessary to account for these decays, may 
just be differences in the relevant effective coupling 
constants. 

If effective coupling constants are renormalized, 
renormalization theory can be applied. There is a 
difficulty however, since in the customary theory coup- 
ling constants are given their observed values after 
renormalization. It is not clear to what extent re- 
normalized effective coupling constants are arbitrary. 

Charge conservation may be shown directly from the 
theory in a very simple way. J is related to 7 by 


[J,Ae] = Aja. 


Let J have eigenvalues J,, J, and vectors v(J,), v(J,). 
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Let 7 have eigenvalue j; and vector wa(ji). Then, 
wad! (J,)[JA*]o(J,) =o" (J,)Av(T.) jeaWa, 
giving 
(J,—-J.— jit (J) A%(J s)Wa=0. 
Thus, charge is conserved at those vertices where the 
effective coupling constant does not vanish, and other 
vertices just do not occur. 
7. TWO-FAMILY FERMION SYSTEM 


Certain interesting features arise when we consider 
higher dimensions for the spin space. As an example 
consider 4 dimensions, and take the representation in 
which 


I%=93, 


Piso, 


I" = p303, 
I" = p30, 


I= p30, I’=¢», 


where the o’s are the previous o’s and pz; is a Pauli 
matrix commuting with the o’s. Take 


M=F(al"+81%), 
m= f(ab™+- BF), 
J=el"+4e, 
j=eh". 


The eigenvalues of J are thus 0 and e, and the eigen- 
values of 7, 0, and +e. The eigenvalues of aJ°+/* are 
+4a+38. The eigenvalues of af!+-6/ are 0 (twice) and 
+a+f. The latter are calculated by writing down 
explicitly the relevant matrices. Since al+/* repre- 
sents a fermion “current” and aé™'+#* represents a 
boson “current” which is conserved, there can be no 
transitions from the fermion state (a+) to the state 
3(a—8), for this needs a boson with “charge” 6 which 
does not exist. Thus the fermions split into two 
separately conserved families, those whose mass is 
F[+4(a+6) ], and those whose mass is F[-+3(a—8) ]. 
Each of the families possesses electrically charged and 
uncharged particles. 

There are six kinds of boson; two of charge +e 
interacting with the first family only ; two of charge te 
interacting with the second family only, and two with 
zero charge interacting with both families. 


8. MULTIPLY-CHARGED FERMIONS 


In three dimensions, spin-# representation, there will 
be three A’s, 1, m2, m3, whose eigenvalues will be 
+k, +(k—1)---, 2k an integer. As in spin-} theory, J 
is taken as m3. There are thus 2k+1 fermion charge 
states. Here and in general, the effect of altering the 
representation of the A’s is to change the number of 
fermion charge states. 
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9. MULTIPLY-CHARGED BOSONS 


In order to obtain a theory with multiply-charged 
bosons, the interaction term is taken as 


ighyAcMYy (dapt+ap') ’ 


where the A* are matrices of the type previously dis- 
cussed. 
This is just the analogue of ordinary tensor coupling. 
Equation (10) is now 


LJ,A*A? ]= — jcapy¢ys ATA? 


=AA® j(43)(aB) (15) 


and this is satisfied so long as J is just a linear combina- 
tion of the A*. The whole theory works as before. 

The interesting difference is this. If 7 is defined as in 
the ordinary theory by 

[J,A*]= —japh® 
and the eigenvalues of jag are O-te, then the eigenvalues 
of j(as)(ys) are +2e, ke, 0. 

For, from (15), j(a8)(78) = jaygs+5ayJes, and so the 
eigenvectors of j(asyys) are just $,(71)¢s(f2), where 
¢,(j1) is an eigenvector of jz, belonging to eigenvalue 
ji. Thus eigenvalues of j(ag)(ys) are 71+J2 which gives 
the result. 

By taking higher order “tensor” coupling, more 
highly charged bosons can be obtained. Highly charged 
bosons may be unable to interact, because they may be 
unable to lose their charge. Such bosons will be stable. 


10. MESONIC CHARGE 


There is at the moment no use for theories with 
multiply-charged particles, so long as this charge is 
considered as electric charge. However if it is considered 
as mesonic charge (whose only property is that it is 
conserved) there may be a use for such theories. To 
describe electric and mesonic charge together a product 
theory is needed. The generalization is simple. 

The interaction term is taken as 


igpyAa” eA BY (ast+as') ’ 


where the A®’s are matrices of the type previously 
discussed, but where the A and the A are in different 
spaces. 

Everything works as before. J is of the form 


J= EAP 4 9,hA8, 


j= bale gah 8; 
M is of the form 


M=FQeA4 ugh), 
m= f(rel*upl), 


[7 reA=]=0, 
LJ ,upA®]=0. 


As an example consider the spin-}, 3-dimensional theory 
for the fermions, in both spaces. 


This scheme means that there are two electric charge 
states and two mesonic charge states for the fermions, 
and three electric and three mesonic charge states for 
the bosons. This might be useful in describing the 
proton, neutron V-particle system, if the V particle is 
considered as a mesonically charged nucleon. 

State vectors in this theory are just products of the 
state vectors for the two simple theories considered 
separately. No new features arise. For example the 
electric charge current vector is taken as 


Pr" (det eo3)y, 


and the mesonic vector as 
vr" (aft fo )y. 


It is possible however to vary this slightly. Electric 
fermion charge can be taken as 


abrt(o-+o.)p. 


Then there will be greater symmetry and the zero of 
electric charge will depend upon the mesonic charge. 
The fermion mass is taken as 


M=a+bo;+¢o;%+do3%o3. (16) 


It may be felt that the natural generalization of M to 
a product theory should be 


M= F (AgA#+ pgA 8-4 Vagd 2A 8) ; 
We consider as an example of this more general form: 
M=atbo3+c03®+do3o,. (17) 


There is here an essential difference. The eigenvectors of 
M are now no longer just products, but are sums of 
products of eigenvectors of a3) and o3;®, and the 
mesonic charge conservation equation is lost. If d is 
small, however, in Eq. (17), mesonic charge is almost 
conserved. This means that when there is interaction, 
there exist weak transitions which violate mesonic 
charge conservation, i.e., the absolute selection rule 
which previously existed is replaced by a weak selection 
rule. If this second scheme is used to describe proton, 
neutron, V-particle system, V-particle decay may per- 
haps be explained in this way. 


11, PAIS’ THEORY? 


It is possible to consider a product theory in which the 
A@e, A@8 are in different spaces, but in which 4 
rotation in one space implies a rotation in the other. We 
consider the 3-dimensional case and take the spin-; 
representation for the A“ and the spin-k representation 
for A®+, We take 


M=at+b(AMA@1+4 AM2A 24 A 3A 28), 


Since the spaces rotate together, M is invariant. This 
is almost the Pais form for the fermion mass. He takes, 


2A. Pais, Physica 19, 869 (1953). 
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instead of A@ *, the angular momentum operator in his 
w space, 3=1(w10/dw2—w2d/dw), etc. The only differ- 
ence is that his theory allows transitions between states 
with different k’s. Here there is only one k, which is 
given. In both cases, an M is found which is invariant 
for rotations in spin-space. This seems unnecessary, but 
if it is desired, this is a possible M. 

In order that [J,M]=0, for a conservation equation, 
we must take 


T= e(AMLA), 


There is only one conserved quantity which must be 
interpreted as electric charge. The eigenvalues of J are 


+(k+3), +(k—}), 
There are thus inevitably multiply-charged particles. 


12. CHARGE CONJUGATION 


jea iS imaginary as has been shown. Thus, with our 
previous notation, 
Jeabat = — joa. 
This expresses the familiar fact that by interchanging 
the roles of creation and annihilation operators in ¢, the 


boson current is reversed. 
The A“ and the —A7¢ have the same commutation 
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relations. Thus, as usual, 


—AT«— TA*T—, 

where 
TTt=1 
T=34T". 

It follows that 

Jo(J)=J0(Jy) 
implies 

J(T0t) = —J,(T-0"). 
The eigenvalues of J occur in pairs +J, with eigen- 

vectors v and 7~'v', This is just what is needed for 
fermion charge conjugation. 


Usually, 
y=C-Y. 


y=T-C-Y. 


Here we have 


13. CONCLUSION 


A possible framework for dealing with families of 
apparently different particles has been formulated. 
Perhaps it may prove possible to describe in this way 
what is actually observed to occur. 

I should like to thank Dr. A. Salam for his help and 
encouragement. 
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Proper-Time Electron Formalism* 
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A classical and first quantized formalism is presented which gives a complete description of electrons in 
a given electromagnetic field, including real and virtual pair processes. The Feynman viewpoint of electrons 
propagating through space-time is adopted throughout. Interactions between electrons are considered 
only in the classical theory, and a nonlocal interaction is assumed to make all effects finite. Consideration 
of interactions in the quantized theory is reserved to field quantization, which will be presented in a fol- 
lowing paper. The calculation of transition probabilities gives the results of hole theory as interpreted by 


Feynman. 


I, INTRODUCTION 


SE has been made of the proper time! in quantum 
electrodynamics as a means of rewriting the Dirac 
equation.2~* It has provided covariant methods of 
calculation and prescriptions for the evaluation of 
divergent terms. 
There are several reasons for investigating the pos- 
sibilities of a more extensive use of this parameter. 
* Submitted in partial fulfillment of the Ph.D. requirements of 
= Department of Physics, University of Chicago, Chicago, 
nols. 
1“Proper time” is used in the general sense of an invariant 
parameter describing the motion of the electron. 
*V. Fock, Physik Z. Sowjetunion 12, 404 (1937). 


’Y. Nambu, Prog. Theoret. Phys. 5, 82 (1950). 
‘J. Schwinger, Phys. Rev. 82, 664 (1951). 


Feynman graphs? in field-theoretical calculations sug- 
gest the interpretation of the electron motion as evolv- 
ing in four-space in the course of proper time. Also, the 
introduction of a covariant nonlocal interaction between 
the electron and electromagnetic field** suggests a 
shape to the electron in four-space at each value of the 
proper time. As a consequence, a quantum electro- 
dynamics has been formulated in which the proper time 
plays an essential role throughout. 

The concepts to be employed are first introduced 


5 R. P. Feynman, Phys. Rev. 76, 749 (1949). 

6 H. MacManus, Proc. Roy. Soc. (London) A195, 323 (1948). 

7H. Yukawa, Phys. Rev. 76, 300, 1730 (1949); 77, 219 (1950). 

8 C. Bloch, Kgl. Danske Videnskab. Selskab. Mat.-fys. Medd. 
26, No. 1 (1950); 27, No. 8 (1952). 
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into the classical theory. The state of the electron is 
specified by its four-dimensional position and mo- 
mentum at a value of the independent, invariant, 
parameter, 7. In the course of 7, the electron draws out 
its world line in four-space in accordance with the equa- 
tions of motion and the initial (in 7) conditions. The 
forces acting on the electron result from a nonlocal 
interaction between the electron and the electromag- 
netic field. In the corresponding quantized theory, the 
state is specified by the wave function, ¥(g,7), where g 
is the coordinate vector for the particle in four-space. 
The development of y in 7 is obtained from an operator 
Hamiltonian corresponding to the classical one. 

The nonlocal interaction spreads the current density, 
j, over a small region about the world line of the elec- 
tron. The field equations themselves are unchanged. 
The effect, however, is that of introducing a factor 
exp[ — f(()] into the field equations, in the sense that 
exp|—f(O) JOA, is equal to the point charge dis- 
tribution. Pais and Uhlenbeck® have shown that this 
does not alter the positive definiteness of the field 
energy, but does destroy strict causality. In the clas- 
sical theory, the nonlocal interaction is shown to result 
in a finite self-mass and a modified and acausal inter- 
action for distances comparable to the electron radius. 
In the first quantized theory, only a given potential is 
considered and the nonlocal interaction results in an 
averaging of the potential over distances comparable to 
the electron radius. 

We will use units for mass and time such that # and 
c=1. Electric charge will be-expressed in “rational” 
units, with e?/4r=1/137=a. The components of a four- 
vector, x, will be written as x,, with u=1, 2, 3, and 4. 
%4 is imaginary and equal to ix. The three-vector part 
of x will be written as x; the magnitude of x is |x|. 
The matrix y,%, will be written as x. Complex and 
Hermitian conjugates will be denoted by an asterisk; 
the adjoint by a dagger. 


II. CLASSICAL THEORY 
1. Current Density 


The field produced by a classical electron is deter- 
mined by the current density, j(x), corresponding to 
its world line. For a point electron, 7 is given by” 


+00 
jee=ef ds(dq/ds)5*(x—q). (1.1) 


s is the proper time in the conventional sense, with 
ds*= —dq’. Equation (1.1) will be generalized in two 
ways. 

In the first place, s can be replaced by an arbitrary 
independent parameter, 7, to give 


jae f drqo"(x—4). (1.2) 


—o 


® A. Pais and G. Uhlenbeck, Phys. Rev. 79, 145 (1950). 
1 P. A. M. Dirac, Proc. Roy. Soc. (London) A167, 150 (1938). 
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(Dot denotes 7 differentiation.) g(7) describes the entire 
world line of the electron. If g is a positive time-like 
vector for all 7, then (1.2) is equal to (1.1). However, 
if for any part of the path, ¢ is a negative time-like 
vector, then over these portions, (1.1) and (1.2) differ 
by a sign. In these regions, the particle would be ob- 
served as a positron.5:!! 

The second generalization of (1.1) is to replace the 
delta function distribution by a shape function, F(*—9), 
eF (x—q) can be interpreted as the charge distribution 
in four-space at a 7 when the particle is at gq, since it 
satisfies the continuity equation 


0 0 
——eF (x—q) =—eq,F (x—q). (1.3) 
Or 0 


an 


In terms of the independent parameter, 7, and the 
shape function, F(x), the current density is 


j(a)=e f araP(o—9) (1.4) 
Equation (1.4) expresses the observable quantity, (x), 
in terms of entire motion of the electron in the course 
of 7. References to the position of the electron, its state, 
or its charge distribution at a 7 are to be taken ina 
formal sense, since measurements at one value of + 
have no direct physical significance. If at a 7, the elec- 
tron is localized to a macroscopic time, then measure- 
ments at this time can be interpreted as made at the 
corresponding r. 


2. The Shape Function 


F(x) must bea real, invariant, and odd function of «*' 
F(x) is expressed in terms of a universal length a, and 
F(x) vanishes for | «?!>>a?. The length a is of the order 
of magnitude of the classical electron radius, (137m)~. 

Expressing the dependence of F on x? by a Fourier 
integral, we write 


(2.1) 


F(x)= : d 1B? 
(= f 8¢ (8) exp (i822). 


Equation (2.1) can be written in a form which is con- 
siderably more convenient for calculation, as well as 
for interpretation, by making the substitutions 


—ie(u) 
A(«,u) = 
*) (23)? 


exp(ix?/2u), 


(2.2) 
f(u)=img(1/2u)e(u), 


where e(u) is equal to the sign of «. With this substi 
tution, (2.1) becomes 


F(x)= f duf(u)A(x,u). (2.3) 


1 FE. C. G. Stuckelberg, Helv. Phys. Acta 15, 23 (1943). 
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In the limit of w—0 (from either direction), A(x,u) has 
the properties of the four-dimensional Dirac delta 
function. For a finite «, A oscillates with increasing 
rapidity for |«?|>>u. When A is a product in an inte- 
grand, contributions from |«?| less than w will pre- 
dominate. Such integrations are to be performed in a 
way which combines different x? before integrating over 
the infinite surfaces of constant x. The integral of 
A(x,#) over all x is equal to one for all x. 

As F(x) is a distribution over distances of the order a, 
the range of u in f(x) is of the order of a?. Furthermore, 
for F real and an odd function of 2°, f(u)=f(—) 
=f*(u). F(x) is to be normalized to one fd‘xF (x) 
= fduf(u)=1. 

The function A(«,) is of particular value in later 
calculations. It is used in determining the Green’s 
function for the wave equation, for it satisfies the 
homogeneous wave equation 


—192A/dx,2=idA/dr. (2.4) 
Its derivatives are 
0A/d%4=i(x,/7)A, 
dA/dr=— [ (2/7) +ia?/277 JA : 


and some four-dimensional integrals involving it are 


(2.5) 


faa (x—2', T)A(x!— x", T’) = A(a—x", t+ 7’), 
faves'ae—w, AGal—2", P= ara", 47), 


[an's'ae—, T)A(x’—x"", 7’) (2.6) 


= (%,4,+i6y77'/t+7')A(x—x", r+7’), 


={exp—i[ pt+p'rr’/2(r+7') JAQe—x", +7’). 


On the right in the equations of (2.6), @ is the mean of 
cand x” weighted by 7! and 7’ respectively: 


Ey= (xy7!' + 4,!'7)/(7 +17’). (2.7) 


With the use of the integrals of (2.6), the shape func- 
tion, F(*), and the Green’s functions can be readily 
combined in coordinate space; the momentum repre- 
sentation is not required. However, the Fourier trans- 
form of A(x,r) is exp(—irk?/2). 

In all interactions between electrons, the shape 
function will appear at least twice, in the emission and 
absorption of virtual photons. In these instances, 
Integrals of the type /dudvf(u) f(v)M(u+v) appear. 
We define the weighting function W(z) by 


(2.8) 


W (22) = f dyf(e+y)f(2—9), 


so that 
f dudadie) f(a) et-0}— f dzW(2)M(z). (2.9) 


The function W(z) contains all the information about 
the shape function, F(x), which affects electron inter- 
actions. 

The limiting case of the point electron is included 
with f(u)=6(u), and W(z)=6(z). In general, the range 
of z in W(z) is also of the order of a?, the square of the 
electron radius. 


3. Equations of Motion 


The classical equations of motion are derived from 
the variational principle, 


 fartel+ [arena f eeen()|-0. (3.1) 


Lg is the electron Lagrangian, and £; and £, are the 
interaction and field Lagrangian densities. They are: 


Lr= Shawty (3.2) 


j(x) is (3.2) is the current density of the electron, (1.4), 
together with any external currents. The field strengths 
are defined in the usual way, 


Sw= 0A »/ OXp— 0A ,/ Oxy. (3.3) 


The nonlocal interaction does not alter the propagation 
character of the field itself, so that the fields produced 
by a given current distribution are uniquely determined 
by deriving them from the retarded potentials only. 
All the effects of the nonlocal interaction are included 
in j(x). 

We introduce a potential in coordinate space by 


Lr= 34,2, Lr= juAuy 


4,(@)= f deF (x—q)Ag(*). (3.4) 


For the point electron, the average potential, A,, is just 
A,. For a variation in the electron path, 


6( [arte farser) =o f ar, 


where L is defined by L=34,2+e4,A,. The equations of 
motion for the electron are 


(3.5) 


Gu=efu(q)%- (3.6) 


Jw is defined analogously to A, by 


fold 9A,/0q—04,/0q= f dteF (2—@) f(x). (3.7) 


Equation (3.6) differs in two ways from the more 
usual equations of motion involving the preper time, 


md°q,/ds°= e fu»(q)dq,/ds. (3.8) 
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In the first place, f,. in (3.6) implies an averaging of 
fuy over the distribution, F(x—g). This is the effect of 
extension of the electron on its motion in an external 
field. The second difference is that m does not appear 
in (3.6). However, as a consequence of (3.6), 0g,?/d7=0, 
and the length of the vector g is constant. To obtain the 
particle path corresponding to (3.8) we impose the 
initial condition in 7 that g be time-like and with 
length m. Then, since its length is constant, it will be 
time-like with length m for all +. The mass of the par- 
ticle is simply the magnitude of its four-velocity, and 
gives the speed with which the particle moves through 
four-space in the course of 7. ds, the length of an element 
of the path, will then be equal to mdr. With this rela- 
tionship between s and 7, except for the effects of the 
extended charge distribution, (3.8) agrees with (3.6). 


4. Interactions 


The interactions among electrons, including self- 
actions, follow from the equations of motion of (3.6) if 
the field produced by the electrons is included in f,,. 
The field intensity, f,»(x), produced by the current 
distribution, j,(x) is obtained from the usual retarded 
Green’s function, Dre. However, the averaged field, 
fu», produced by an electron whose world line is g(7), 
is obtained from the averaging of Dyet over the electron 


charge distributions, 


Dree(q—9')= f d'xd*x’ F (x—q)F (x’—q')Dree(x— x’). 
(4.1) 


Dyet is equal to half the sum of the advanced and 
retarded Green’s functions, plus half their difference. 
Their difference is a solution of the homogeneous wave 
equation, and is not affected by the averaging of (4.1). 
Their sum can be expressed in terms of the A function 
of (2.2) by 


+00 
4(Drett+ Daav) = uf dse(s)A(x,5). (4.2) 


—0 


Then, using the first of the integrals of (2.6), the 
definition of W(z) of (2.8), and the fact that W(z) 
=W(—z), we obtain 


3 (Det + Duav) 


od —lz] 
=1i faawea] f asa(as)— f isa) (4.3) 


Jz] —0 


In (4.3), the effect of the nonlocal interaction in 
removing the portion of the integration in the region 
about s=0 is shown. This is just the region where 
A(x,s) has its singularity. The nonlocal interaction will 
have essentially this same effect in quantized field 
theory. : 

The field derived from $(Dret-— Daay) is responsible 
for the radiation-damping part of the electron self- 
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action,” and is not affected by the nonlocal interaction, 
The field from $(Dret-+Daav) at a point on the electron’s 
path, to lowest order in the 7 derivatives at that point, 


is 
Sur(Q = A/m*) (Gud— Gdu)- 


In (4.4), m=—_ and X is the integral over qo of 
42(Dret+ Daav) at q=0, 


== fawelet. 


In the presence of an additional external field, F,,(x), 
the equations of motion, (3.6), become 


Gu(1-+2/m) = Pro (Q) Go. (4.6) 


For a given external field, the curvature of the path 
will be reduced by this effect of the self-action. This 
gives the same resultant path as would be obtained if 
the self-action were disregarded, and the initial mag- 
nitude of the four velocity, m, increased by the coef- 
ficient of g, in (4.6), giving m’=m-+2. The d of (4.5) 
is the classical self-mass of the electron in terms of the 
W(z) of (2.8), and the well-known result that it is 
inversely proportional to the radius of the electron 
follows from the fact that the range of z in W(z) is the 
square of the electron radius. 


(4.4) 


(4.5) 


5. Hamiltonian Form 


To facilitate quantization, the equations of motion 
(3.6) are put into Hamiltonian form. The Lagrangian 
of (3.5) is 7 

L(9,9) =247+ eqA,(q). (5.1) 


We construct the momenta conjugate to g, and the 
Hamiltonian, by 


pu=OL/0G,= Gut eAy, 

H= piju—L=}(p—eA),?. 
Writing (,q)=4, then from (5.2) we have for (5.3): 
(5.4) 


(5.2) 


H=3h1,m,. 


Since for an actual path, ¢ is time-like with magnitude 
m, the numerical value of the Hamiltonian of (5.4) is 
—m?/2. m?/2 will be called w, and is analogous to the 
energy in the more usual canonical formulation. The 
Hamiltonian gives the 7 dependence of g and p by 


qu= 0H/dp,; Pu= a 0H/0qu. 


These relationships can be conveniently expressed by 
introducing the Poisson Brackets of any two functions, 
u and v of p and g, 


{u,v} = (du/dq,) (d0/dp,) — (d0/dq,) (0u/dp,). 
Then, 


(5.5) 


(5.6) 


{u,H}=U, {QuyQ}=0, {Qutr} = Syn, 


. (5.7) 
{1,7} os efw (9), H= 30 Ty 
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The set of equations of (5.7) provides a simple, gauge- 
invariant expression of the classical mechanics in a 
form suitable for quantization. 


Ill. FIRST QUANTIZATION 
6. Two-Component Wave Equation 


We quantize this classical theory by associating 
operators to dynamical variables such that the com- 
mutator of two operators corresponds to i times the 
corresponding classical Poisson Bracket, i.e., 


U-u, V—», [U,V } i{u,r}, (6.1) 


where [U,V]=UV—VU and {u,v} is the Poisson 
Bracket defined by (5.6). 

As in the classical theory, the state refers to a single 
7, and not to a single time. The state at a 7 is specified 
by the wave function, ¥(qg), of the Q representation. In 
this representation, the operators Q, and II,, corre- 
sponding to qg, and , of the classical theory, are: 


QW (q) a qu (9), 
TL (q) = (—18/dqu—eA,) (9). 


The anti-Hermitian character of Q, and II, causes no 
difficulty. 

The numerical value of the classical Hamiltonian 
equals —w (or —#m?/2), and for an eigenstate of the 
Hamiltonian operator, 


Hy=—wy). (6.3) 


In the Schrédinger representation, y develops in 7 in 
accordance with 


Hy=idp/ar. (6.4) 


Were we to choose for the Hamiltonian operator the 
direct analog of (5.4), H=47,7,, we would have a 
description of a scalar particle. Instead, we use the 
Pauli 2X2 spin operators, 


on= (G20 y,F2;1), qe (62,0 y,F2, —#), 


(6.5) 


ve v 
o,”=0,0", 


with o,’-+0,“= 26,,. Classically, 7, and 7, commute, so 
that the classical Hamiltonian can be written: 


(6.6) 


The Hamiltonian operator applicable to the electron 
corresponds to (6.6) instead of (5.4), giving 


i= 311, 11,0," = 1,1,+ Lief wou". (6.7) 


This Hamiltonian would not be self-adjoint if the inner 
product between states were defined as 


H=}1,17,0,’. 


Wotd= f dabtve (6.8) 


However, II,o“ as well as II,o“H would be Hermitian. 
We can therefore make the Hamiltonian of (6.7) self- 


adjoint by the inner product of 


(6.9) 


(Wo,Wa) ual few o*T1oa. 


This inner product has the properties 


(Wo,a)* = (Yao), (Yo,Hpa) = (Hoa) ° 


The metric is indefinite, as (Wa,Wa) can be of either 
sign. Though an indefinite metric usually raises the 
serious physical objections of negative probabilities, 
here no physical significance is associated with meas- 
urements at a particular r. 

In Sec. 8, we will give explicitly a complete ortho- 
normal set of wave functions that diagonalize the field- 
free Hamiltonian. In the presence of fields, we assume 
that there are still complete, orthonormal sets of wave 
functions, with 


(6.10) 


(Yo,Wa) = dar€ (a), 
Lia €(2) Pa, » (9) Vo, o(9’) =6p004(q—q’). 


¥(q) is equal to (II,o4))*. States with e(a) equal to 
plus or minus one will be called electron and positron 
states, respectively, since for the eigenstates of H with 
eigenvalue equal to —m?/2, this reduces to the usual 
nomenclature. 

The expectation value of an operator, A, is (y,Ay), 
for states normalized by (6.11). In particular, the ex- 
pectation value for the c-number, e, is +e for an electron 
state and —e for a positron state. The expectation 
value for the energy, Po, is (¥,Pop) and is positive for 
the customary electron and positron states. 

The 7r-independent wave equation of (6.3) can be 
used for solution of eigenvalue problems. It is the 
second order Dirac equation, WMy=—m?*y, for an 
eigenstate of ys (= —yrv2ys74) with eigenvalue —1, and 
therefore the usual eigenvalue relations follow. 

The 7-dependent equation of (6.4) can be used for 
obtaining transition probabilities. It is mathematically 
more convenient to rewrite it first as a first order, four- 
component wave equation. In this form, it will be shown 
that the results are those of Dirac hole theory expressed 
in the form of Feynman graphs,® suitably modified by 
the nonlocal interaction. 


(6.11) 


7. Four-Component Spinors 


The r-dependent equation of (6.4) is inconvenient to 
work with because it is of second order both in the 
coordinate derivatives and in the potentials. In place 
of the two second-order equations it represents (one for 
each spinor component) it can be written as four first- 
order equations. This will be only a rewriting, and there 
is a one-to-one correspondence between the solutions of 
each set. 

We will here denote the two-component spinor of 
Sec. 6 by u. The r-dependent wave equation of (6.4) 
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can be rewritten as 
(7.1) 


The first equation of (7.1) defines v, and —iv* is the p 
of Sec. 6. These equations can be combined into a single 
equation by defining a four-component spinor by 


-() 
uU 


The Hermitian Dirac matrices, y,, can be repre- 
sented in terms of the o, and o* by 


0 ot 
= ( ). 
o, O 


These satisfy the usual anticommutation relations, 


—ill,o*u=r, 44 11,0,0=1i0. 


(7.2) 


(7.3) 


(Yu, Yo} = 28 yo. 


In this representation, 7s is diagonal and equal to 


; © 
i) 
0 I 


We introduce the operator, M, 


(7.5) 


1 0 
0 —2id/dr 


Its adjoint, Mt, will be shown ‘to equal 


—2id/ar 0 
u'=( ). 
0 1 


Together, they have the properties: 


My,.= 1M", My =i, 


MMt=MtM =—2id/dr. ie 


The last equation of (7.8) justifies denoting this 
operator by M, since classically, m’=—2H. It is a 
“mass operator” only in a trivial sense, for it has nothing 
to do with the effects of coupling to the radiation field. 

The equations of (7.1) can now be combined to give 


(i+ My =0, (7.9) 


where II=7,7,. The inner product between two states 
of (6.9) in terms of the y of (7.2) is from (7.1) and (7.2), 


Gan f ard. (7.10) 


For y,. and y¥, sayisfying the 7-dependent wave equation 
of (7.9), the operator Mt of (7.7) is the adjoint of M, 
since 


(Yo, Mya) — (Myra) ° 


Equation (7.9) differs from the Dirac equation in 
that the operator M replaces m, the electron mass. If y 


(7.11) 
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is an eigenfunction of H with eigenvalue —m?/2, then 
these equations are equivalent. For such a state, 


—2i~=m»y, and 
: ie 
u-( ). 
0 m 


Under the non-unitary transformation ¥’/=T7—, M' 
=T*MT, I’ =T*IT, with 


m 0 
r=( ), 
0 m* 
M’'=m, and M1’=II, so that (7.9) transforms into the 
Dirac equation. 


The four-component wave equation of (7.9) and the 
expression for inner products of (7.10) will be used 


(7.12) 


(7.13) 


. instead of the corresponding equations, (6.4) and (6.9). 
(7.4) 


The transformation properties of the wave equation 
(7.9) under a Lorentz transformation, x,'=d,,%,, are 
the usual ones.!? M commutes with the product of any 
two y’s; and only such products appear in the matrix § 
giving the transformed spinor, ¥/=Sy. S is determined 
by 


va 4 = 8, 
Under a gauge transformation, A,’=A,+0A/dx,, the 


transformation for y involves the average of A over the 
charge distribution, and is 


SS = dur, (7.14) 


y’=exp(ie(A)w)y, Aw= faeeP ac), (7.15) 


8. Field Free-Motion 


As an illustration of this approach, we consider the 
field free motion of the electron, and choose the gauge 
A=0. Then, a complete set of self-adjoint, commuting 
constants of the motion are Po, Pi, Pe, P3, and o;, 
where ¢, is the spin operator in the direction of the 
three-vector, p. For those states with p=0, ap is in 
the direction of an arbitrary three vector. They com- 
mute with the Hamiltonian of (6.7), which in this case 
is just 3P,P,. 

From the r-independent equation of (6.3), the eigen- 
values of H and P, satisfy 


(8.1) 


The two-component eigenfunction with eigenvalues 
p, and d for P, and a» is 


— p2=2w=m’. 


Wp, r(q) =e? tp, r, (8.2) 


where #y,, are the normalized eigenvectors of op with 
eigenvalues \=-1. The states can be normalized by 


(Wp, raWor.n1) =64(p— p’)dare(p,r) (8.3) 


2 W. Pauli in Handbuch der Physik, editors H. Geiger and K. 
Scheel (J. Springer, Berlin, 1926), Vol. 24, part I, p. 259. 
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to give 
Wp.n(q) = (2m)? | potrp| teat p, a, 


e(p,A) =sign(pot+Ap). 


For p*=0 (states of zero mass), the two spin states 
cannot be orthonormal in the sense of (8.3). Since for 
the electron, —~’=m?, these states enter only into 
virtual transitions, in which case integrals over p are 
taken. In this sense (8.3) can be fulfilled. For states 
with the electron mass, |p| is less than | fo|, and e is 
equal to +1 depending on the sign of fo. 

A wave packet localized in space-time at a single 7 
can be formed by superposing eigenstates of P, whose 
eigenvalues range over a small four dimensional region 
about ~,. Such a packet combines states of slightly 
differing masses. If the dimensions of the packet are 
large compared to the wavelengths involved, the packet 
moves through four-space with the group four-velocity, 
p. In the presence of slowly varying potentials, the 
packet is deflected in accordance with the classical 
equations of motion of (3.6). This is the four-dimen- 
sional analog of Ehrenfest’s theorem. 


(8.4) 


9. Green’s Functions and Feynman Graphs 


The development of the state in 7 is given by the 
r-dependent wave equation of (6.4), or its equivalent, 
(7.9). The wave functions at a later 7 is determined by 
that at an earlier one and can be evaluated with the 
use of the appropriate Green’s functions. If, initially, 
the state is an eigenstate of the electron Hamiltonian, 
it will remain so for all 7 since the potentials, A, are 
independent of 7. We need only impose the initial con- 
dition on the wave function that its eigenvalue of H 
correspond to the observed electron mass to insure that 
w= m?/2 will always be the observed one. 

For the solution of the wave equation which is equal 
to the given one at the initial r, the boundary condition 
on the Green’s function is that it gives propagation 
forward in tr. When used for the evaluation of transition 
probabilities, it gives the results of Feynman,> and 
hence of hole theory. 

The field-free Green’s function, S;(g,7), satisfies the 
inhomogeneous wave equation corresponding to (7.9) 


(¥n0/Oqu+M)S4(9,7) = —i6*(g)8(7) (9.1) 
and gives propagation forward in 7, 
Sy. (9,7) a 0, 


The choice of the numerical constant in (9.1) is made 
to simplify subsequent equations. S; can be explicitly 
evaluated in terms of the A function of (2.2). We first 
define A, by 


7<0. (9.2) 


A,(q,7)= A(q,7), T>0 
=0, 7T<0; 


S4.(9,7)=3(—u9/9Gu+-M")A, (9,7) 


(9.3) 


then 
(9.4) 


1137 


satisfies (9.1) and (9.2). Substituting (9.4) into (9.1), 
we obtain 


(718/8qu+M)S,=3(—0/09,?—210/d7)A,. (9.5) 


A satisfies the homogeneous wave equation (2.4), and 
is equal to the four dimensional Dirac delta function in 
the neighborhood of s=0. From the discontinuity in 
A, of (9.3), the inhomogeneous equation (9.1) follows. 
The properties of (2.5) and (2.6) apply to A,, provided 
all the 7 are positive. 

The w frequency component of the 7 dependence of 
A, is the Feynman propagation function Ar,” 


+00 
Ar(q)= f dre-#rA,.(q2)=Ay(qys). (9.6) 


Similarly, the w component of S; from (9.4) differs 
only by the transformation of (7.13) from $Sr(q). For 
a state which initially has the eigenvalue of H equal to 
—w, only these components of S, will be involved in 
the perturbation expansion of the Green’s function. 

In the presence of fields, the Green’s function G 
satisfies 


(¢11+M)G(q,q'; 7) = —15*(q—q’')6(r), 
G(q,q; 7r)=0, 7r<0. 
This can be written,“ 


(1720/8qu+ M)G(q,q' ; 7) 
=ieA(q)G(q,q' ; 7) —154(q—q’)8(r). (9.8) 
To obtain G as a perturbation expansion in powers of e, 


we treat the term involving e as a perturbation, and set 
G=)0nGa, with G, of nth order in e. Then, 


(9.7) 


Gul ga" rorymer f dQ. - -dQS, (g—g®, 7-1) 


XA(q®)+- -A(Q™)Sy(qr—q!, 7™—7). 


The volume elements of integration, dQ‘, are equal to 
d‘g‘dr™ and the integrals are made over all g‘* and 7. 
Since the S, vanish for negative 7, there will be con- 
tributions to the integral of (9.9) only when 7, 7, ---, 
7‘), 7’, are in the order of decreasing 7. Equation (9.9) 
can readily be interpreted as a Feynman graph with 
one electron line and » vertices, each following the next 
in 7. 

We can express the solution of wave equation satis- 
fying the boundary condition that it equal a given y 
at the initial 7 by 


(9.9) 


¥(q,7)= f d'q'G(q,q'; r— 7’) (1—5)¥(q',7’). (9.10) 


(1—~s) is twice the projection operator which selects 


18 See, for example, F. J. Dyson, Phys. Rev. 75, 486 (1952). 
« A()= Ayla) 
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the last two components of ¥. From (7.1) and (7.2), 
these two components are sufficient to determine all of 
y at the initial 7, and also for all 7. These two com- 
ponents are just the original two component spinor, and 
since the four-component equation is only a rewriting 
of the two-component equation, one might expect only 
these components to determine the initial state, and 
hence appear in (9.10). 

The wave function at a 7 can be expressed as a linear 
combination of an orthonormal set, ¥., by 


¥(q,7) a Ls Caa(Q,7). 


Ca= (Wa)e(a). (9.12) 


The inner product (¥,,) of (7.10) can be rewritten, in 
view of (7.1) and (7.2), as 


(9.11) 
Then 


au f Oubtre f dga(1—ysv, (9.13) 


where 


v= (ysMy)*. (9.14) 


y satisfies the adjoint wave equation, 
¥(i1I+M) =0. (9.15) 
The differential operators operate on y with their sign 


reversed. In terms of the original two-component 


and 2, 
(9.16) 


The transition amplitude c, at 7 for an initial state 


Ya'(r’), is 


p=2-1(—2u*, —iv*). 


é=e(a) f d'gd4a!Va(q,7)(1—8) 
XG(q,q' 3 T— 7’) (1—Y5)Wa' (q’,7’). 


We set Ya’(q’,7’) equal to the solution of the field free 
wave equation equal to yq’ at the initial 7’; and y,(q,7), 
the corresponding solution equal to ¥, at the final 7. 
Then, since the terms in the perturbation expansion of 
(9.9) all begin and end with the field free propagation 
functions, we obtain for the transition amplitude from 


(9.17) 
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the initial state, a’, to the final state, a, 


f Ca= €(@)> nn €"Ca™ 
with 


c= fan. dQ YP a(q®, 7) A(q) 
XS (q@—q®, rO— 7)... 
XA(q™) Par (q™, 7). 


The limits of integration on 7 and 7™ are 7 and 7’, 
All other integrations range from + ©. However, since 
S, vanishes for negative 7, all the 7 integrals give con- 
tributions only from the range 7 to 7’. 

If the states a and a’ are eigenfunctions of the field 
free Hamiltonian with eigenvalues —w, and —wa:, then 
Wa and W, depend on 7 in an exponential manner, e*"" 
and e~*", respectively. When the difference r—71’ is 
large compared to the periods of the w, frequencies, 
each successive 7 integration selects the wa component 
of S; until the last is reached. The last integral intro- 
duces a factor which can be written either as 
275(wa—wa) OF (7T—7T')buawa. The transition proba- 
bilities per unit 7 follow from (9.19). 

For a plane-wave initial state, the transition prob- 
ability per unit time is ||! times the transition 
probability per unit 7, since po is the time-like com- 
ponent of the four velocity. Also 


6(w—w")=E“[8(po—E)+.5(po+ E)], (9.20) 


where E= (m?+ p*)! and m?=— p” for the initial state. 

Therefore, the transition probability per unit time is 
2m| pops’ |—6(po— E)+5(pot+ E) J|M|?, where M is 
given by the sum of the expressions of (9.19) with the 
last 7 integration omitted. Since the w components of 
S; are just the Feynman propagation functions, Sr, the 
equivalence of this method to the usual hole theory is 
established for an electron in a given electromagnetic 
field. 

In the evaluation of specific terms, the properties of 
(2.6) and (2.7) are of value if the g integrations in (9.19) 
are made first. 


(9.19) 
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I, INTRODUCTION 


HE relativistic description of elementary particles 
using four-dimensional wave functions, or Feyn- 
man amplitudes, has been widely used.’ This paper is 
an extension of the proper-time formalism presented in 
a preceding paper’ where such functions are introduced 
directly in the first quantized theory. It includes inter- 
actions between the electron and the quantized photon 
field. 

In this formalism, the state of the electron and field 
is specified at a single value of the proper time, 7. A 
complete set of operators are the electron coordinates 
in four-space, Q,, its spin, o3, and the occupation 
numbers for the photon field, V;,,, where k ranges over 
all four momenta and yu over four “polarizations.”’ The 
development of the state in 7 is given by a Hamiltonian 
operator, and from, this development, the S matrix is 
determined. The solution of the wave equation by a 
perturbation series expansion gives the usual Feynman 
graphs, with the absence of closed loops, and with the 
modification introduced by the nonlocal interaction 
carried over from the classical theory of I. 

Because of the nonlocal interaction, self-energy terms 
are convergent, provided that the integrations are 
performed in a reasonable order. In particular, the 
proper-time integrations are reserved to the end of the 
calculation in the manner of Schwinger.® 

Closed loops can be introduced into the theory with 
an arbitrary, but unambiguous prescription. This can 
be done so that finite and gauge-invariant results are 
obtained in essentially the manner of mass-regulariza- 
tion. The proper-time formalism insures that con- 
tributions from different masses are independent with- 
out the additional requirement to this effect usually 
required. Quantization of the electron field may be 
expected to provide a more deductive treatment of 
vacuum polarization.® 

* Submitted in partial fulfillment of the Ph.D. requirements of 
> Department of Physics, University of Chicago, Chicago, 

'M. “Gell-Mann and M. L. Goldberger, Phys. Rev. 87, 218 
(1952); P. T. Mathews and A. Salam, Proc. Roy. Soc. (London) 
A221, 128 (1953). 

2 W. C. Davidon, preceding paper [Phys. Rev. 97, 1131 (1955)] 
referred to hereafter as I. 

8 J. Schwinger, Phys. Rev. 82, 664 (1951). 


4W. Pauli and F. Villars, Revs. Modern Phys. 21, 434 (1949). 
5 F. Coester, Phys. Rev. 95, 1318 (1954). 


II. THE PHOTON FIELD 


1. The Classical --Dependent Field 


The electromagnetic potential, A,, is a function of x, 
and is independent of 7. It is necessary that A, be 
independent of 7, since the field acting on an electron 
at one point of its path is determined by the entire 
motion of all electrons (together with any additional 
currents) and this over-all current distribution is 7 
independent. 

We can, however, express A, as the sum of two 
7-dependent parts, A,‘ (x,7) and A,“ (x,7) defined by: 


—1A,(@,2)= f drs,(x,7), 
. (1.1) 
— 14. 2)= f drs,(x,7). 
A, is the potential of the future (in 7) current dis- 


tribution and A, of the past. These are defined so 
that A, satisfies the wave equation: 


+-00 
1A, (2) = 3,0) = f drsj(xr). (1.2) 


A, and A,“ satisfy the differential equations: 
—OA, (x,7) =5,(x,7), 
-OA,© (x,7) = — $,(x,7). 


These are derivable from a variational principle: 


(1.3) 


bf axdre=0, (1.4) 


with the Lagrangian density, 


£=A,A,0O+5,(A,O+A,~). (1.5) 
In (1.5), s, is a given function of x and 7, and the 
variation indicated in (1.4) is to be performed within a 
closed region in the five dimensional space of x and r. 

From £ of (1.5), the momentum conjugate to A,+ is 


mt) =0£/dA,~ =[JA,@. (1.6) 
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The Hamiltonian density is 


= 2, A, —&, 
(1.7) 


=—S,A,. 


The Hamiltonian in the absence of a 7-dependent 
current distribution is zero. We have, in effect, gone to 
an interaction representation, in the sense that the A, 
satisfy the field free equations, and have no dependence 
on 7 in the absence of currents. 

The gauge can be chosen so that A,, A,(— ©), 
and A,“(+ ©) all satisfy the auxiliary condition, 


0A ,/0x,=0. (1.8) 


However, the 7-dependent current distribution is not 
divergenceless, but instead 


0S,/0X,= — Op/ dr. (1.9) 


As a result, 
—(_](0A,/dx,) =+[_](0A.~ /dx,) = —p. 
2. Quantization of the Photon Field 


(1.10) 


The 7 derivative of A,“ does not appear in the 
Lagrangian, and 7,“ is zero. 7, can be expressed in 
terms of A, by (1.6). The field operators, A,*) and 
A,@, satisfy the commutation relations 


[A (x), (x) ] 
=[A, (x), 74,0 (2) J =1854(@—2’). 


The d’Alembertian can be taken out of the commutator, 
and since [A,“,A,“] is a function only of «—2’ 
because of invariance under translation, 


LIAL («),4,9 (2) ]= 184(e—2')B. 


In order to determine [A,,A,“ ], boundary condi- 
tions are required in addition to the wave equation of 
(2.2). The vacuum expectation value of A,A, represents 
the photon propagation function. We define A,“ to 
be a destruction operator and A,“ a creation operator 
so that 


(2.1) 


(2.2) 


(Au(x)A,(x’) o= (LA (2), 4, (#) Io 
=[A, (2),4,0 (#’)]. 


To obtain agreement with the usual field quantization, 
we choose for the propagation function the particular 
solution of (2.2), 


[A,(2) AOI Mw f dear" 2) 
‘ (2.4) 


(2.3 


— SuyD+. (x— x’) . 


D,=3Dr is the Feynman propagation function.*® 
Comparison of (2.3) and (2.4) with the vacuum ex- 


® See, for example, F. J. Dyson, Phys. Rev. 75, 486 (1949). 
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pectation value of the usual photon operators, @,(x), 
(TL @u(x) @,(x’) })o= SD (x—2'), 


shows that the field operators of the proper time theory 
essentially replace the ordering in time by different 
commutation relations. 

The matrix elements for a product of proper time 
photon operators can be readily evaluated using the S$ 
ordering of Wick.’ The product is 


A,A,:++Ay=:A,A,-++ Ay: +)(A,A,): +++ Ay? 


(2.5) 


(2.6) 


The summation is over all pairs and products of pairs. 

The use of (2.6) and (2.4) in the perturbation series 
expansion of the coupled wave equation gives the 
usual Feynman graphs without closed loops. The am- 
biguity in taking vacuum expectation values of ex- 
pressions involving the time-like part of A, can be 
handled in the usual way.® 

Operators for A, and A,“ satisfying (2.4) can be 
explicitly constructed from the usual creation and de- 
struction operators, a;,' and a;,, with 


LaiuyQerrt J=SxnDyr, (2.7) 


and dyy'=ay,* for w=1, 2, 3 and ayyt=—a,*, w=4. 
a, is a destruction operator for »=1, 2, 3, and a 
creation operator for .=4. Then, 


Ay = (VT) Yee, 00 ku (tk?) “he 
+4V-3 ¥ x 20] Ro|te*. 


In (2.8), the first summation does not include values 
for k with k?=0, whereas the second is only over these 
states. In products of two field operators, replacing the 
summations by integrations, the first term gives rise 
(except for a constant) to the integrand P(1/k?) and 
the second to i7é(k?). The sum of these is the Fourier 
transform of D,. In the second summation, for each k, 
there are two terms, with kk=+|k|. A,@ is given by 
a similar expression, with a;, replaced by ay,'. V is the 
three-dimensional normalization volume; VT, the four- 
dimensional one. 

A, is a destruction operator, but unlike the usual 
destruction part of the field operator, contains both 
positive and negative values for ko. It is a destruction 
operator, and A,“ a creation operator, in the sense of 
7, and not of time. The explicit form for A,“ of (2.8), 
and the corresponding one for A,“, are of value in 
calculating matrix elements involving creation or de- 
struction of real photons. In calculating these prob- 
abilities, the emission in the course of all 7 of a photon 
of momentum (—fo,k) and the absorption of one with 
momentum (+ &o,k) are both observed as the absorption, 
in the course of time, of one with momentum (+ o,k). 
Because of this, the coefficients of the terms in the 
second sum of (2.8) referring to real photons differ by 


7G. C. Wick, Phys. Rev. 80, 268 (1950). 
8 F. Dyson, Phys. Rev. 77, 421 (1950). 


(2.8) 
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a factor of 2-+ from the usual ones, and the sum of the 
probabilities of these two descriptions of the same 
observed phenomena gives the usual results._ 

In the wave equation for the electron, A, appears 
instead of A,, where A, is the averaged potential 
defined in I-(3.5) 


4,(a)= f dteF (2—q)Ay(). (2.9) 


The averaging can be performed directly on the field 
operators, A,, to give the corresponding operators, A,, 
which are a function of the particle coordinates. From 
(2.3) and (2.4), and from the averaging function of 
I-(2.3), we obtain, with the use of the first integral of 
I-(2.6), 


{ A, \)o= wD. os 
(Au(q)A»(q/))0= 8D,.(9—9’) (2.10) 


= to» favo f dsA(q—q’, 5). 


W(z) is the weighting function of I-(2.8). The range of 
z in W(z) is of the order of the square of the electron 
radius. In the limit of a point particle, W (z)=6(z), and 
(2.10) reduces to (2.4). The effect of the nonlocal 
interaction on the propagation function for the field 
operators is analogous to the classical case, I-(4.3), in 
that an averaging takes place in the s integration about 
s=0. This change in the propagation function for 
| photons is the only effect of the nonlocal interaction. 
It is an averaging of D, over distances comparable to 
the size of the electron, and does not alter appreciably 
those processes involving much larger distances. As in 
the classical case, the field in the absence of sources is 
unchanged. The construction of the energy momentum 
tensor of the field in the proper time formalism has not 
been performed, but it appears plausible that it would 
involve the A,, and not the averaged A,, and these are 
not altered by the nonlocal interaction. 


3. Interaction with an Electron 


The Hamiltonian operator for the electron in the r 
formulation is, from I-(6.7), 


H=}1,1Lo,’= 411M, +tiefwo,’, (3.1) 
where II, is the operator corresponding to the four- 
velocity of the electron, 


Il,,= —id/dq,—eA,(q). (3.2) 


For the electron coupled to the quantized photon field, 
A, in (3.2) is the photon operator of (2.9) in place of a 
given potential. Since the Hamiltonian now contains 
photon operators, the state vector is a function of the 
photon occupation numbers, as well as the electron 
coordinates. It satisfies the 7-dependent equation 


Hy (9,N,1)=i0(9,N,7). (3.3) 
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The spin coordinates of the electron are implied in 
(3.3), and y can be represented as a two-row column 
matrix, whose elements are the wave function for cor- 
responding values of the spin coordinate. 

As was done in I for the corresponding equation with 
a given field, the 7-dependent wave equation can be 
rewritten as a four-component equation of first order in 
the coordinate derivatives and potentials, to give: 


(11+ M)y (9,7) =0. (3.4) 


M in (3.4) represents the operator of I-(7.5) involving 
7 derivatives, and not the electron mass explicitly. 

For a given initial y, and more specifically, just the 
last two components of y, the solution of Eq. (3.4) 
determines the state for all +. The solution can be 
obtained as perturbation series expansion in powers of e, 
and all one electron processes (in the Feynman sense) 
calculated, including Compton scattering, radiative 
corrections to scattering, and self-mass. 


4. Electron Self-Mass 


The perturbation series expansion for the propagation 
function, I-(9.9), is applicable to the electron coupled 
to the quantized photon field if the A, in I-(9.9) are 
replaced by the corresponding field operators. The 
transition probabilities follow directly from (2.6) and 
(2.10). 

Among the various processes which occur are the 
self-energy ones, in which an electron absorbs all of the 
photons it has emitted, but enters into no other inter- 
actions. The corresponding integrals converge, because 
of the nonlocal interaction, which enters into the 
weighting function, W (z) of (2.10). 

As an example, we consider the second-order term, 


mM=ie f dtgdrypS..(qyr)1uDy(qe*rrrer, (4.1) 


representing the emission and absorption of a single 
photon by an electron whose initial (and final) mo- 
mentum is p and w= — f*/2. MW is of the form 


M=A (w)3(ip+M)+B(w)3(—ip+M), (4.2) 
where since only the frequency w is involved, 
M= a he A(w) gives a change in normalization; 


B is Aw/w=2Am/m, where Am is the electron self-mass 
to second order. 

S, and D, can be expressed in terms of the A function 
of I-(2.2) from I-(9.4) and (2.10), to give 


M= tie f dzW (2) f "" f a f d'q(iq/7+2M) 


XA(g,7)A(g,s)e* ter, (4.3) 
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The integral over g can be performed directly using the 
last integral of I-(2.6) and its derivative with respect 
to p,. Substituting u=7/(7+s), we obtain 


A=(¢/8x!) { ds) if in(s—0) f dre/ 
en 


= (a/2m) f dzW (2)[5 In(1/izwy)+13/2), (4.4) 


and 


B=(2/8n°) f dsW (2) A du(1-+u) f Pawns 


uz/l—u 


= (a/2n) f deW (2)[3 In(1/izwy) +31], (4.5) 


vy is Euler’s constant. The integrands in (4.4) and (4.5) 
are evaluated for z negative by giving z a small negative 
imaginary part. Then, the contribution from the 7 in 
the logarithm cancels, as W(z) is an even function. 

The range of z in W(z) is of the order of the square 
of the electron radius, and zw is of the order of a?. With 
this substitution, 1+B is approximately a~*/", so that 
to this order, 


(4.6) 


Wobs = a —8al my @, Mobs = a 8*!2*m, 


This is the same electron self-mass as results from the 
Feynman convergence factor,? with A=a"'m. The 
modification of D, to D, suffices.to make the self-energy 
finite only when the proper time integrations are re- 
served to the end of the calculation and the contribu- 
tions from z negative are obtained by analytic con- 
tinuation as has been indicated. If, before doing this, 
the part of D, satisfying the homogeneous wave equa- 
tion, D', is considered separately, since D! is not altered 
by the averaging process, the self-energy diverges 
because of vacuum fluctuation processes.” 


Ill. INTERACTING ELECTRONS 


5. The Wave Equation 


The Hamiltonian for several interacting electrons is 
the sum of the Hamiltonians of (3.1) for each electron 


H=>,. 31s, (5.1) 


where “ 
11, =—i8/dq.—eAw(g™). (5.2) 
g™ is the coordinate of the mth electron, and o,, 
operating on the spin coordinates of the mth electron, 
is the unit operator for n~m, and is the o, of I-(6.5) 
for n=m. The wave function is antisymmetric in the 
coordinates of all the electrons, and depends also on 


the photon occupation numbers and +. y is defined 


9R. P. Feynman, Phys. Rev. 76, 769 (1949). 
10 A, Pais and G. Uhlenbeck, Phys. Rev. 79, 145 (1950). 
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analogously to the one electron wave function, by 


P= (Toe OTT, gr. . -y)*, (5.3) 

The r-dependent wave equation obtained from the 
Hamiltonian of (5.1), Hy=iy, can be written as a first 
order equation as was done for the one electron wave 
function in I. The y,‘") matrices operating on the four 
spin components of the electron are the unit operators 
for n#m, and are the y, of I-(7.2) for n=m. They 


satisfy : 
[Yu (m) vy, (™) J = 0, 


{yn 7} = 2b», m=n. 


mMFN, 
(5.4) 


The many-electron wave equation is 
(Sui +MY (Q,q®-- (5.5) 


M is still }(1+-5)—i(1—s5)0/d7 with ys the operator 
of I-(7.4) for the spin coordinates of all the electrons. 

Corresponding to y of I-(9.14), we define for the 
many electron wave function as 


P= (yay + -Myp)*. 


The inner product between states, in terms of the y is 


-N,7)=0. 


(5.6) 


f dig@dig®.- -Py(1—ys)ba= (Poa). (5.7) 


The wave equation, (5.5), includes the nonlocal 
interaction within A,(q). It describes any number of 
interacting electrons, including all radiation effects. 


6. Multiple < Formalism 


The equivalence of the wave equation of (5.5) to 
hole theory is not as apparent as in the case of one 
electron. This is because all the electrons are described 
by a single r. 

For an initial state which is an eigenfunction of all 
the Ho with equal eigenvalues, @, instead of selecting 
the @ frequencies of the one electron propagation func- 
tions, the Vw frequency of the many electron propaga- 
tion function will be taken. However, since the poten- 
tials A commute with the zero order Hamiltonian (and 
with the total Hamiltonian), no transfer of w can occur 
among the electrons. This is more clearly shown in a 
multiple + formalism corresponding to the multiple 
time formalism."-” Each electron is described by its 
own 7”), as well as g. 

Since A »(g) always commutes with A,(q’), the wave 
equations are compatible for all g and 7‘, and the 
usual restriction limiting the coordinates to space-like 
differences is not applicable. In the solution of these 


( ee Fock, and Podolsky, Physik Z. Sowjetunion 2, 468 
1932 

2G. Wentzel, Quantum Theory of Fields (Interscience Pub- 
lishers, New York, 1949), 
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wave equations by a perturbation series expansion, 
integrations over the 7”) select the initial, @ component 
of the propagation functions for each of the electrons. 


7. Vacuum Polarization 


No closed loops appear among the graphs which are 
associated to the terms in the perturbation expansion. 
This results from the vanishing of S;(g,7) for negative 
7. Vacuum polarization, which is now well verified 
experimentally,’® can however be included with the 
addition of the following artifice. 

For single loops, we add to the one electron transition 
amplitudes, the amplitudes for the two electron proc- 
esses of Fig. 1(b), and sum over all states x, with a 
suitable weighting. Multiple loops can be included with 
additional auxiliary electrons and a similar summation. 
In terms of Feynman graphs, there are inherently no 
closed loops since the propagation of electrons is forward 
in r. However, this procedure effectively introduces the 
closed loops by joining the auxiliary electron lines at 
7=+0 with those at r=—o. 

In the expression for the transition amplitude 
I-(9.19) between an initial state a and a final state a’, 
the product €aPa',o(q’,7’)Wa,o(g,7) appears. When a 
summation over all a=a’ is made with an invariant 
weighting, p(a), we obtain a “return propagation func- 
tion,” Sp, 


Sr (q-q’, ao, 7’) = Le €aWa(q,7)Wa(q’,7’)p(a). (7.1) 


The weighting function is an invariant function of p,’, 
and hence of wg. p(w.) is analogous to the regulator of 
Pauli and Villars.‘ 

The usual closed loop terms are obtained if Sz is 
equal to the single frequency component of S, corre- 
sponding to the electron mass, @=m?/2, 


Sp(7)=(1/T) f dr’, (7), (7.2) 


T is the 7 normalization length. For this Se, 
p(w) = (2n/T)6,(w—@). 


The 6, function, rather than the 6 function is needed 
since S, vanishes for 7<0. The Fourier transform of 
p(w) is 


(7.3) 


R()=(1/2n) j disp (w)ei", 


= (1/T)e'" 
=0 


7T>0, 
7<0. 


With this R, the usual infinite charge renormalization 
would be required. We can, however, modify p at 


8 See, for example, E. E. Salpeter, Phys. Rev. 89, 92 (1953). 


(a) 


Fic. 1. Proper time interpretation of closed loops. (a) Usual 
diagram for vacuum polarization ceontribution to the Lamb 
effect. (b) Proper time graph for the same process. 


large w (R at small 7) to 
p(w) = (2x /T)e*e-#- #5, (w— a), 
R(r) = (1/T)e*e* 

=() 


TOS (7.5) 


F<. 


z is a constant, with z#<1. @ is chosen to make 
JSo*drR(—1)7r™ positive. This R(r) satisfies the con- 
ditions necessary for convergence, 


R(0)=R’(0)=0. (7.6) 


With this weighting, the regulated return propagation 
function, Sp, is 


Sr=(e#/T) f dre. (gr), (7.7) 


Though this weighting only changes one of the 
propagation functions involved in the closed loops, the 
different w components propagate independently be- 
cause of the r integrations. The number of 7 integrations 
is equal to the number of vertices in the loop, so that 
one 7 integration is available to cancel the T in Sp. 

The evaluation of the vacuum polarization kernel 
proceeds in the manner of mass regularization. The 
calculation follows that of Schwinger." 

The charge renormalization for the weighting func- 
tion of (7.5) is 


Ae/e= — (a/3m) In(1/ywz). 


The effect of the nonlocal interaction is to distribute the 
charge induced in the vacuum over distances comparable 
to the electron radius. This necessitates a redistribution, 
as well as a renormalization, of external charges. 


(7.8) 


IV. CONCLUSIONS 


The application of the proper time formalism to 
quantum electrodynamic permits a more direct ap- 
proach to the Feynman viewpoint and provides a wave 


44 J. Schwinger, Phys. Rev. 82, 664 (1951). 
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equation whose solutions may possibly be approximated 
by other than a perturbation expansion in powers of 
the coupling constant. The nonlocal interaction intro- 
duced into the classical theory makes the self-energy 
terms in the perturbation expansion finite. 
Quantization of the electron field does not appear to 
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be necessary except to provide a more satisfactory 
treatment of vacuum polarization. 

The author wishes particularly to thank M. Gell- 
Mann for his suggestions for quantizing the photon 
field, and to M. L. Goldberger and H. Ekstein for their 
valued criticisms and suggestions. 
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The possibility of obtaining an equation for particles with spin 2 without the introduction of an additional 
field is considered. The equation and the supplementary conditions are reduced to those proposed by Pauli 


and Fierz for the free particle. 


HE well-known Pauli-Fierz! and Rarita-Schwinger? 
theories for particles with spin s=3 are based on 
the Dirac’ formulation proposed for such particles. 
Both of them use the same Dirac equation with addi- 
tional terms to describe the electromagnetic interaction. 
The essential difference between these theories lies in 
the following: Rarita and Schwinger have used only 
the ¥ of Dirac (i and & run from one to four), while 
Pauli and Fierz have introduced an additional field D. 
In the nonrelativistic approximation both theories are 
equivalent.*-* 
For the spin-two particles of mass different from 
zero, on the other hand, there exists only the Pauli- 
Fierz type equation. Its equation is 


(J-m’)An.=0 


for the vacuum. [_]=0?/dx*; h and ¢ are unity. The 
wave function A, is symmetrical. The spur A,; is null 
and the A; satisfy the relation: 


0A i/Ox'= 0. 


255). Pauli and M. Fierz, Proc. Roy. Soc. (London) A173, 211 
1939 
2 W. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1941). 
3P. A. M. Dirac, Proc. Roy. Soc. (London) "A155, 447 (1936). 
4J. Tiomno, Cent. Bras. Pesq. Fis. apeee: de Fisica) (1953). 
°F. 5. Belinfante, Phys. Rev. 92, 997 (1953). 
6 A. da Silveira, Anais acad. brasil. cienc. 25, 197 (1953). 


Its interaction with the electromagnetic F,, is 
determined as for s=3. 

The aim of this note is to show that it is possible to 
obtain a consistent set of equations by using only the 
A, as in the Rarita-Schwinger equation. The funda- 
mental equation is 


(J—m?) A .—950,A re — 940A ri + §(0:0.+0,0,) Arr 
—36i(_J—$m’)An=0. (1) 
Here 


0;= 0/dx*—ied,, 


5; is the Kronecker delta, and ¢; is the electromagnetic 
potential. The coefficients were chosen so that the 
relation 

mA 11= 20,0,;A rty (2) 


is obtained when we contract 7 and & in (1). Applying 
; to (1), we get 
md;A n= By, (3) 


where B;, depends on F,, and is zero when F,,=0. It is 
easy to see that the Eqs. (1), (2), and (3) reduce to the 
vacuum equations. The Lagrange function and the 
Hamiltonian can easily be obtained. The author is 
indebted to Professor J. Tiomno for valuable discus- 
sions. 
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Definition of the Virtual Level of the Deuteron 


J. HumsBret 
University of Liége, Liége, Belgium 
(Received October 11, 1954) 


As a supplement to Ma’s review article on the subject, the most frequently suggested definitions are 
discussed on the basis that nearly equal potentials should have nearly equal virtual (and resonance) levels. 
This point of view is in opposition to the most usual definition ¢’(ro,k)=0 and favors the Siegert (or S- 


matrix) definition ¢’ (ro,k) —ik¢(ro,k) =0. 





EVERAL recent original papers and review articles 
have been devoted to the definition and interpre- 
tation of the virtual 1S state of the deuteron.}-* It is 
well known that many definitions have been introduced 
for this level; this is due to the fact that to obtain the 
cross section formula 


o(k)=4n/(k?-+0%), (1) 


it is not necessary to introduce a formal definition of 
the b? level.4-> This does not mean, however, that the 
possible interpretation of 6 as a virtual level is purely 
accidental. We are inclined to agree with Ma‘ that the 
framework of the S-matrix provides a consistent defi- 
nition of this level as well as a satisfactory explanation 
of its introduction in the cross section. 

This point of view is in agreement with the two 
following requirements: (a) The definition of a virtual 
level should not be restricted to the very limited purpose 
of explaining the 5? term in the formula (1). (b) The 
virtual levels corresponding to nearly identical po- 
tentials should have nearly equal energies; the same 
must be true for the resonance levels if they are included 
in the definition of the virtual levels. 

Regarding requirement (a), we have in fact proved 
elsewhere® that the definition of Siegert,’ 


¢' (r0,k) — ike (r0,k) =0, (2) 


which is identical with the one derived from the S- 
matrix formalism,’ makes possible an easy transfor- 
mation of the cross section, 


Ar| ¢' (ro,k) sinkro— o(r0,k)k coskro|? 
| e*rol_ gp" (r0,k) —ik o(r0,k) | 


not only into a Breit-Wigner formula, but also, under 
different physical conditions, into formula (1) for b<0 
(virtual level) as well as for b>O (real level). 





» 'O. Bergmann, Acta Phys. Austriaca 5, 240 (1951). 
| °S. T. Ma, Revs. Modern Phys. 25, 853 (1953). 
*J. Humblet, Mém. soc. roy. sci. Ligge 12, No. 4 (1952). 
‘T. Y. Wu and H. M. Foley, Phys. Rev. 73, 1117 (1948). 
'D. Bohm, Quantum Theory (Prentice-Hall, Inc., New York, 
1951), Sec. 21. 
*See reference 2, Sec. IIIB, p. 857. 
"A. J. F. Siegert, Phys. Rev. 56, 750 (1939). 
*For the sake of brevity we consider only the case of the 
otential with a finite range so that there is no redundant level. 
* The definition of C. Kittel and G. Breit [Phys. Rev. 56, 744 
1939)] does not satisfy the requirement (a): it includes an 


In connection with the requirements @ let us for 

brevity consider the special potential 
—V, for O<ren 
seo={- V2 for m<r&re 
0 for r>fPo, 

where 0<V2Vj and r2>>ri. It is easy to verify that 
the levels corresponding to the condition ¢’(r:,k)=0, 
are very different from those defined by ¢’(r2,k)=0, 
this being true even in the limiting case V2=0. The 
same remark is also valid for the condition ¢(r0,k) =0 
and for the linear combination ag’ (ro,k)+8¢(r0,k) =0 
when 7o=71 and 7o= 12. 

The situation becomes quite different for the real, 
virtual, and resonance levels defined by the condition 
(2) when ro=7; and 72 respectively. It is easy to verify 
that 


ero y' (r0,k) —ike(r0,k) | 
-{ ery (r) p(r,k)dr+ ¢’(0,k). 
0 


It is therefore obvious that when V2=0, the two 
conditions 

¢' (r1,k) —ike(ri,k)=0 and ¢' (r2,k)—ike(r2,k) =0 
are rigorously identical. If V2 is very small but not zero, 
it is possible to compute each level corresponding to 
ro=r2 as a small perturbation of a corresponding level 
for ro=ri.2 Consequently, requirement (b) will be 
satisfied by the Siegert condition (2). 

The same is also true for its “conjugate” ¢’(r0,k) 
+ike(ro,k)=0 and for the linear combination given 
by Sexl:! 


petrol g! (rok) —iko(r0,k) +e” g' (ro,k) +iko(r0,k) | 


=-[ cos(kr)o(r) o(r,k)dr+ ¢’ (0,k) =0. 


The Sexl condition is a special case of the one obtained 
from the Teichman and Wigner" Q-matrix, whereas the 
poles of the Wigner R-matrix correspond here to the 
solutions of ¢’(ro,k) =0. 

I wish to express my gratitude to Professor L. 
Rosenfeld and Dr. J. Serpe for stimulating discussions. 
infinite number of meaningless complex energy levels with large 


negative real parts. me 
10 See reference 2 or the original references given in that paper. 
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In a previous paper, a covariant wave equation for bound states was used to calculate corrections to fine 
structure. The techniques developed in that paper are extended here to the study of hyperfine structure 
(hfs) in the hydrogen atom. An expression is derived for corrections of relative order (am/M) to the hfs 
splitting of any S-state of hydrogen, arising from the finite mass of the nucleus. The proton is considered 
as a point particle with an anomalous magnetic moment of the Pauli type in addition to its Dirac moment. 
It is shown that the corrections obtained with an unmodified Pauli moment diverge logarithmically, and 
a cut-off in momentum space is introduced. Numerical results are given for the limit of large cut-off mo- 
mentum. It is shown that the leading terms, which involve log(M/m) as a factor, can also be obtained from 
a modified form of three-dimensional perturbation theory. 





1. INTRODUCTION 


HE Fermi formula for the hyperfine structure 
splitting of S-states in hydrogen (hereafter desig- 
nated by hfs) is 


hfs= (2mayp/3mM ) (0*-6°)|¢(0)|?, (1) 


where a: is the fine structure constant, yu, is the proton 
magnetic moment in nuclear magnetons, m and M are 
the electron and proton masses respectively, and ¢(0) 
is the Schrédinger wave function evaluated at the 
nucleus. We are using a system of units in which 
h=c=1. Since |¢(0)|? is proportional to m,*, where mr 
is the reduced mass mM/(M-+m), the hfs splitting 
contains a factor (1—3m/M), the simple “reduced mass 
correction.” This factor, derived by a nonrelativistic 
argument, accounts approximately for the recoil of the 
proton. Using a relativistic approach, we would expect 
further mass corrections of relative order am/M. In 
1947, Breit and Meyerott!? applied the approximately 
covariant Breit equation to this problem. They found 
that the Breit equation gives the reduced mass cor- 
rection, but no terms of order am/M. 

Bethe and Salpeter? have derived a completely 
covariant procedure for handling such problems, which 
was applied by Salpeter‘ to finding corrections of rela- 
tive order am/M to the fine structure (fs). Karplus, 
Klein, and Schwinger®:* have also found a method, 
based on the Schwinger-Tomonaga formulation of 
quantum electrodynamics, for solving bound-state 
problems, and have used it to obtain mass corrections 


* This paper is based in part on a Ph.D. dissertation submitted 
to Cornell University in September, 1952. 

t Presently on leave of absence from Cornell University at the 
Research School of Physical Sciences, the Australian National 
University, Canberra, A. C. T. 

1G. Breit and R. E. Meyerott, Phys. Rev. 72, 1023 (1947). 

2 Breit, Brown, and Arfken, Phys. Rev. 76, 1299 (1949). 

3 E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951). 

4 ag Salpeter, Phys. Rev. 87, 328 (1952), hereafter referred 
to as 5. 

5 R. Karplus and A. Klein, Phys. Rev. 85, 972 (1952). 

6 Karplus, Klein, and Schwinger, Phys. Rev. 86, 288 (1952). 


to the hfs in positronium.’ This procedure has also been 
applied by Arnowitt® to finding mass corrections to the 
hfs in hydrogen. This paper presents another calculation 
of the hydrogen hfs for S-states, by a method analogous 
to that used in S. Since hfs is of order (m/M) X (fs), the 
present calculation consists essentially of carrying the 
expansion in absolute powers of (m/M) of S one order 
higher, retaining only spin-dependent terms, and in- 
cluding the effect of a Pauli-type magnetic moment. 
Wherever possible we shall use the notation of S. 

As in S, we find it convenient to separate the instan- 
taneous Coulomb interaction from the effect of the 
transverse photons in accordance with the equation’ 


ow’ RP = — vary a1 /k +0? o1*/k,? ], (2) 


where a, is the component of «@ perpendicular to k. A 
similar separation will be used for the Pauli terms. 

The mass corrections are all produced by processes 
in which the proton and electron interact twice, either 
through the exchange of two transverse photons (double 
photon terms) or through one transverse photon and 
one instantaneous interaction. Processes involving two 
instantaneous interactions contribute to the fs cor- 
rections, but, since they are not spin-dependent, they 
do not contribute to the hfs. 

Let k’ and k be the momenta absorbed by the proton 
during the first and second interactions respectively. It 
will be shown that the main contributions to the hfs 
mass corrections come from values of k between m and 
M. Since these values are large compared with the Bohr 
momentum of the atom, which is of order am, it will 
be possible to neglect the internal momentum of the 
atom and to approximate k’ by (—k). In this approxi- 
mation, the mass correction terms depend on the 
atomic wave function only through the factor |¢(0)|’. 

Most of these terms may be approximated by ex- 


7R. Karplus and A. Klein, Phys. Rev. 87, 848 (1952). 
8 R. Arnowitt, Phys. Rev. 92, 1002 (1953). 
®R. P. Feynman, Phys. Rev. 76, 769, (1949). 
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pressions of the form 


AE=C (am/M) (hfs) f dk/k 


=C(am/M) log(M/m) (hfs), (3) 


where C is a constant factor of order unity, and (hfs) 
is given by Eq. (1). If we evaluate the integrals more 
carefully, we also find terms which do not contain the 
large factor log(M/m), but none with a factor loga. All 
such terms, whether or not they contain log(M/m), are 
said to be of relative order am/M. 

We treat the proton as a point particle with a Dirac 
moment of unity and a Pauli moment of (u,—1). Since 
the two moments behave in entirely different ways, it 
is necessary to treat them separately. The terms in- 
volving two Pauli interactions turn out to be logarith- 
mically divergent. This divergence would presumably 
be removed in a consistent theory for the anomalous 
proton moment. In the absence of such a theory, we 
shall cut off the Pauli terms at a finite momentum ho, 
corresponding to a crude spreading-out of the Pauli 
moment over a radius ko. 

The four-dimensional calculations will be presented 
in Secs. 2 to 4. To show the relation of this four-dimen- 
sional method to conventional, noncovariant theory and 
to check the results, the mass corrections will also be 
evaluated by three-dimensional perturbation theory. 
This procedure yields only the terms containing 
log(M/m). It is carried through for single-photon 


terms in Sec. 5 and four double-photon terms in Sec. 
610-12 


2. SINGLE-PHOTON TERMS WITH DIRAC 
INTERACTIONS ONLY 


The hfs correction arising from the exchange of a 
single transverse photon is given by 


AEcp= AEcp®’+AEcp*—AEz. (4) 


AEcp® and AEgp~ represent the first order corrections 
arising respectively from diagram (1b) and from the 
crossed diagrams (2b) and (2c). The subscript CD 
indicates that these terms involve a Coulomb interac- 
tion and a Dirac photon. In Fig. (1b), no Coulomb 
interaction is shown. The Coulomb interaction in 
AEcp® arises instead from the iteration of the initial 
or final wave function according to Eq. (29) of S. As 
in, it is convenient to subtract AEs, the single photon 


” The results of the three-dimensional calculation for hydrogen 
and of a very crude calculation for deuterium have previously 
been published by the authors (see reference 11). These results 
Were incorrect, since the instantaneous part of the Pauli inter- 
action was erroneously neglected. A more adequate treatment 
for deuterium will be given in a future publication.” 

\19se) E. Salpeter and W. A. Newcomb, Phys. Rev. 87, 150 

" Greifinger, Newcomb, and Salpeter (to be published). 

% A Dirac (Pauli) photon is a photon which interacts with the 
Dirac (Pauli) moment of the proton. 


Fic. 1. Second order Feynman diagrams: Fermions are denoted 
by solid lines, Coulomb interactions by dotted lines, and trans- 
verse photons by wavy lines. Electrons are on the left, protons on 
the right. 


correction arising from a solution of the Breit equation 
in which the transverse photon term is evaluated by 
means of first order perturbation theory. Since such a 
solution of the Breit equation gives the ordinary hfs 
with reduced mass correction and nothing else,!? this 
subtraction procedure will remove these large effects, 
leaving only the corrections of order am/M. 

The Breit equation in momentum space with a trans- 
verse photon term is 


[E—H.(p)— Hs(p) 16(p) 
= —(¢/2n') f (®k/k)[1—eut-a.* (pth), (5) 


where H, and Hy are the free-particle Dirac Hamil- 
tonians for the electron and proton respectively: 


(6a) 
(6b) 


H.(p)=a*-p+6m, 
Hy(p)= —a?-p+?m. 


The transverse photon term produces a perturbation 
energy of 


Ak a= (¢/2x!) { (apatb/9*(War-es'6(o+h), (1) 


where ¢ satisfies 


[E—Ha(p)— H(p) 16(p) 
= — (2/282) if (#k/k)4(ptk). (8) 


It is convenient to express ¢ in terms of positive and 
negative energy components, using the Casimir pro- 
jection operators as in S: 


$4.4.(p)=As*(p)A."(p)o(p), (9) 
Ax(p)=LE(p)+4H (p) ]/2E(p), (10) 


where E(p) = (m?+- p*)!. 4, is larger by a factor of a! 
than the largest of the other three components of ¢. 
With ¢ and ¢* each expressed as the sum of four 
terms, AE, breaks up into sixteen terms, of which only 
the terms containing either $,, or ¢4,* or both con- 
tribute to the required order of magnitude. The largest 
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term is 


AEst+=(2/2x2) f (dpd*k/k) 


Xoi4*(p)au?- an’, (pt+k). (11) 
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The two terms containing either ¢_, or ¢-+* can be 
combined to form the following approximate expression, 
after expressing ¢_+ in terms of ¢,, by means of the 
(—+) component of Eq. (8) and dropping higher 
orders in a, 


(12) 





AER t= — 2( 
Qn? 


where k=p’—p, k’=p’—p’, E,/=E£,(p’), and B,’ 
= EF;(p’). Two further terms AEst~ and AEg—~ are 
obtained by analogy with Eq. (12). 

The next term to be considered is AEcp°, the first 
order contribution from diagram (1b). By using Eggs. 
(23a) and (38) of S, 


AEcn’=— (¢/2n") f d'pd'p'Y* (py)au2-a® 


Xv (pu!) (w—R+7d)7, (13) 
where y is the four-dimensional wave function discussed 
in S, and where w is the fourth component of ky= py’ — py. 
If we split y and y* into positive and negative energy 
components, the main term will be the one involving 
vi, and ¥,,*. By using Eqs. (10) and (15) of S, Y44 
may be expressed in terms of the positive energy com- 
ponent ¢,, of a three-dimensional wave function. After 
carrying out the integration over ¢ and e’, the fourth 
components of p, and #,’, we find that 


AE opt = (2/2n2) J a pd*p'ds4*(p)au?- 0144 (p') 


E<i,-h, 
2k(E—E,— E;'—k)(Ex— Ey'—k) 





1 
x| + 
k— (Ey! — Ey)? 


E-E,'—E,’ 
+ | (14) 
2k(E— E,!— Ey—k) (Ex! — Ex) 





$44 is the (++) component of the solution of the 
zero-order three-dimensional Bethe-Salpeter equation, 


[E—H.(p)—Hs(p) }6(p) 
= — (€/2n*)[A,*(p)A,?(p)—A_*(p)A_*(p) ] 


x f (ak/)4(p+k). (15) 


To the order of accuracy required, the (++) com- 
ponents of the solutions of Eqs. (8) and (15) agree. 
The three terms in brackets in Eq. (14) will hereafter 
be designated by the letters a, 6, and c. The first term 
AEcp**** is much larger than the effects we are study- 
ing. In fact, it gives rise to. the ordinary hfs, as \we may 
readily see by evaluating it to lowest order in a. The 


é ) f d*pdip'dp!'b,4*(p)aa®-aa*A_*(p!)A4*(p')b4+(P”) 


kk!2(E+ Eq! — Ey’) 





matrix element in Eq. (14) is, for km, 


$44*(p)as®- a1',+(p’) 
= (4mM)"9,,.+**(p)[—4ps°+ 2ip- (o* Xk) 
+2ip- (o’Xk)+ (o*Xk)- (o?Xk) ]¢447*(p), 


where ¢,,** designates the upper four components of 
the sixteen component wave function $+ in the nota- 
tion of S.4 

The first two terms of (16) are independent of the 
proton spin, and therefore do not contribute to the hfs. 
The main contribution to AEcp*** is from the region 
where # and ’ are both of order am. In this region, Eq. 
(16) is valid, ¢,,** may be approximated to lowest 
order in a by the Schrédinger wave function ¢o, and 
(E,’—E,)? is negligible compared with k?. The third 
term in (16) then gives the orbital hfs, which vanishes 
for S states. The fourth term gives, after averaging over 
angles, 


(16) 


AE=(€/128°mM) f @pd*p'bs*(p)o*-0'bo(p'), (17) 


which immediately reduces to wu, times the Fermi 
expression, Eq. (1), i.e., to that part of the ordinary 
spin-spin hfs which is due to the Dirac moment of the 
proton. 

To get the mass correction, we subtract AEg** from 
AEcp***. The result is 


(e?/2n?) f a pd*p'o,.* (p)as®- as’, +(p’) 


X (Ey! — Ey)*k Ck? — (Ey’— By)? }. (18) 

The main contributions to this integral come from 
the regions pram, p’~M, and p~M, p’~am. The 
contributions are equal to each other and of order 
a(m/M) (hfs). We therefore evaluate this term only to 
lowest order in a. If p~am, ¢4,*(p) may be replaced 
by ¢o*(p), the conjugate of the Schrédinger wave 
function. However, since 9’ will then be large, ¢4+(p’) 
must not be approximated by ¢o. To get an approxima- 
tion to ¢4,(p’) which is good to lowest order in a for 

4 Throughout this paper, as discussed in the Appendix of §, 
+ or — signs as subscripts to wave functions refer to eigenstates 
of the Casimir projection operators for the relevant momentum; 


+ or — signs as superscripts refer to the eigenstates of the Dirac 
operator B. 
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any value of p’, we may use the iterated wave function 
$1, defined by Eq. (29) of S. 

By using ¢;, we shall eventually be able to express 
any contribution AE, to the hfs mass correction in the 
form 


Mat (¢/298) f pb yep" b4%(6) 
X Fass (p")/KR”, 


where k and k’ are defined as in Eq. (12) and a, 6 stand 

for arbitrary subscripts and superscripts. In all such 

expressions we shall replace $,, and $,,* by ¢o and go*. 
With this notation, we find 


ai? @A,*(p’) A,?(p’) (E,’— Ey)? 


(E— Eq! — By!) [P— (Es! — Fs) 
' (20) 


(19) 


O++a_ GF ptt = —2 





Teo 


The terms b and c in (14) are equal, as may be seen 
by interchanging p and p’, and taking the complex 
conjugate. Term c has no contributions of the required 
order from values of p large compared to am. To get 
an approximation to lowest order in a, we must there- 
fore iterate ¢,,(p’), but not ¢,,*(p). The result is 


Fop t+ Fop t= 2F cp ++ 
Ray?-as’A,*(p’)A+?(p’) 
(E~t!+2—DR!~-E—)) 





(21) 


The iteration procedure used to derive Eqs. (20) and 
(21) has the effect of bringing in a Coulomb interaction 
which is not crossed with the photon. The same thing 
will happen with all the other components of AEcp’. 

The contributions to the required order of these 
other components consist of terms containing ¥4,* and 
one of the functions y_,, y,~-, and y__, and of the 
complex conjugates of such terms. The four-dimensional 
wave functions are then expressed in terms of $44, 
using the uniterated expression for ¥;, and the iterated 
form for the negative energy components, in accordance 
with Eqs. (10), (15), (15a), and (15b) of S. After car- 
tying out the integration over the fourth components 
of the momenta, we find 


Ras: asA_*(p’)A,>(p’) 
(Eq! +Eat+k)(E— Ea— Es! —k)’ 
Raat aPh,*(p’)A_*(p') 
~ (Bi-+Eyt+h)(E- Ey!— Bx—k)’ 
Fep? — = ay? ay°A_*(p’)A_*(p’) 
XLR( Be’ +Eo+k)-\ (E+ E,’— Ey— hk) 
— 2h? (E-+ Eq! + Es!)-\{ (E+ Eq! — E;)?— BY J. 


-+ — 





(22) 


JCD 


Fept— 


(23) 





(24) 


We now turn to the crossed terms. Using Eq. (56) 
of S, and observing that diagrams (2b) and (2c) give 


IN H 














p =p” 


Fic. 2. Fourth order Feynman diagrams: p, p’, etc. denote the 
momentum four-vector of a particle minus (m/ma) times the 
four-vector of the whole atom, where m and m, are the masses of 


the particle and the atom respectively. In all crossed diagrams, 
the momenta are as in Fig. 2(a). 


equal contributions to AEcp*, we may write 


AEcp*= (i/n)(€/2x*) f dtpd'p/d'p” 


XH*(uP— IA) (p,) 


2 
%. ano E— Ha(p’”)—wte" +1587} 
i=1 


XLmE— Help’) —o— +158" 'aiW(p,"), (25) 
where p, p’, p’, k, and k’ are the same as in the un- 
crossed terms, and where p,’”’= p,’’—k,. >. represents 
a summation over the two directions perpendicular to 
k. ma and m (denoted by pa and yw in S) are given by 


Na=m(M-+m), (26a) 
m=M/(M+m). (26b) 


To resolve AEcp* into positive and negative energy 
components, we introduce the operator 


[Ay9(p'") +A-*(p””) JLA,?(p) +A_*(p’) J= 1 


into the integrand of (25). This eliminates the Dirac 
matrices in the denominator. Since the integrand is 
appreciable only when # and p” are both of order am, 
¥*(p.) and W(p,’") may be replaced by ¥,,* and y¥4,4, 
which are expressible in terms of ¢,,* and $44 as 
before. After carrying out the integrations over the 
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fourth components of the momenta, we obtain ex- 
pressions for Fcp***, Fcp*, etc. For example, 


RD arhy*(p’ Ay? (paz? 
(E—E,!"— FE," —k)(E—E,— E;'—k) 


Fop*+= 





(27) 


Aside from the main term AEcp***, which is can- 
celled by —AE,** in the region k~am, AEcp*** and 
AEcp****¢ are the only terms which give appreciable 
contributions from this region. It is easy to show that 
these two terms cancel to lowest order in a for k~am, 
except for terms which are independent of the electron 
spin. This means that the region k>m>>am is the only 
important one. On the other hand, the only important 
values of p and p” are of order am, the Bohr momentum, 
since the Schrédinger wave functions decrease rapidly 
for larger momenta. Since ~,p’«Kk, we may, to the 
required order of accuracy, replace p and p” by zero, 
p’ by k, and p’”” by —k in each expression $,°. With 
these approximations, the integral over p and p” in Eq. 
(19) reduces to 


f dpd*p""bo*(p)$0(p”) = (2n)|40(0)|?. (28) 


Any AE, is then expressible in the form 


AE.P= (am/mu pM) (hfs) T°, (29) 


where 


T.$=12M2(o2-08)1 : dkk-(5,8). (30) 
0 


(Fa°) is the expectation value of F,° for a state with 
zero momentum. 
To illustrate the procedure, we will carry out the 


evaluation of AEgp**t**+AEcp***. The expectation 
values of the numerators of (21) and (27) are given by 


k(x? a1°A,*(k)A,*(k)) 
=k(Y: aPA,*(—k)A,*(K)a,*) 


= (e*-0°)/6E*Es*, (31) 


after averaging over angles. E,* and £,* are abbrevia- 
tions for E,(k) and E,(k). 
We now have, using Eqs. (21), (27), (30), and (31) 


Top *+-T op 


=—2M f " (kdk/ EFEs*) (E.'—m-+k)*. (32) 
0 


To simplify the evaluation of the 7.8, we split the 
integral into two ranges, k<A and k>A, where 
mKAKM. For k<A we expand in powers of k/M and 
m/M, and for k> A in powers of m/k and m/M, keeping 
only the lowest order term. After carrying out the 
integration, we neglect (m/A) and (A/M) compared to 
unity. These approximations, which introduce errors of 
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relative order (m/M)}, finally give 


T cp +%-+Tep*t+ = —log(M/m)—2 log2—1. (33) 


The other single-photon terms are treated in pre. 
cisely the same way. The results, with crossed, un- 
crossed, and Breit terms combined, but with positive 
and negative energy contributions separated, are 


Tcpt += —log(M/m)—1, 
Top +=—5 log(M/m)+9, 
Tcpt~=—log(M/m)—3, 
Tcp- ~=3 log(M/m)—5. 


The total single-photon contribution with Dirac 
interactions alone, the sum of Eqs. (34), is then 


Tcp=—4 log(M/m). (35) 

The integrals for the various T,° can also be evalu- 
ated in an elementary manner if a cut-off is introduced, 
ie., if the upper limit of the k-integration is put equal 
to a constant, ko?. This cut-off can be introduced into 
all integrals except in those for the Breit terms. These 
must be integrated to infinity to be equivalent to the 
results of Breit and Meyerott,! which we have used. 
With such a cut-off, the expression for T¢p is 


Tcp= —4 log(M/m) —8(Eo? —ko?)/koP 
+4 logl (Eo? +ko?)/2ko? J, 


where Ey? = (M?-+ ky?”)?. 


(35a) 


3. SINGLE-PHOTON TERMS WITH PAULI 
INTERACTIONS 


To take account of the anomalous magnetic moment 
of the proton, we replace y,° in the Dirac interaction 
terms by 


r,? (9) = (u/4M)qo(vp?ve—Yu¥,"), (36) 
where p=yy—1 is the anomalous moment in nuclear 
magnetons, and where g, is the four-momentum ab- 
sorbed by the proton. g, is equal to k,’ or k, according 
as the interaction in question is the first or the second 
along the world line of the proton, counting the bottom 
of a diagram as the earlier part. 

Using the new “vertex part” I',, we may eliminate 
longitudinal waves just as before to obtain 


yl? (q0)/(qe—P+id) = —yeeve[ Ae (g,)/P 
+2 avA?(q,)/(qe—gtid)], (37) 


where A,°(q,)=4'T,°(g,). It should be pointed out that 
Eq. (37) is a strict identity of matrices, whereas the 
corresponding relation for a Dirac moment asserts only 
that the relevant matrix elements are equal. 
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The first term on the right-hand side of Eq. (37) 
represents an instantaneous interaction, hereafter desig- 
nated as a Q-interaction. It arises from the fact that 
the motion of the anomalous magnetic moment induces 
an electric moment which interacts with the Coulomb 
field of the electron. To find the effect of the Q-inter- 
action on the single-photon terms, we must replace the 
Coulomb interaction operator g~? by the operator 


7 [1+ (u/2M)6"a°-q]. 


This is the operator which should now be used in 
iterating the Schrédinger wave function to obtain 1. 
This will affect the value of AEcp®, the contribution 
from diagram (ib). The additional term, AEgp°, is 
gotten by substituting Q-interactions for Coulomb 
interactions in Eqs. (21) to (24), and in the part of Eq. 
(20) corresponding to AFcp****. These terms represent 
a (Q-interaction and a Dirac photon, the two interactions 
being uncrossed. Finally, we will have to add terms 
AEgp* representing new diagrams resulting from dia- 
grams (2b) and (2c) by the substitution of a Q-inter- 
ation for the Coulomb interaction. Of course, we no 
longer subtract Breit terms. 

For positive energy intermediate states of the proton, 
the integrands are smaller by a factor of order (k/M)? 
if we use a Q- instead of a Coulomb interaction. For 
negative energy states, they are not changed in order 
of magnitude. We may, therefore, still neglect the 
region k~am, since only the positive energy terms gave 
contributions of the required order to AEcp from this 
region. These contributions, one of which was of order 
(hfs), are now reduced to a?(m/M)? (hfs) or less. 

For k>am, it is easy to show that introducing the 
matrix (u/2M)6*a*-q simply multiplies the integrand 
by a factor f®, given by 


f42=— (u/2M) (E'—M), 
f-°= (u/2M)(Ee'+-M), 


(38) 


(39a) 
(39b) 


where f,? or f_@ is used according as the intermediate 
proton energy is positive or negative. Such multipliers, 
used to convert Dirac terms to Pauli terms, will here- 
after be called f factors. 

To compute AEgp=AEgp+AEgp~%, we simply mul- 
tiply the integrands in the CD® and the CD* terms by 
f® and re-evaluate the integrals.!° Since some of the 
Pauli terms diverge logarithmically, we introduce a 
cut-off ky into the k integrals for all Pauli terms. The 
result for the QD terms is 


Tgp= 2p log(M/m) — 2p logl (Eo+ko)/2ko J, 


where Ey=(M?+h,?)!. The positive and negative 
energy components of Tgp converge individually even 


(40) 


18 AEgp and AEgp are the terms which were neglected errone- 
ously in reference 11. 
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if ko tends to infinity. In this limit they are 
Ton*t=T ap +=p(—}—log2), 
Tont~=pLlog(M/m)+§+log2], 
Tep- ~=u[log(M/m)—4+log2]. 


We will now examine the terms A£Z¢p, involving a 
Coulomb interaction and a Pauli photon. These terms 
are obtained from the corresponding Dirac terms by 
replacing a; by 


A (gp) = (u/4M)6"qo(y,°v°—v:?v,") 
= (in/2M)B?(0’X q):+ (ugs/2M)B'a:;>. 


The first term of (42) represents the interaction of the 
magnetic moment of the proton with the magnetic 
vector of the photon wave, while the second term 
represents the interaction of the electric moment with 
the electric vector. 

It can be shown that, to the required order, the CP 
integrands are equal to the Dirac integrands multiplied 
by uw for k~am. We may, therefore, cancel the Pauli 
terms in this region by multiplying the Breit terms by 
u and subtracting them. As before, the Breit terms will 
give the ordinary hfs produced by the Pauli moment 
with the reduced mass factor (1—3m/M), while our 
deviation terms will give additional mass corrections of 
relative order am/M. 

For k>am, replacement of a,’ by A.*(g,) is equivalent 
to multiplying the integrand by one of the following 
f-factors: 


(41a) 
(41b) 
(41c) 


(42) 


f= (u/2M) (E'+M+hy), 
fx! = (u/2M) (Eek +-M — ky’), 
f-=— (u/2M)(Ey‘—M—hka), 
f-'=—(u/2M) (Esk§—M+ky’). 


f; is the appropriate one to use when the intermediate 
proton energy is positive and when &, rather than k,’ 
is the four-momentum absorbed by the proton from 
the photon, i.e., when the photon is the second inter- 
action along the world line of the proton. The other 
three cases are specified analogously. 

To find k, (or k,’) for a given term, we examine the 
integration over w and w’, the fourth components of the 
photon momenta, and put k4(k4’) equal to the value of 
w(w’) at the pole. If the term in question arises from 
several poles, it must be split up into partial terms, each 
arising from a single pole. This is the case with AEcp*~, 
for example. 

After the appropriate f-factors have been introduced 
into the CD terms, and the integrals re-evaluated up to 
the cut-off ko, we find 


Tce= <= 4u log(M/m) = (8u/Ro) (Eo— ko) 
+4y logl. (Eo+ko)/2ko |. 


(43a) 
(43b) 
(43c) 
(43d) 


(44) 
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If ko tends to infinity, the positive and negative energy 
components of Tc¢p again converge. Their limiting 
values are 


Tcptt=2u log2, 

Tcp- += —4y log(M/m) — 6p log2+8y, 
Tcpt—~=—2y log(M/m)—2yp log2—4y, 
T cp ~=2p log(M/m)+6u log2—4u. 


(45a) 
(45b) 
(45c) 
(45d) 

Finally, we may replace the Coulomb interaction in 
the CP terms by a Q interaction. For this we use the 


same procedure as in the conversion of T¢p into Tgp. 
The results, using the finite cut-off ko, are 


Topt+=Top-* 
=w?{ (Eo—M— ko)/2M —} logl (Eo+ho)/M J}, 
Tort -=Top- ~=n{ — (Eo—M—ky)/2M 
—} logl (Eo+ho)/M J}, 


(46a) 


(46b) 
with a total of 


Top=— 2? logl (Eot+ho)/M ], 


which is logarithmically divergent if Ro approaches 
infinity. 


(47) 


4. DOUBLE-PHOTON TERMS 


The Dirac double-photon terms include the first 
order energy AEpp* from diagram (2d) and the second 
order energy AEpp° from diagram (1b). The latter, as 
shown by S, is gotten by computing a first order energy 
for the uncrossed diagram (2e), as if this diagram were 
irreducible. These two terms can be written in the form 


AE pp*= (i/2m)(2/2m?)? f d'pd'p'd*p'V* (p,) 


X HW (pu’”) (w?— RIA) (w?—k?+iA), (48) 


where a stands for 0 or X, and where w and w’ are the 
fourth components of k,=p,’—p, and k,’=p,'’—,’. 
The expressions for 3C* are 


2 2 
X= >’ "0" meE— Ha(p’”) +e” —w+i562 7 


t=1 j=1 


X[mE— Hi (p’)— e—w+758"Pa2a;’, (49a) 


where p,’”=p,'’—k,, where ¢ and e” are the fourth 


components of p, and p,’”, and where >> and >/’ repre- 
sent summations over the two directions perpendicular 
to k and to k’ respectively; and 


5°= ay*- a" neE— Ha(p’)+e+o+156" 7 
X[mE— Ap (p’) — e—w +768? Pen: ay. 


As in the case of AE cp’, these are evaluated by setting 
y, ¥* equal to ¥44, ¥4,*, expressing these in terms of 


(49b) 
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$44,644", and interposing projection operators to 
remove the Dirac matrices from the denominator. 

The terms arising from negative energy proton states 
give contributions of order a(hfs) from the range k~am. 
As in the single photon terms, however, these contri- 
butions cancel each other to lowest order in a, except 
for terms independent of spin. We may therefore restrict 
outselves to values of k much greater than am and, after 
expressing the DD terms in the form (19), replace 
p, p’, p”, and p’” in 8 by 0, k, 0, and —k respectively, 
as in Sec. 2. The integrands will contain the expectation 
values 

2 2 


DL’ (aita;*her?(—k) Aes?(k)a7a1;") 


i=1 j=l 


(50a) 


and 


— (en on >Agi? (KK) Aco?(k) eu a”) (50b) 


for a state with zero momentum, where el and e2 are 
equal to +1. After averaging over angles, these are 


each equal to 
(Eq'— 1m) (Ey'— €2m) (o*- 0°) /6Eg*Ey*. — (50c) 


Using (50a, b, c), the DD terms may be expressed as 
one-dimensional integrals T,° in accordance with Eqs. 
(29) and (30). If, as in the case of the CD terms, we 


introduce a cut-off ko?, we find 
Tpp=log(M/m) —logl (Eo? +o?) /2ko? |. (51) 


The positive and negative energy components, in the 
limit as ko? approaches infinity, are 


Tpp*t=§ log(M/m)+4 log2+7¥e, 
Typ += log(M/m)+} log2—z, 
Tppt~=Tpp-~ = log(M/m) —3 log2+3%. 


(52a) 
(52b) 
(52c) 


Any term in which either of the two photons interacts 
with the Pauli moment, the other photon interacting 
with the Dirac moment, is obtained by multiplying the 
integrand by the sum of the two appropriate f factors, 
as given by Eqs. (43). The sum of these terms, up to 
the cut-off Ro, is 

iy Qu log (M/m)— Qu logl (Eo+ko)/2Ro ]. (53) 


The positive and negative energy components, for 
infinite Ro, are 


Tppt*= 4 log(M /m)+ 3p log2+ BH, 
Tpp-*+= $u log(M/m)+3u log2— gu, 
Tpp*-=T pp = 3p log(M/m) — 3u log2+ gu. 


(54a) 
(54b) 
(54c) 


The PD terms are exactly 2u times the DD terms. 
Finally, the terms in which both photons interact 

with the Pauli moment are derived from the DD terms 

by multiplying the integrands by the products of the 
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two appropriate f factors. With a finite ko, they give 
Tpp*+ = {3 log(M/m)+76+ (Eo— ko)/4M 
te logl512M ko®/(Eotho)*(Eot+M)*}}, 
Tpp += Tppt + — jp’, 
Tppt-=T pp =w{4— (Eo— ko) /4M 
—i6 logl8(Eo+ho)*/M(Eo+M)*]}.  (55c) 


(55a) 
(55b) 


The total is 


Trep=u"{ ¢ log(M/m)+§— § logl (Eo+ko)/2ko] 
— logl (Eot+ho)/M J}, 
which diverges logarithmically as ko approaches infinity. 


Notice that the only divergent terms are AEgp and 
AEpp, i.e., the terms involving two Pauli interactions. 


(56) 


5. THREE-DIMENSIONAL METHOD, SINGLE 
PHOTON TERMS 


As an alternative to the covariant procedure, we shall 
now describe an approximate, but simpler, method for 
calculating the mass corrections to hfs, based on 
orthodox three-dimensional perturbation theory. This 
method, like the four-dimensional one, involves an 
integration over a photon momentum, k. We shall 
expand in powers of k/M as well as m/M, treating the 
proton velocity as non-relativistic throughout, and 
arbitrarily impose an upper limit of order M on the 
k integration. Unlike the three-dimensional treatment 
of the fs, described in S, the hfs calculation gives no 
contribution of the required order from the region 
am km, so that no terms involving loga are obtained. 
It will therefore be possible to expand in powers of m/k 
also, and to introduce a lower limit of order m for the 
k integration. These approximations will give only the 
mass corrections involving log(M/m), neglecting terms 
of order unity relative to this logarithm. 

For the interaction of the electron and of the Dirac 
part of the proton moment with the transverse electro- 
magnetic field, we use the customary perturbation 
Hamiltonian: 

H’=H*+H’, (57) 
where 


2 
=e > DY at (gu, PPe™ + Gy, PPe ®t), (58) 


k i=l 


in the notation of S. The expression for H® is obtained 
from (58) by replacing ra and ea;* by rm, and (—ea;"). 
Jk, :i°? and @x,,°? are the usual absorption and emission 
operators for a photon of momentum k and polarization 
1. 

In the usual lowest-order perturbation treatment of 
hfs, the wave equation is first solved for a Hamiltonian 
containing the Coulomb interaction, but not containing 
H’. Let |0) denote the eigenstate of such a Hamiltonian 
corresponding to the initial state of the hydrogen atom 
and | m,k,i) the eigenstate of the same Hamiltonian con- 


IN H 1153 
taining the hydrogen atom in state | m) plus a photon of 
momentum k and polarization i. The Fermi expression 
is then contained in a term of the form 


x 0 | H®| m,k,t)(m,k,i| H*|0)(Eo—Emz)!, (59) 


m,k,i 


plus a similar term with H* and H? interchanged. This 
procedure is not well adapted to the present problem, 
in which we are interested mainly in evaluating ac- 
curately the small contributions to the hfs of momenta 
k large compared with the Bohr momentum am (in fact, 
larger than m). If we consider the atomic wave functions 
in momentum space, the main part of the ground-state 
wave function lies in the region of small momentum for 
both the electron and the proton. The momentum 
spread is of order am, with only a small “high-momen- 
tum tail” depending mainly on the high-frequency 
Fourier components of the Coulomb field. The main 
part of H*|0) has a momentum spread of the same order 
around an electron of momentum k and a proton at 
rest, whereas H*|0) is similarly centered around a 
proton of momentum —k and an electron at rest. The 
high-frequency components of the Coulomb field again 
add small “high-momentum tails” to these wave func- 
tions, extending over large distances from the peak of 
the momentum distribution. Hence, if we use a repre- 
sentation in which the unbound states of the atom 
consist of plane waves perturbed by the Coulomb poten- 
tial, it is impossible for the main part of any state 
|m,k,z) to overlap'® the main parts of both H*|0) and 
H®*|0) simultaneously, and the matrix element in Eq. 
(59) depends critically on the “high-momentum tail” 
of at least one of the wave functions involved. In Eq. 
(59), relativistic wave functions accurate over a large 
range of internal momenta would therefore be required, 
and it would no longer be correct to replace |0) and |m) 
by a Schrédinger wave function and a plane wave re- 
spectively. 

Because of this difficulty, we shall, in the case of the 
single-photon terms, use a somewhat modified per- 
turbation procedure, which is made possible by the 
fact that we are interested only in terms for which 
k>>am. We consider the Coulomb interaction V in 
momentum space and split it into two terms, Vo con- 
taining momenta less than B, and V’ containing mo- 
menta greater than B, where am<B<m. As unper- 
turbed wave functions we take the eigenfunctions of a 
Hamiltonian containing only the part Vo of the Coulomb 
potential, and treat V’ as an additional perturbation. 
These unperturbed wave functions decrease rapidly 
outside regions of diameter B at the most, so that the 
state vectors | m,k,i), H*|0), and H®| 0) no longer overlap 
appreciably. Term (59) is now negligible for k>>B, and 


16 Tn other representations, e.g., the angular momentum repre- 
sentation, the main parts of certain states |m,k,z) would overlap 
simultaneously with H*|0) and H®|0), but the large contribution 
from such a state would be cancelled by the contributions of 
other such states. 
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the high-frequency contributions to the hfs are given 
by third order perturbation theory as a sum of six 
terms, AE; to AEs, where 


age ye (lePlmkss Mil Hel n\n ¥"10) 
mans (Ey— Ema) (Eo— Ex) ’ 





and the other five terms differ from AE, by having a 
different order for the operators H*, H®, and V’. 

In (60), the main parts of the various state vectors 
overlap, so that: (1) the initial and intermediate atomic 
wave functions may be replaced by a Schrédinger wave 
function and a plane wave, and (2) momentum is 
approximately conserved in all the transitions. Hence, 
for k>>am, the state |m) consists approximately of a 
free electron at rest and a free proton of momentum 
(—k), while state |) is like | m) except that the electron 
has momentum k. This will enable us to replace the 
energy denominators by simpler expressions. Finally, 
the third matrix element in Eq. (60) corresponds to the 
transfer of a momentum approximately equal to k 
from the proton to the electron by means of the Coulomb 
interaction V’. An expression similar to Eq. (60) for 
AE, could have been obtained by substituting the 
iterated wave function ¢; given by Eq. (29) of S, 
which is a good approximation everywhere in mo- 
mentum space, for |0) in the second matrix element of 
(59). The term similar to (60), but having the operators 
in the order H*V’H*, corresponds to taking the Coulomb 
interaction in the intermediate state of (59) into 
account. 

To evaluate AF, we first split it up into four parts by 
inserting the sum of the projection operators A,*(k) 
after H* and A,*(k) after H*. Consider first the part 
AE;** involving A,*A,°. From the arguments of the 
last paragraph, and from the presence of the positive 
energy projection operators, it follows that we may 
substitute (k+k?/2M) and (E,‘—m+k?/2M) for the 
energy denominators in Eq. (60). Since the energy de- 
nominators are now independent of the indices m and 
n, we can apply a sum rule to eliminate the intermediate 
states altogether. Introducing the explicit expressions 
for H* and H°, we finally get 


e rdk 


AE;t+= weieetranee —— 
Ar? k 


(0| on?- on°A,*(k)A,>(k)e-***V’|0) 
(k++ #2/2M) (Eqk—m-+-#2/2M) 





» (61) 


where r=r*—r’ and V’ is the high-frequency part of 
(—e?/r). Expressing V’ and |0) in the momentum repre- 
sentation, and neglecting the initial and final momenta 
p” and p in comparison to k, 


ef dkd*pd5p” mm 
AE,++=— , (62 
Sri) b8(k-+K2/2M)(E.t—m-+H/2M) 
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where 


= (k/6M Ec") ho*(p)o*- 0°ho(p”), (63) 


after averaging over angles. 

Since the energy denominators in Eq. (62) do not 
contain p and p”, the integration over these two vari- 
ables can be carried out immediately, and an ex. 
pression of the form (29) is obtained for AE;*+, in which 


TitH= ; ” ak(Mk/ Ext) (b+ 8/2)" 
: x (Eat —m-+8/2M)". 


To obtain the contribution of any other ordering of 
the operators, we replace (k+?/2M) and (E,'—m 
+/2M) in (64) by the energy denominators appro- 
priate to the process in question. The total positive. 
energy contribution is then given by 


(64) 


TH=2M ; ” (edk/E)[ (ab)“!+ (ac)+ (be), (68) 


where 


a=k+k/2M, 
b=E.t¥—m+k, 
c= E,t¥—m+k/2M, 


(66a) 
(66b) 
(66c) 


To find the contributions of negative-energy electron 
states, we must use hole theory to get the correct sign. 
It is easy to show that the negative-energy electron 
terms can be derived from the known positive-energy 
terms by replacing (E,*—m) in Eqs. (66) by (EZ,*+m). 
Similarly, negative-energy proton states are accounted 
for by replacing k?/2M in Eqs. (66) by (2M@+#?/2M), 
which may be set equal to 2M. 

We will first examine the range mKkKM. Expanding 
in powers of m/k, we find 


TH+= f de{ (4M /k*) + (4M m/k3)—(3/k)]. (67) 


Since we are interested only in mass corrections, we 
subtract the part of AE** which would be given by an 
infinitely heavy proton and an electron with the reduced 
mass mp=mM/(M-+m). Referring to Eq. (29), the 
part of 7+* which remains is, in our approximation 


M 
Tep ={ dk(—3/k)=—3log(M/m). (68) 


The negative-energy electron term 7~* differs from 
T+ only by a change in sign of m in the energy de- 
nominators which, to the present approximation, does 
not affect the mass correction term. Hence, T¢p~ + and 
Tcp** are equal. For negative-energy proton states, we 
substitute 2M, 2k, and 2M for a, b, and c respectively, 


so that 
Tcp+-~=Tep-~=log(M/m). (69) 
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Nothing has to be subtracted from Eq. (69), since 
negative proton energy terms would not arise for an 
infinitely heavy proton. 

Next, we consider the range am<k<m to see whether 
there are any terms containing loga. For km, we 
expand the integrand of 7*++ as a power series in k, 
carrying only the first two terms. We find that 


[t= j dk(8Mmp/m)[k-2+(1/2ma)k7+ +++]. (70) 


Equation (70) is identical with the equivalent term for 
an infinitely heavy proton and an electron of mass mr. 
Hence, there are no mass corrections containing loga 
from the positive-energy components. Essentially the 
same argument holds for the (— +) terms, and the nega- 
tive-energy proton terms are obviously negligible in this 
tange. The total contribution from Dirac terms for all 
values of k>>am is therefore 


Tcp=—4 log(M/m), (71) 


in agreement with Eq. (35).!” 

We shall now examine the effect of the Pauli moment. 
First of all, if the Coulomb interaction is replaced by a 
(-interaction, the positive and negative proton energy 
integrands are multiplied by factors of (—k?/4M?) 
and uw respectively. The result is obviously 


Tep'tt= Teo t= 0, 


~=p log(M/m), 


(72a) 
(72b) 


Ta pt 


with a total of 
Ten=2u log(M/m), (73) 


in agreement with Eqs. (40) and (41). 

To evaluate Tc¢p, we approximate the /f-factors in 
Eqs. (43) by 
(74a) 
(74b) 
(74c) 


(74d) 


fe=u(1+h/2M), 
f,’=n(1—ky/2M), 
f-=nk,/2M, 
fl=—pkd/2M. 


In Eqs. (74), Ra(R,’) is again the fourth component of 
the momentum absorbed by the proton from the photon 
when the photon represents the second (first) interac- 
tion along the world line of the proton. We shall set it 
equal to +k according as the photon is absorbed or 
emitted by the proton. In converting from positive to 
hegative proton energies, we must interchange k, and 
k,', since the order of interactions along the proton 


"There is an apparent discrepancy between the logarithmic 
terms of Eqs. (34) and of Eqs. (68) and (69). This discrepancy 
arises from the fact that the Breit terms are subtracted in Eqs. 
(34), but not in Eqs. (68) and (69). Each of these terms indi- 


vidually gives a logarithmic contribution, but their sum is zero. 
The same situation holds for the CP terms. 
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world line is the reverse of the temporal order for nega- 
tive-energy states. 

The negative proton energy terms clearly give zero, 
since they all gave contributions no larger than the 
required order to the Dirac terms, and since they are 
now multiplied by small f-factors. The positive energy 
terms, however, are not simply multiplied by yu, since 
they contained large terms which were subtracted off. 
For the Pauli terms, the subtraction should not be 
carried out until after the integrands have been multi- 
plied by the f-factors (74a) or (74b). The resulting 
mass correction is 


Toptt= Top t= —2u log(M/m), (75) 


so that the total is 


Tcp=—4u log(M/m), (76) 


in agreement!” with Eq. (44). 

The term Tp is obviously zero, in agreement with 
Eq. (47), since only positive proton energy terms con- 
tribute to Tcp, and these are reduced below the re- 
quired order by the f-factor (—yk?/4M?) in Tgp. 


6. THREE-DIMENSIONAL METHOD, 
DOUBLE-PHOTON TERMS 


We consider now the exchange between electron and 
proton of two photons, transferring momenta k and k’ 
respectively from the electron to the proton. k’ again 
represents the first of the two momenta absorbed by 
the proton along its own world line. We treat these 
processes by means of orthodox fourth order perturba- 
tion theory, as in Sec. 5 of S. The operators H* and H® 
(or their Pauli equivalents) each occur twice, and the 
atom starts and finishes in the same state. There are 
twelve such terms, differing from each other in the 
temporal order of the emissions and absorptions. Since 
we are interested only in the range k,k’>>am, we can 
again neglect the momentum spread in the initial and 
intermediate states and break each term into its positive 
and negative energy components by inserting projection 
operators. The intermediate states are then given ap- 
proximately by free-particle states of positive or nega- 
tive energy, depending on which projection operators 
occur. Neglecting the difference between k and ’, 
which is of order am, the three energy denominators 
can be approximated by expressions depending only on 
k, but not on the indices of the intermediate atomic 
states. We then apply sum rules to eliminate these 
intermediate states. 

Restricting our attention first to the Dirac part of 
the proton moment, we can write each fourth-order 
term AE, * in the form 


XNa*do(p")Pa%, 


where ¢o is the momentum-space wave function for the 


(77) 
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initial state, 9.8 is a product of four Dirac matrices 
and two projection operators, and @,°’is the product 
of the reciprocals of the three energy denominators 
(Einter—Einit). After averaging over angles and ne- 
glecting p and p” relative to k, the expectation value 
for proton and electron at rest of each positive energy 
Na reduces to 


(Natt) = €ag (K/2M)(1—m/Es*)(o"-0"), (78) 
where €, is +1 according as the electron interacts first 
with the k or the k’ photon. Again neglecting p and p” 
relative to k, ®.® is independent of p and p”, so that 
the integration over these two variables can be carried 
out immediately. This reduces AE,** to an expression 
of form (29), where 


T++= (M?/2) f ” dk(2/2M) (1—m/ Ep) ea. (79) 


Summing over all orders of the emissions and absorp- 

mS ePett=[d—9 /ed (0+ 8/0 

where a, 5, and c are given by Eqs. (66), and where 
d= E'—m+k/2M+2k. (81) 


It is easy to verify that the range am<k<m does not 
contribute to the required order; hence no loga terms 
can arise. For m«k«M, we can replace a, 6, c, and d 
by k, 2k, k, and 3k respectively, reducing >> €2P_'t to 
(3/2k'). Using this approximation in Eq. (79), and 
integrating only from m to M, we get 


Tpptt=3 log(M/m). 


(80) 


(82) 


The terms contributing to Tpp** are all of the same 
order, and there is no cancellation of large terms. 

Taking account of hole theory, negative energy states 
are treated by replacing (Z,'—m) by (E,"+-m) for the 
electron and k?/2M by 2M for the proton in Eq. (78) 
and in the energy denominators a, }, c, and d. Also, k 
and k’ are interchanged for negative proton energy 
terms. Since we neglect m compared with k, the ex- 
pressions for (e®) and T are the same for positive and 
negative electron energies. 

For negative energy proton states, some of the 
processes give contributions of a larger order of mag- 
nitude than the total, which cancel to lowest order. 

The negative proton energy totals are 


Tppt-= a — z log(M/m), 
Tpp=log(M/m). 


(83) 
(84) 


so that 


These results are in agreement with Eqs. (51) and (52). 

If only one of the Dirac interactions is replaced by a 
Pauli interaction, we must multiply the integrand by 
twice the appropriate f-factor. Since there is no can- 
cellation of large terms for positive-energy proton states, 
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the positive-energy f-factor is needed only to lowest 
order. We therefore use f=y, yielding 


Tpp*+=T ppt = ju log(M/m). (85) 


For negative-energy proton states, we use the 
f-factors (74c) and (74d). Although f is small compared 
to one, the large terms which previously cancelled now 
have the same sign, and give a contribution of the 
required order when multiplied by f. The result is 


Tpp'-=Tpp —= ju log(M/m), (86) 
giving a total of 
Tpp=2p log(M/m), (87) 


in agreement with Eqs. (53) and (54). 

If both photons interact with the Pauli moment, the 
positive-proton energy terms are multiplied by ,’, 
whereas the negative proton energy terms are multiplied 
by a factor of order y?k?/M?, which makes them negli- 
gibly small. We have, therefore 


Tpp*+=Tpp-t= au? log (M/m), 
Tppt-=Tpp —=0, 
Tpp= in’ log(M/m), 


(88) 
(89) 
(90) 


in agreement with Eqs. (55) and (56). 

We have now succeeded in deriving all the log(//m) 
terms by three-dimensional perturbation theory, and 
in showing that they agree in detail with our previous 
results from the covariant method. 


7. NUMERICAL RESULTS AND DISCUSSION 


In Secs. 2 to 4 we have calculated the total proton 
recoil correction AEjot of relative order am/M to the 
Fermi formula (with the simple reduced-mass factor) 
for the hfs splitting of S-states of the hydrogen atom. 
We denote the ratio of this correction to the Fermi 
splitting itself by (—F). Using up= 2.79, it follows from 
Eq. (29) that 

F=— (a/mpp)(m/M)T r= — (4.53X10-)T ot. (91) 

Writing 7... as the sum of contributions T, and 7; 
from single and double photon terms respectively, and 
collecting all terms given in Eqs. (35a), (40), (44), 
(47), (51), (53), and (56), we have 


T,=Tcpt+TeotTcr+Teop 
= —2(up+1) log(M/m)—8(Eo? — ko?)/Ro? 
—8(up—1)(Eo—ko)/ko 
+4 log (Eo? +o?) /2ko? | 
+2(up—1) logl (Eo+ho)/2ko] 


—2 (up— 1)? log[ (Eotko)/M ], (92) 
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and 
Ta=Top+Tpp+T pp 
= (up+1) (3up—1) log(M/m) 
+4 (up—1)?—logl (Eo? + ho?) /2ko? ] 
— 4 (up—1)(3u4p+5) logl (Eo+ho)/2ko] 
— 4(up— 1)? logl (Eo+ho)/M]. 

In Eqs. (92) and (93) we have cut-offs ko? for terms not 
containing any Pauli interaction and kp for terms con- 
taining at least one Pauli interaction. Ey stands for 
(M?+-k,?)!, with a similar expression for Ey?. 

As was pointed out before, both 7, and 7, diverge 
logarithmically if the Pauli cut-off approaches infinity, 
and the divergences in the two terms do not cancel 
each other. If we let ko? equal ko, and take the limit as 
(ko/M) tends to infinity,. we get 
T,= —2(up+1) log(M/m)—2(up—1)? log(2ko/M) (94) 

= —57.0— (6.4) log(2ko/M), (95) 
Ta= 4 (pt 1) (34p— 1) log(M/m)+§(up— 1)? 

— 7 (up— 1)? log (2ho/M) 
=52.9— (0.8) log(2ko/M), 
and 


Trot = $(up— 3) (up +1) log(M/m)+§ (up— 1)? 
— (9/4) (up— 1)? log (2ho/M) 
= —4,1—(7.2) log(2ko/M), 
so that 
F= (1.86X 10~®)+ (3.26 10-*) log(2ko/M). 


(93) 


(96) 


(97) 


(98) 


Note that there is an almost complete, but quite for- 
tuitous, cancellation between the finite parts of 7, and 
T;, making the finite part of F much smaller than 
(am/M) log(M/m) = (3.0X 10-5), which is the order of 
magnitude one might have expected. 

In this paper we have attempted to treat the proton 
as a point particle with no internal structure and with 
an anomalous magnetic moment exactly of the Pauli 
type. In addition to the fractional mass correction (—F) 
which we have calculated above, a consistent field- 
theoretic treatment taking the meson field into account 
would give an additional correction arising from the 
internal structure of the proton. Such a consistent 
treatment would presumably modify the behavior of 
the proton at short distances, or large momenta, and 
remove the divergence obtained in Eq. (98) with an 
unmodified Pauli moment. 

The divergence makes an unambiguous separation of 
the correction terms into mass corrections and structure 
corrections impossible. But, when a consistent theory is 
available, one might be able to calculate the fractional 
difference § between the values obtained for the hfs 
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splitting with a point proton and with the correct 
proton structure, using a cut-off ko>M in the same 
manner as in this paper.’® If we call 6’ the sum of 6 
and the term in Eq. (98) involving ko, one would hope 
that 6’ would approach a finite limit as ko approaches 
infinity, and we would have 


F+6= (1.86 10-*)-++6’. 


The structure corrections will presumably be neg- 
ligible for photon momenta less than some value 4, 
where m<A<M. For this reason, we give our results 
integrated up to such a cut-off A : 


T,.(k<A)=—2(up+1) log(2A/m)+8yp, 


Ta(R<A)=3(3pup—1)(up+1) log(2A/m) 
+3 (up— 1)’. 


If the structure corrections are really negligible for 
k<A, the consistent theory may be able to use Eqs. 
(100) and (101) for this range, while making an ex- 
pansion in powers of (m/k) for k>A. 

At least a rough experimental determination of the 
combined correction factors (F+6) is now available. 
Fine-structure measurements,” whose interpretation is 
virtually independent of nucleon structure effects, give 
a value for the fine-structure constant of 


a! = (137.0365+0.0012). (102) 


Measurements of the hfs splitting in the hydrogen 
ground state,” after applying the known radiative cor- 
rections”-*8 of orders a and a? and the simple reduced- 
mass correction to the Fermi formula, yield the rela- 
tion :74.5 


a= (137.0365+0.0006)[1+3(F+6)]. (103) 


A comparison of Eqs. (99), (102), and (103) therefore 
yields 


8’ = (F+5)— (1.86 10-*) = (—0.242.0)X10-5, (104) 


where the estimated error is the rms of the errors in 
Eqs. (102) and (103). 

The mean of this experimental value for 6’ is much 
smaller than one might have expected. Taking a finite 
cut-off ko=Ro? in the calculations of this paper is 
equivalent to including in a naive way some non- 
relativistic structure effects, i.e., a crude smearing of 
the total moment of the proton over distances of the 
order of ko. In fact, for kon <M, most of the cut-off 
dependence of 7, and hence of F, comes from terms 


(99) 


(100) 


(101) 


18 Of course, this might not be an unambiguous procedure, since 
the cut-off was not introduced in a covariant way in this paper. 

19 Equations (100) and (101) cannot be derived by setting ko 
and ko? both equal to A in Eqs. (92) and (93), since the latter 
were derived by neglecting A in comparison with ko and ko?. 

2 Dayhoff, Triebwasser, and Lamb, Phys. Rev. 89, 106 (1953). 

21 A. G. Prodell and P. Kusch, Phys. Rev. 79, 1009 (1950). 

2 N. M. Kroll and F. Pollock, Phys. Rev. 84, 594 (1951). 

* Karplus, Klein, and Schwinger, Phys. Rev. 84, 597 (1951). 

*4N. M. Kroll and F. Pollock, Phys. Rev. 86, 876 (1952). 

25 The stated error includes an estimate of the unknown radiative 
corrections of order a. 
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which represent the omission of momenta greater than 
ko from the Fermi splitting itself. For ko= ko? equal to 
the w-meson mass, Eqs. (92) and (93) yield a value of 
(5.8X10-*) for F (F=0.9X10- for ko=M), which is 
larger than the value of 6’ given in Eq. (104). This 
result merely emphasizes the prevalent feeling that a 
crude nonrelativistic “spreading” of the nucleon bears 
little relation to reality. 
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Classical Field Theory in the Hamilton-Jacobi Formalism* 
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A Hamilton-Jacobi formalism of classical relativistic field theory is developed. Both “time-independent” 
and “time-dependent” formulations are given, and the relation between them is discussed. In the former, 
the constants of the motion are identified with the ‘‘new” field variables, whereas in the latter they are the 
values of the fields on a suitable spacelike surface. The explicit introduction of a Hamiltonian density is 
avoided. As an illustration of the respective procedures, the classical Dirac and Klein-Gordon free fields are 
solved explicitly. A perturbation method is formulated for the case of fields in interaction. The metric 


tensor is not treated as a field quantity. 


INTRODUCTION 


HE purpose of the present paper is to serve as a 
starting point for the extension of Bohm’s rein- 
terpretation of particle quantum mechanics’ to the 
theory of quantized fields. It will be shown in a sub- 
sequent paper that such an extension is indeed possible, 
and can be based on a Hamilton-Jacobi formulation of 
classical field theory. It was thought preferable to 
develop the necessary Hamilton-Jacobi formalism in a 
preliminary paper, so as not to break the continuity in 
the argument of the subsequent paper, and also because 
a Hamilton-Jacobi formalism for field theory may be of 
some interest in its own right. The formulation in the 
present paper actually goes beyond what is needed for 
a causal presentation of the theory of quantized fields. 
The usual particle Hamilton-Jacobi formalism? is 
based on Hamiltonian mechanics. However, the essen- 
tial features of Hamilton-Jacobi theory (i.e., the trans- 
formation to “appropriate” variables, which are essen- 
tially the constants of the motion,’ transformation 
theory, and the reduction of the entire problem under 
consideration to the solution of a nonlinear first order 
partial differential equation) can be based as well on a 
Lagrangian formulation. In view of the greater adap- 


* Originally reported at the 1954 Minneapolis meeting of the 
American Physical Society. 

1D. Bohm, Phys. Rev. 85, 166 (1952). 

* See, e.g., Cc Lanczos, The Variational Principles of Mechanics 
(University ‘of Toronto Press, Toronto, 1949). 

3In some formulations of the theory, the momenta conjugate 
to the “appropriate” variables are the constants of the motion. 
Such formulations, while perfectly acceptable for particle dy- 
namics, lead to difficulties in field theory. 


tability of the purely Lagrangian approach to the 
requirements of covariance,‘ it is used throughout. A 
Hamiltonian density could be introduced explicitly, for 
instance by carrying out the differentiation in the right- 
hand side of (10). However, no useful purpose would 
be served, as it is not desired to develop a Hamiltonian 
formalism.® 

In particle mechanics, the case of conservative 
systems can be treated by “time-independent” Hamil- 
ton-Jacobi theory -[H(q,0S/dq)=E], whereas for 
non-conservative systems, “time-dependent” theory 
[H+0S/dt=0, which will be written L=dS/dt] is 
required. The functions S and SS are not identical, but 
for a conservative system, which can be treated by 
either method, S can be obtained from 8. From the 
point of view of generality, one might think that the 
time-dependent formalism should suffice. This is s0 
for particle mechanics, but not for field theory. It 
might be impossible to express the Lagrangian L asa 
function of the field variables and conjugate momenta 
alone, but still possible to express suitable constants of 
the motion in terms of these variables (these constants 
of the motion playing a role analogous to that of H for 
particle mechanics), in which case time-independent 
theory is an indispensible tool. That is, in fact, what 
happens in the case of the Dirac field. Aside from this 
contingency, solutions of field Hamilton-Jacobi equa- 
tions are usually quite difficult to obtain, and one or 
the other method might prove more convenient. 

4J. Schwinger, oo. Rev. 82, 914 (1951); P. G. Bergmann, 


Phys. Rev. 89, 4 (1953 
8 Such as that of R. H. Good, Jr., Phys. Rev. 93, 239 (1954). 





CLASSICAL FIELD THEORY 


Particular attention is paid to the problem of per- 
turbation of “free” fields by an “interaction,” as it is 
in such interactions that quantum effects are observed. 
The perturbation method developed here for handling 
such classical interaction problems is simply the trans- 
lation of well-known methods of celestial mechanics into 
a convenient relativistic field formalism. 

The formulation given here is somewhat primitive. 
It is covariant under the general group of transforma- 
tions in space-time, but it obviously does not include 
the theory of gravitation or its generalizations, both 
because of the assumed form of the Lagrangian density, 
and because the components of the metric tensor are 
not treated as field variables. Likewise, questions of 
constraint are not discussed. A more general treatment 
is under development. 


NQTATION 


Space-time is described by four coordinates, ¢, 
which are not required to be Cartesian. In (at least 
locally) flat space-time and pseudo-Cartesian coor- 
dinates #*, at'=x, ---, at=ct, and gy=diag(—1, —1, 
—1, 1). The field variables are denoted by y4. If Fis a 
function of #, and possibly also of y4, then dF/d# 
refers only to the explicit dependence upon é, whereas 
0,f = OF /0#-+-0,y4(0F/dy4). Likewise, 0F/dy4 refers 
only to the explicit dependence upon y4. V, denotes 
the covariant derivative, identical to 0, for scalars, and 
for tensors as well in pseudo-Cartesian coordinates. 

The dynamical behavior of the fields is obtained, as 
usual, from a variational principle, 6V=0, where 
W=(1/c) foldw. The Lagrangian density L(y4,y2,,¢) 
isa scalar function. y4, means V,y4. Q is a volume of 
space-time, and dw is a scalar element of integration in 
space-time: dw=+/(—g) (dé)*. 5y4 vanishes on the 
boundary of Q, the essential part of which consists of 
two non-intersecting space-like surfaces o, and o». This 
leads (provided 24* is contragredient to y4, which is 
assumed) to the usual Eulerian field equations, L4 
=0L/dy4—V.r4*=0, where 14#=0L/dy4,. The inte- 
grated field momenta are p4= f7r4“doa, where do, is 
a vector element of integration on the space-like surface 
o. The summation convention is used between covariant 
and contravariant tensor indices, and also between field 
indices, the latter always being written as superscripts. 


“TIME-INDEPENDENT” METHOD 


Conservation laws associated with a field are ex- 
pressed by the vanishing divergence of a number of 
density tensors (current-charge 7’, stress energy 7,’, 
angular momentum Gy,’) for which ?” shall be a generic 
symbol. If one or more such tensors can be expressed 
in terms of y4 and 24# alone, then one may seek to 
solve the field equations by transforming to new 
(“appropriate,” “ignorable”) field variables Y4 and 
conjugate field momentum densities P44, in terms of 
which the integrated equations of field motion are 


V4=a4, V,P4e=1. (1) 
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[Equations (1) are the relativistic field analog of Q;=&,, 
P;=t—B;, which hold for ignorable coordinates in 
classical mechanics. | The conditions under which such 
variables Y4 exist are not examined here; what is given, 
rather, is a method of proceeding in cases in which they 
do exist, i.e., in which the Hamilton-Jacobi equation 
(6) has a solution. If such variables exist, then Eqs. (1) 
can be derived from a new Lagrangian density L, which 
need not be identical with Z;® but if the variational 
principle W =0 is to hold in terms of the new variables 
as well as the old, it is sufficient that 


L—L=cV 8". (2) 


The action density S#(y4,Y%) (a vector) does not 
explicitly depend upon the space-time coordinates ¢. 

Integrating (2) from an arbitrary space-like surface 
a; to the space-like surface o under consideration, one 
obtains 


W-W=S8(c)—S8()), (3) 


where S(c)= J; S¢do,. If one now considers a variation 
of (3) from the physical history (i.e., from the history 
during which the field equations apply throughout), in 
which the field variables are varied on o as well as 
throughout the history from o; to ¢, but not on a;, the 
result 


(1/c) f (w4%5y4— PA%5YV 4) dog 


= f (0S*/dV 46V 4+ dS8«/dy46y4)dow (4) 


is obtained. Since the variations 6y4 and 6Y4 on a are 
arbitrary (it is assumed that the relation between 4 
and Y4 does not prevent such arbitrary variations), it 
follows that 


34u=cdS#/dy4, P4¥=—cdS«/aV. (5) 


Substitution of the first of Eqs. (5) into the conserva- 
tion law (or laws) yields the time-independent Hamil- 
ton-Jacobi equation, 


Val*(y4,caS#/dy?) =0. (6) 


The constants of separation &4 which arise in the 
solution are identified with the new field variables Y4, 
yielding S(y4,a@), and, by (1) and (5), the integrated 
field equations in terms of the old field variables,’ 


cV.08*/da4=—1. (7) 


&4 have the dimensions of energy per unit volume, and 

6 For instance, the Lagrangian density (in pseudo-Cartesian 
co-ordinates) L=Za4[¥4+4¥4q(x*—4B4%)] leading to P4# 
= }(x"— 484+) is an example of a suitable new Lagrangian density. 
In general, such new Lagrangian densities, where they exist, will 
be of the form L=2D4 Y4+terms in Y4,; the explicit space-time 
dependence of L is purely formal, as Y4,=0. 84# is ‘a set of 
constant vectors. 

7In pseudo-Cartesian coordinates, c0S#/da4 = 3(4844— x"). 
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can be identified, once the solution S# has been found, 
from the first of Eqs. (5). 


“TIME-DEPENDENT” METHOD 


It may be preferable not to view Hamilton-Jacobi 
theory as the theory of canonical transformations from 
a given system of field variables to the system appro- 
priate to the problem under consideration, but from 
the configuration y4=a4on some appropriate space-like 
surface o;, to the resulting configuration y4 on oa, the 
space-like surface under consideration. In that case, the 
generator of the transformation, the time-dependent 
action density S#(y4,a?,é”), must depend upon the 
space-time coordinates characterizing o. This procedure 
is usually required if ZL depends explicitly upon the ¢, 
in which case there may not be any suitable constants 
of the motion to set up (6), (i.e., the physical system 
under consideration is not closed), or if Z consists of 
two “separate” fields in interaction. 

The fundamental variational principle 6W =0 implies 
the existence of a functional of configurations 


S(y4,a8,0) = (1/0) f bil 


the integration being performed from the configuration 
on o; to that on o, following the physical history. It is 
assumed that S can be expressed as a surface integral, 


S(yta8o)= f S*(y4,08,2”)doa, (8) 


from which it follows that L=cV,S*. By a simple 
extension of the derivation of (5), one again obtains 


mA#=caS#/dyA, (9) 


If the Lagrangian density can be expressed as a 
function of the field variables and conjugate momentum 
densities alone, the time-dependent Hamilton-Jacobi 
equation is 


L(y4,cdS#/dy®,&) =cVaS*. (10) 
If this equation can be solved for S#(y4,a?,#) (the a? 
again appearing as constants of separation) the inte- 
grated field equations are 
cdS*/da4 = B4*, (11) 
where, by a procedure analogous to that leading to (5), 
the 84# are identified as minus the (constant) values of 
the conjugate momentum densities on ox. 

It was assumed throughout that in S#(y4,a,¢), y4 
and a? are independent. The derivation of Eqs. (9) and 
(11) depends upon that assumption. Actually, this is 
true only in the case of second order field equations. In 
the case of first order field equations, the specification 
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of a configuration on a space-like determines the con- 
figuration on all other space-like surfaces. Therefore y‘ 
and a4 are not independent, and (9) and (11) cannot 
hold simultaneously. One approach would be to keep 
(11), abandoning (9). In that case, the left hand side 
of (10) cannot be written down. However, in the case 
of the Dirac field, the most interesting first order case, 
L=0, as can be seen from the fact that Z contains the 
Dirac equation as a factor, or by eliminating 0, with 
the aid of the Dirac equation. In that case, a time. 
dependent Hamilton-Jacobi equation is obtained by 
setting the right hand side of (10) equal to zero. 


RELATION BETWEEN “TIME-INDEPENDENT” 
AND “TIME-DEPENDENT” METHODS 


If a problem has been solved by the time-inde- 
pendent method, the time-dependent action density 
S#(y4,a8,é) may be found from the time-independent 
function S#(y4,@2) by the relation 

CVaeS*— > 4 4=cV 8%, (12) 
which follows from (2), (10), and footnote 6, provided 
it is integrable. The constants &4 thus introduced into 
S#* may be identified with the a4. Consistency of the 
two methods is further confirmed by differentiating 
(12) with respect to a4 and comparing 


cV,05*%/da4—1=cV,08*/da4 (13) 


with (7) and (11); the 84" may likewise be identified 
with the 64+, 

The time-dependent action density S# for a system 
which can be treated by the time-independent method 
is not constant, but its change is trivial. The system is 
evolving, but without changing its “state,” i.e., the 


set of appropriate field variables &4 related to the 
constants of the motion. 


PERTURBATION METHOD 


Suppose that the Lagrangian density consists of two 
parts, called, respectively, the free part and the per- 
turbation (one hopes that the latter is sufficiently weak 
to induce only small changes) : 


L=Lo+ Lr. (14) 


This happens in two important cases which may be 
considered together: 


(a) The system under consideration is not closed, and 
Ly represents the effect of the “outside”; 

(b) The system divides naturally into two or mort 
component parts, with interaction between them. 


8 In pseudo-Cartesian co-ordinates, the solution is 
S#= D4 (a4/4c) x" +84, 
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The time-dependent action density of the free part, 
Sy’, may be found by either of the preceding methods. 
It satisfies cVaSo%= Lo, which, if subtracted from (10), 
leaves 


Lr(y4,cdS#/dy?,&) = cV AS* (15) 


(where AS#= S4— So") as the Hamilton-Jacobi equation 
of the perturbation problem. It may be possible to solve 
a problem by first obtaining So“, substituting the result 
into (15), and then solve for AS# (and thus for S#). The 
integrated field equations are then given by (11). 

In addition to possible simplification of the solution, 
the perturbation method gives a better insight into the 
physical phenomenon: the perturbation induces a 
change in the “‘state” of the system. 


EXAMPLE OF TIME INDEPENDENT METHOD: 
THE FREE DIRAC FIELD 


This example, like the following, will be considered 
in pseudo-Cartesian coordinates. 


Lp= — hopaaj (ty, +K)y. 


The field variables, y and Waaj, are spinors. aaj denotes 
the adjoint of ¥, Yaaj=y"y*, where y is the Hermitian 
conjugate of y. 7“ is a vector, the components of which 
satisfy [y,7y"]4=2g.". The conjugate momentum den- 
sities are r#= —ihcpaajyy" and taaj"=0. It is not possible 
to express the conventional stress-energy density tensor 
T,’ as a function of the field variables and conjugate 
momentum densities alone; but it is possible so to 
express the current charge density vector j*~yY,ajy"W 
~my yielding the Hamilton-Jacobi equation (6), 


da(c(dS*/dy)y)=0, 


a special solution of which is 


S#= (fix?/4i)k* In(y/u). 


Here, &=hix‘c, k*k, =x’, and u is a constant spinor. The 
integrated field equations are (by footnote 7) 


y=u exp[ika(462—x2) ]. 
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EXAMPLE OF TIME-DEPENDENT METHOD: 
THE FREE KLEIN-GORDON FIELD 


Lra=—3(ch/x) Vpa—KP*"y). 


The field variables are the complex scalars y and y*. 
y, means 0,y. The conjugate momenta are 


=—Hch/r*, a= —Hchi/. 


The Lagrangian density can be expressed in terms of 
the field variables and momentum densities alone, 
leading to the time-dependent Hamilton-Jacobi equation 
(10), 


— (2xe/h) (AS*/dp) (OS a/dY*) + (chx/2)V*p= cd S*. 


Carrying out the differentiation on the right hand 
side® and changing field variables by ~y=yY1+72, 
y*=y,— iy», one is left with 


3 (cx/h)[(9S*/dp1) (OSa/dp1) + (OS*/dp2) (9Sa/dp2) | 


+4 chx (pe+y2) =cdS*/dx*, 
in which the Ansatz 


SH (Yi,Y2,2”) = SY) +SeV)+S4(x) 
can be used to separate the variables: 
2 (cx/h) (AS #/dp;) (OSia/dPi)+2chmp?=a;, (i=1, 2), 
c0S°/dx*=a2, aita2=az. 
A special solution of these equations is 
S#=ghor{pi[2ai/ (hice) —yp?}* 
+[2a;/ (hick) ] sin“ Lyi(20)* (een) J}, 
S#=az0"/(4c), 


where »= k#/x is an arbitrary direction cosine, and the 
integrated field equations are, by (11), 


Wi= (2a)! (hice) sin[. (48;°—27) ]. 


It is a pleasure to thank P. G. Bergmann for stimu- 
lating discussions. 


9 This corresponds to the introduction of a Hamiltonian density 
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The techniques and results of a previous paper are applied to the calculation of the second Born approxi- 
mation of the one-photon radiative corrections to the scattering of electrons by nuclei. Nonrelativistic and 
high-energy approximations are calculated explicitly for pure Coulomb scattering. Modifications due to 
the finite extension of the nucleus are discussed. No definite conclusion is reached concerning the change of 
the correction due to this extension, but it is shown that at extremely high energies the relative radiative 
correction to the second Born approximation is independent of the nature of the charge distribution. It is 
also shown that the fictitious zeros of the first Born approximation disappear first in the third Born approxi- 
mation. The shape factor occurring there is briefly discussed. 





1, INTRODUCTION 


HE nuclear scattering of electrons is of funda- 
mental importance because it is, at high energies, 
a sensitive tool for probing the charge distribution in 
the nucleus. It is, moreover, a tool whose properties 
are relatively well known, since the theoretical interpre- 
tation of the experiments is unencumbered by the 
complications of meson theory. For this reason there 
has been much recent interest in the high-energy 
scattering of electrons, experimentally'~’ as well as 
theoretically.-"§ The fact that at today’s experi- 
mentally accessible energies (of the order of 100 Mev) 
scattering is beginning to become sensitive to the 
nuclear charge distribution makes it, of course, impera- 
tive to use all the theoretical tools available to describe 
the differential cross section as precisely as possible 
according to the present theory. That means that the 
quantum electrodynamic corrections to the scattering 
cross section ought to be taken into account whenever 
known, unless they are shown to be negligible. 
The lowest-order radiative correction to the relativ- 
istically modified Rutherford scattering cross section 
was first derived by Schwinger.” It is a first Born 


* Some of this work is based on part of a thesis presented in 
partial fulfillment of the requirements for the degree of Doctor 
of Philosophy at Harvard University, September, 1953. 
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approximation (hereafter abbreviated as BA) with 
respect to the interactions both with the radiation field 
and with the Coulomb potential, ie., it assumes 
separately both a1 and Za<X1 (where a is the fine 
structure constant and Z, the nuclear charge number). 
The second of these assumptions is no longer valid as 
the heavier elements are approached for scattering 
targets, and better approximations are required. 

The present calculation is one of the next higher order 
compared to Schwinger’s in the sense that it retains the 
next power of Za. It is a first Born approximation with 
respect to the radiation field and its relevant parameter 
a; that is to say that the emission and reabsorption of 
never more than one photon is taken into account; a 
second BA as far as the scattering potential and its 
relevant parameter Za is concerned, i.e., at most two 
virtual interactions with the static potential are contem- 
plated. In other words it will yield corrections of the 
order Za to Schwinger’s result, or of the order a to the 
result of McKinley and Feshbach. For light elements, 
Z~1, this correction is, of course, very small (at 
energies that are neither extremely small nor extremely 
large), while for very heavy elements the expansion in 
powers of Za becomes quite useless, even if it should 
still be correct. It is for elements of intermediate 
position, say in the neighborhood of Z=35, that one 
may expect such corrections to be appreciable and the 
expansion still to be useful (perhaps it is too much to 
hope that it converges too?). 

Section 2 will be concerned with the calculation o 
the elastic cross section, in (2a) of the terms arising 
from the mass operator, in (2b) of those from the 
vacuum polarization. The notation developed in (2a 
will be carried through from then on. Section 3 deals 
with the contribution from the inelastic cross section, 
necessary for the removal of infrared divergencies. In 
Sec. 4 the infrared and the Coulomb divergencies ar 
shown to cancel and the integration over the Fourier 
transformed Coulomb fields is performed. We thet 
make the two essential approximations: in Sec. 5, tht 
nonrelativistic approximation, and in Sec. 6, the 
extreme relativistic case. Both are discussed in thel 
respective sections. There are five appendices: A list 
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the traces necessary in the work; B rederives the 
second BA, including the form factor in integral form; 
C performs the integration over the Fourier transform 
variables of the Coulomb field; D treats the integrals 
occurring in the form factors of the second and third 
BA; and E elaborates on the statement that, where the 
first BA vanishes, the first nonzero term occurs in the 
third BA. The appropriate form factors for the third 
BA is exhibited in that appendix. 

The technique used in this calculation is based on 
Schwinger’s “mass operator’” method and has been 
developed in as much detail as is needed for the present 
in a previous paper.” Rather than repeat the prelimi- 
naries here, we refer the reader who is unfamiliar with 
the technique to references 20 and I. 

The cross section for scattering from the initial 
momentum #/ to the final momentum q is given by I 
(3.14) as® : 


do/dQ=2n'(| q|/|p|) tr(m—vp) (p| H| q) 
X (m—-q)(q|yoHtyo|p) (1.1) 


(1.2) 


where 
H= (1+-3G))®, 


G is the free-particle Green’s function, and 


H=AM—eyA (1.3) 


with the renormalized mass operator AM. 


2. ELASTIC CROSS SECTION 


The radiative corrections to the elastic cross section 
are obtained from (1.1) by setting |p| = |q| and 


= —eyA—eyA'+AM, (2.1) 


where A is the static scattering potential; A’, the 
vacuum polarization potential induced by A, and AM 
the mass operator as a function of A. Since we are 
calculating the first BA in the radiation field, all terms 
in the expansion of H in powers of 3C are dropped 
except those that are linear in either AM or yA’. Among 
the ones thus retained AM and A’ too are expanded in 
powers of A. Then all terms containing more than a 
total of two occurrences of A are discarded, since this 
is a second BA in the external field. In view of the 
facts that the cross section, Eq. (1.1), is quadratic in 
H, and that the vacuum polarization potential is an 
odd function of the inducing field A and hence for our 
purposes proportional to it, we may write the remaining 
terms schematically as follows: 


(do/dQ). ~[—eyA—eyA'+eAM,+eAM, 
—eyAGuyA—eyA'GyyA—eyAGoyA' 
+eyAGoAM,+@AMiGoyAP. (2.2) 


*” J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452, 455 (1951). 

1 R. G. Newton, Phys. Rev. 94, 1773 (1954). We shall refer to 
this paper as I. 

® “Natural units” will be used, with h=c=1, and a=e2/4n. 
Bold-face type indicates three-vectors, while four-vectors are not 
specially marked. When the latter’s indices are not suppressed, 
the usual summation convention is, of course, in force. 
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When the square is carried out, one obtains: (1) the 
lowest-order term,%which yields the relativistically 
corrected Rutherford formula; (2) the terms with three 
powers of yA, which yield the ordinary second BA, 
whose value was first derived by McKinley and Fesh- 
bach® and Schwinger, and which will be easy to check 
with the present tools (see Appendix B); (3) the terms 
with one yA in addition to either yA’ or AM, which, 
as was shown in I, yield Schwinger’s result; (4) the 
following terms which are the ones to be calculated here: 


—é[ (yA) (AM2+7yAG)AM,+AM GoyA) 
+ (yAGoyA)(AM1)+ 9 J+ (yA’) (yAGoyA) 


+ (yA) (yA'GoyA+yAGoyA')+ 9]. (2.3) 


a. Mass-Operator Terms 


We shall consider the first line of (2.3) in this sub- 
section. It was shown in I* that yAGpAM,+AMGoyA 
cancels a distinct part of AMe, there called AM’. 
Therefore 


(do/dQ)2u= —4r'e Re tr(m—vyp) (p | AM.— AM” | q) 
X (m—vq)(q| yA | p)—4r'e’ Re tr(m—vp) 
X (p|AM;|4)(m—yq)(q|yAGoyA|p). (2.4) 
Matrix elements of the second-order mass operator, 


given by I, Eqs. (2.10) to (2.17), are obtained via the 
simple equation : 


_ sil iki-r ike-r 
f at Gaye le Mee (Kes ke, Pop)e*"*| q) 


= (1/8)mn3 f (dk/2r)*M2(md(n+3k), 


where the substitution ki—k,=m)k, was made, and 


(2.6) 
(2.7) 


+= (p—q)/2m=)n, 
A= (|p| /m) singe, 


0 being the scattering angle, p-q= p? cos. 
The matrix element of yA is immediate: 


(q| yA |p)= (2m)-#yA (—2mad), 


where the A on the right-hand side is the Fourier 
transform of the one on the left. 
Equation (2.4) can thus be written 


(2.8) 


(do /d®) a= — 2-8x-Sea2m®A*pA o(—2md) 
x f (aaa o(m\k;)A o(mdke)T (k, Po,?) oar, (2.9) 


23 Equation (2.19). 
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and its first line yields 
) 1 
Paua=Im f asf du exp(—isum?) 
0 0 


1 tryo(yp—m) (M2— Me”) (m—7Q) 
4 poA o(m\k,).A o(m\ke) 





(2.10) 


where the arguments in 9%.—9.”" are those indicated 
in (2.5) and we have collected all factors of (27), so 
that at this point we mean 


A a= f (ana (r)e~**-*, (2.11) 
Also, 
(2.12) 


Use has been made of a gauge in which all components 
but Ao vanish. *% 

Before calculating T'241 we may now put (2.9) into 
somewhat more transparent form. No assumption 
concerning the special external field has as yet been 
made, except that it be a static, spherically symmetric 
electric field. Suppose that this field is due to a spheri- 
cally symmetric_charge distribution of finite extension 
R: Poser 

Jo(r)=—(Ze/4r)p(r/R)R, r<R 
= r>R, 


? 


(2.13) 


where p is normalized so that - 


1 
f vdrp(v) =1. 
0 


sinvkR 


‘Ao(k)= — Zee f arto) - 


(2.14) 


), (2.15) 


where k=|k|. For such an arbitrary spherically sym- 

metric charge distribution the scattering cross section 

may be written 

(do/dQ)2= @Si[.51(1—-6? sin’3/2) (1 —65;) 
+B2(S2—62) J. 


h Za(i—p*)! 
-|_— esc?} 19] 


mc 26? 


(2.16) 
Here 


(2.17) 


=1/¢) 
is the Rutherford cross section; 
B.=2ZoB sin3d (1—sin}?) (2.18) 


is the second BA® to pure Coulomb scattering ; 


sin2\vK 
S j= [ dvv’p @(= ) 
AvK 


(2.19) 
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is the “form factor” for an arbitrary nuclear charge 
distribution, 


nuclear radius 
K= 





; (2.20 
electron’s Compton wavelength 


S2 is the special form factor for Bz which we shall be 
able to write down later (B.7); 6: is the first“ radiative 
correction ;® and 62 is the correction we are presently 
concerned with: 


1 1 
b2= (a/82?) (i = sin}o) f dvyv;"p cm) f dv2v2"p (v2) 
0 0 





[ak] sinv;A Kk, sinvA\K ke r(k 9) (2 21) 
x fie) (=) ruta), 0 
AK, vaAK kp 


f [dk] f(k) = 4a? J (dk) eyes? f(k). (2.22) 


Because of the normalization (2.14), the limits as we 
approach a point nucleus, or very low energies (KA-—0), 


are 
S,1, 


bx->(a,/8n2) (1—sinta)—1 f Caer. (2.242) 


We may now return to the contribution to I’ from 
the first line of (2.4), T2v1. Equations I (2.14), I (2.16), 
and I (2.17) are substituted in (2.10). The s-integration 
is then easily carried out. The following type of integral 
deserves special mention: 


1m f ds exp(—isum?)-++Go--- 
0 


=Im f dsexp( )-:-ReGo::: 
0 


+Re f dsexp( )-+-ImGo---. (2.23) 
0 


Terms like the second one on the right-hand side yield 
-+-6(u). But as discussed in I, Sec. IV A, exp(—isum’) 
is to be replaced by exp[—iswum?(1+-u-*(€/m)?) ], where 
e is a small photon mass, in order to cut off infrared 
divergencies. If this replacement is made consistently, 
then 6(u)—5(u+ (€/m)?u-)=0 and such terms do not 
contribute.™ Integrations over the 6 function starting 
at zero may frequently be considered spurious becaust 
they are quite discontinuous functions of their lower 
limit. 

* Another way of deriving the same result is the following: 
The factor uw! stems from the proper time integration © 
exp(—isum?*), which originates from the zero order Green's 
function. The definition of the +-Green’s function implies that 
m* should be replaced by m*—ie. The real part of the proper time 


integration in (2.12) therefore does not result_inm75(u), but in 
u§(m?)=0. 
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The traces needed in (2.10) are listed in Appendix A. 
In terms from S123 we may conveniently change vari- 
ables according to v=11;—%, w=43(v;+2)/(1—v). The 
operation (2.5) then results in the following replace- 
ments [in the notation of I (2.8) ]: 


gE exp(—isum?)—exp(—ism?n), (2.24) 
m=?0(1—u«)n+u[1+2(1—2)2(1—w*) 
+?0(1—v) (1+ 4%?) —wo(1—2)n-k], 
n= —1-O-k+ 48, 
Q=(p+a)/2mr, Q=cot}d, 
Y exp(—isum?)—exp(—ismn.), 
no= ul 1+4n20(1—v) J+ (€/m)2u-1, 
VE exp(—isum)—3[exp(—isum’ns*) 
+exp(—isumns-) ], 
ns*=N0(1—u)n+ul1+)0(1—0) ki, 27], 
E exp(—isum?)—exp(—isum?n,), 
na=0(1—u)n+u. 


Somewhat lengthy calculation, involving partial 
integrations of the kind shown below I (2.9), yields the 
following contributions to I (where the u-integration 
is understood everywhere to extend from zero to one): 


(2.25) 
(2.26) 
(2.27) 
(2.28) 
(2.29) 


(2.30) 
(2.31) 
(2.32) 
(2.33) 


1 1 
r= f de(t—a f ddwnr {MQ -k[4(u—2) 
0 -1 
+2u0(3—2u)?— juvk?+8u(1—u)*ry ] 
+2716 (1—) (2—u) yh?— (1-4-0) R? 
+4(1+5u—8u?+4u*)+16(1—) (1-1) y]} 
1 1 
+4f av(i—a) f ddwnr{ 4u(1—u)yd? 
0 —1 


—2u(1+)—wrn’Q-k}, 
1 
actu) f dyno, 
0 


(2.34) 
(2.35) 


ran f dons (Q-k(2—u-+u(1—) (1—22)) 
‘ —4u(1—u)y], 
2f dons {4 (1 —u*) (4y+1—12) +L 4u(1— x) 

0 


(2.36) 


+ (4y—O-k)?(2—u— 0 (1—20)?)]},_ (2.37) 


1 


r=4(1—1) f don'n(4?— 1—4y), (2.38) 
0 


“k—4y)07", (2.39) 
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where 


y= *+csc?30— 1. (2.40) 


The first-order mass operator contributions, the 
second line of (2.4), are calculated in the same manner 
as those of the second-order one. Terms containing 
ImG» are dropped by the same reasoning as previously. 
The result is the following contribution to T: 


1 4(1—u) 
raf de} —_——_——_—_ 
0 1+ ?(1—+?) 


1+-uv?—2u(u?+ (€/m)?)- 
1+)°(1—*’) 
_ 20 ut (€/ a | | (241) 
[1+A?(1—2*) P 





+k) 





b. Vacuum Polarization Terms 
This subsection is concerned with the contributions 
from the second line of (2.3): 
(do/dQ), = 4r'e* Re tr(m—vp) 
X (p| yAGoyA | q) (m—-q)(q| vA’ | p) 
+4rie Re tr(m—~yp)(p|yA'GoyA 
+yAGoyA’| q)(m—~yq) (q| YA | p). 


The lowest-order vacuum polarization potential is, after 
charge normalization is carried out,” 


A,'(k)=A,(k) f(), 


(2.42) 


(2.43) 
=~ dvv?(1— 40) [m?+42 (1-0?) (2.44) 


Equation (2.8) then shows that the contribution due 
to the first line of (2.42) is simply f(—2mad) times the 
second BA: 

f(- 2my) — (a/m)\? (Fi — 3F,), 


where the functions F,, are those used by Schwinger’: 


1 yen 
F=f dv ’ 
0 1+A?(1—v?) 


Fo=d-1(1-+2)-} logl (1-142) 440, 
Fi= (142) Fo—X,_ etc. 


(2.45) 


(2.46) 


The second line of (2.42) is easily seen to contribute 


f(mdk1)+ f(mdke), 


operated on by the k-integral that yields the second 
BA. Appendix B is devoted to the simple calculation 
of that and we may take the result from there. It 


25 J. Schwinger, Phys. Rev. 82, 678 (1951); the renormalization 
is accomplished as indicated in I (6.10). 
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follows that 


ees 
eens De 
n 


2 





1 
+4f dvv?(1— 40?) 
0 


. (247 
eae is 


3. INELASTIC CROSS SECTION 


As in the first-order calculation, the radiative cor- 
rection to the elastic cross section contains an infrared 
divergence which cancels a corresponding one in the 
bremsstrahlung cross section. We therefore again have 
to add the “slightly inelastic” cross section, i.e., the 
low energy limit of the one-quantum bremsstrahlung 
cross section. It was shown in I, Sec. V, that this is, 
to all orders in the external field, a multiple of the 
elastic cross section, the factor being 


a pit 2 
—f «anys (<-) , 
2m? ko=0 pk gk 


As shown in I, Schwinger’s evaluation of the integral 
(2.48) is modified in the presence of a small photon 
mass € to yield 


(3.1) 


ko=AE p q 2 
f canyo(e(—-*) = 4n( |p| /m)? sin?}o 
k pk gk 


o=0 


q 
X[(Fo+F:) log(AEm/epo)+Fi+3G+H], (3.2) 


[Eq. (5.11) in I contains two typographical errors 
which are corrected by (3.2) ], with the functions H 
and G defined in reference 19. 

The result of Appendix B for the second Born 
approximation therefore yields for the inelastic contri- 
bution to Tr: 


r,= 87 (Fo+F;) log(AEm/epo) 
+Fi+3G+H]Q-k—4y)n". (3.3) 


4. FIRST INTEGRATION, AND TREATMENT 
OF THE DIVERGENCIES 

Two kinds of divergencies appear in I’. One is the 
infrared divergence which also appears in the first-order 
calculation and for the sake of which the slightly 
inelastic cross section was introduced. In I, as in the 
first-order terms, it appears as a divergence at u=0 
and is treated as discussed in I, Sec. IV A. The intro- 
duction of a finite photon mass, e, enables us to replace 
every u-! by ulu?+(e/m)?}". The w-integration can 

then be carried out without divergence difficulties. 
The other divergence is also a familiar one due to the 
slow decrease of the Coulomb field at infinity. Since k 
is essentially the Fourier conjugate variable to the 
distance r, this divergence appears at small k; more 
precisely, at k, or ke equal to zero, since these variables 
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belong separately to Coulomb fields. The customary 
way of dealing with such divergencies is to “screen” 
the Coulomb field, i.e., to replace k-? by (k?+y?)-. 
This means that the Coulomb potential is replaced by 
one of the Yukawa type. The latter is very nearly like 
the Coulomb potential near the origin, where most of 
the scattering occurs, but it falls off exponentially at 
large distances. The physical justification for this 
procedure is, of course, the fact that the nuclear 
scattering centers are surrounded by electrons and that, 
therefore, outside the atom no field exists at all. The 
Coulomb field is thus physically screened, and the 
screening parameter, pu, is related to the size of the 
atom. Most of the scattering occurs deep inside the 
atom, where a small yu has little influence; the screening 
parameter is therefore retained only in terms which do 
not vanish in the limit as uw tends to zero. Since the 
mathematical reason for the introduction of u was the 
occurrence of divergencies, there will be terms left 
which tend to infinity (logarithmically) as » tends to 
zero. In these, one would give u the value physically 
determined by the atomic size. 

However, it will be shown that all terms in I’ which 
would tend to infinity as u tends to zero cancel each 
other. There is therefore no reason why the divergent 
integrals should be cut off in such a relatively compli- 
cated, though physically realistic manner. In the case 
of cancellation the only purpose of the screening process 
is the proper “fitting” of various divergent integrals. 
This fitting can be accomplished in a much simpler 
manner in the present case. 

The Coulomb divergencies arise in terms of the 
following nature’®: 


f (dk) ky*ko29. 


It is easily seen (for example, by a shift of k by 2n) 
that this diverges when either 7=k,=0, or 7=k.=0, 
and nowhere else. If » is therefore prevented from 
having zeros coinciding with k; or ke, the integral will 
be finite. Now the origin of 7~! was (m?+-p*)' before 
matrix elements were taken, that is, from a zero-order 
Green’s function. The definition of the outgoing wave 
Green’s function, which is the proper one to use here, 
includes an addition of —ie to the mass. Therefore 7 
should properly be replaced by n—ie. As long as this « 
remains different from zero, 7 cannot have any real 
roots and therefore the above integral will be finite. 
The Green’s function ¢ is therefore a sufficient means 
of cutting off the Coulomb divergencies without screen- 
ing until the terms diverging as ¢« tends to zero are 
found to cancel. Then, of course, ¢ will be allowed to 
vanish. That ¢ does not have the same physical reality 
as a screening parameter is of no consequence, since the 
latter would not have remained in the work anyway. 


26 The notation is that of (2.12) and (2.26), 
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The outlined procedure is substantially simpler than 
the customary screening. 

Let us examine the above outlined situation some- 
what more precisely. After the replacement »—n—ie 
has been made, and the k-integration carried out, only 
the imaginary part of the result, which is of no interest 
to us anyway, will diverge. The real part, ie., the 
principal part of the integral, has a definite finite value. 
The real divergences occur in products such as 7~'y;~, 
n ng, and mr. Since 3=m.==n when u=0, the 
real infinities will occur in the form of divergencies at 
u=0, just as the infrared ones. Thus, the Coulomb field 
produces divergence difficulties only in the no-radiation 
limit. 

The term I’, requires special preparation. That part 
which contains yn; is convergent. Equation (2.15) 
shows that near v=0, m is of the form au+dv, and 


1 a+bv 
fitout ‘== tog( : ). 
v 


This, although tending to infinity as v tends to zero, 
will not diverge when integrated over »v down to zero. 
The part containing 71’, however, diverges logarithmi- 
cally at w=0. In order to separate the divergence, n1~* 
is replaced by (ni-?—m'~*) +m’, where 


mi =d20(1—u)n+ul1+2(1—w?) ]. 


The difference will no longer diverge, since 7:—m’ as 
v0. The v-integration over the last term is carried out 
immediately : 


(4.1) 


1 
(1-1) f don’? 
0 


= —9 {(u+du(1—w*) +2(1—u)n J? 
—[ut+ndu(1—w*) Py "Le (1—w*) 2+ 
+ (€/m)?u" +" [1 +2 (1 — w*) 





a 


The w-integral over the first part is then easily carried 
out and the result is that 


(1—u)ni > (1-0) (nr?) Fue "[1 +1?) 


( 1—u 
> 4 
(1—)mr\?+u1+2(1— 





( 1—u x 
x iin cman 
M(1—)n+ut+ur(1—w*) 7 ) 


1G+2F, Fo 
# (- Fa log). (4.2) 
21+2d2 2 


This replacement is, of course, necessary only in terms 
Without a factor of u or ». 
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Equation (4.2) results in the following split up of 
Ta, (2.34): 


r.=4n? if de f : +(=- —)a- u)é, 


1 dw 
T,=4)? f - —fi+2(1-w) 
0 


(4.3) 





1—u A7? 
N(1—u)n+utur(1—w*) 7 


Pm=4LFo log (m/e)+A?(1+2d2)1(F1+4G) én, 
= 1+4y—}/?+2)7(47-0-h), 


(4.5) 
(4.6) 


1 1 
=v f av(—v f Sdwunr ?Q -k[_20(3—2u)? 
0 —1 


—4—}vk?+8(1—u)*ry], (4.7) 


1 1 
T= 2x f dv(1—v) f $dwuny | 4(3—4u-+ 2u?) 
0 -1 


—8(1—u)d\*y—8u(1—u)y], (4.8) 


1 1 
rea ao(1— f 4dwunr [477 (1—u) 
’ “ —2(1+u)—un’Q-k ]. 


I’, contains an infrared divergency and I';, a Coulomb 
divergency. The latter, which is not apparent on the 
surface, arises from the fact that as u—0, 


(4.9) 


lim J Cae Iu tied —w) 2-0) 9) 
A f [dk |(n—ie)"r~. 


We are now ready to collect the infrared divergencies 
occurring in I’: 


1 
r= if dune, 
0 


rj=—4 


(4.10) 


i+w At) 
u?+ (€/m)? 


ryi=—8f don Q-k—4y)n-——_- 
0 ie wn u?+ (€/m)? 


xLU+M(1 0) 2)*] 
P,7=82(Q-k—4y)n7'(Fot+ Fi) log(AEm/epo), 
Tm! =4F log (m/e) (1+ 2d”) (1+4y 

— $e) +20], 
The u- and v-integrations are readily carried out and 
all terms containing loge are seen to cancel each other. 


(4.12) 
(4.13) 


(4.14) 
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We may now let the photon mass ¢ vanish with im- 
punity, and the result remains unchanged. 

Before the Coulomb divergencies can be cancelled, 
the k-integration has to be carried out. According to 
Appendix C (B-n=0): 


f [dk](A+B-k-+Cn-k-+4D#)'=2[4B2+ (A—D) 
(A—D)?+4B? 

—_——-) (4.15) 

(A-+D)—4C? 


for AD>(B?+C’). In the case of », C=0, D=1, 
B’=(Q*, A=—1-+4a, where a is to tend to zero via —ie. 
For a2>1+(Q?=6*, (4.15) holds directly. As a><@ the 
cos~! becomes 


xeos-#( 1-2 


a+ log16#a~. 


If a=ee** and ¢ is allowed to change from zero to 
—1/2, then 


w+ilog (16 «7e***) = r+29+ilogl6P ei log16@«* 


Therefore, the real part of dk }n—, which is the only 
one we are interested in, vanishes. (Notice that the 
sign of the imaginary part is fixed to be positive by 
the positive sign of e.) 

By the same kind of analytic continuation, the other 
integrals involving y are obtained from the results of 
Appendix C. [ Notation: (2.22) ]: 


(4.16) 


f [dk ey = 2 (1-402), (4.17) 
m 1 
n 1+bk:2 
4b 


~ (14-45)(1-402)! teil 


1 k/4 
f [ak 
n 1+5k? 





(4.18) 


3b 
= —1276(1+02) }}. 
atone [6(1+0")] 


By the use of Appendix C it is found that 


. “dU i 
ftaeir=t6 f dw f se 
0 0 U wtr2U 


(1+2d*) (1+2y)—-NvU 
cos(8 
(40+ U2—4U)! 
1+2)? e 
_ cos( 1-2 ) 
6 U—te 
— (value at U -0) 
P=1+0?=csc*he, 


(4.19) 





U—ie—@ , 
(U—ie)? ) 


(4.20) 
(4.21) 
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where U=wd?U(1—U)""', and w=1+)?(1—w*). The 
U-integration is split up from zero to @ and from 
to ©. In the first part, 





U—ie— (U?—4U +46")! 
cos-*( 8 1) =2 sin 
(U—ie)? (U—ie) 
(U2—4U +-46")!+-2(@—U)! 
=1+2i log —_ 
U—ie 
m—2 tan—(e/U)=2 tan"(U/e), 





whose value at U=0 is 0. Also 


0 0 
cos( 1 2 ) =2 sin“ 
U—ie (U—ie)! 


=r7+2i 1 tei a ‘(€/U) 

— eee —t = 

a+2i log (aio! an—(e 
=}n+tan"(U/e), 


whose value at U=0 is 7/2. Therefore 


1 62 dU 
Pua tor f aw f —(w+U)" 
0 o U 


(1+-2A?) (1+2y7)—\7U 
| 2 tan 

(4+ U?—4U)! 
1+2) “| 





~ tan— 
€ 
The divergent part of this is 


1 62 
32(1-+2d2)y0 f dw f U-1dU tan“(U/e) 
0 0 


62 
=32y(1+2r2)01Fy f U-dU tan“(U/e). (4.25) 
0 


In the second part of T;, U is conveniently replaced 
by 2. 

In similar fashion, the divergent parts of I'g and I. 
are isolated and found to be 


92 
—32y(2+02F o+F 107 f U-dU tan“(U/e) (4.26) 


0 
and 


62 
3240-1 J U-!aU tan-!(U/6). (4.27) 
0 


The sum of (4.25), (4.26), and (4.27) vanishes. Thus 
all. the Coulomb divergencies cancel. The divergent 
parts (4.25) to (4.27) are subtracted from the terms 
from which they arose and the remainders possess 4 
finite limit as € tends to naught. 
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After the cancellation of both the infrared and the 
Coulomb divergencies has been accomplished, nothing 
but a number of convergent integrations remains. The 
k-integrations are given in Appendix C. Then there are 
the integrations over three auxiliary variables left. All 
of these can be reduced to at most one-dimensional 
integrals by extremely long and tedious procedures and 
the result is much too complicated to be amenable to 
either discussion or easy numerical evaluation.?” We 
shall therefore immediately proceed to low-energy and 
high-energy approximations. 


5. LOW-ENERGY LIMIT 


The nonrelativistic limit means, in the present 
notation, 0. As we want to avoid carrying out 
explicitly all the integrations involved in I’, the limit 
has to be taken under, the integral sign and a certain 
amount of caution is mandatory. Since, nevertheless, 
the procedure is relatively simple, if slightly tedious, 
only the results will be furnished. It will be noticed 
that T',, a, and I contain parts proportional to \~* so 
that the remaining terms in these contributions have 
to be extracted more carefully. Variables were changed 
on the whole as indicated in Appendix C. The arrow 
denotes the limit as B—0 (B is defined by (C.18) and, 
at low energies, equals 6?) and hence \—0 (after both 
infrared and Coulomb divergencies have been cancelled 
out as described in Sec. 4). 


f [dk] —8m, (5.1) 


f [dk .—8n, (5.2) 
f (dk | a> — 647 2— 327 logB+ 64]; | 

— (16/3)x0-! log (16B) 

4-8[4-+ (35/9)0-!Jr—32(26?—1) Io, 
[tae t321+ 16x logB— 32]; ] 

—8n0-! log(16B) 

+16(26?—1)Io+4nr(6-'—4), 

[Caer 4n1—0, 


(5.3) 


(5.4) 
(5.5) 


f [dk IP .—[— 169 logB+-3211]— (8/3)(3-+0-), (5.6) 


f [dk [32\272+-327 logB— 6411] 
—8r6- logB+ (16/3) (5-+60%)I2, (5.7) 


* This result occupies fourteen pages in the author’s doctoral 
‘thesis at Harvard. It is not recommended for inspection for the 
possible purpose of numerical evaluation. 
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f [dk] .——8r, (5.8) 


f [de ——4e, (5.9) 


f [dk P,—>— (64/15)x0-, (5.10) 


while Ty, T'n, P'm, and I’, tend to zero. 
The functions J; and J, are defined as follows: 


29-2 


h= dyy(Y— sin V1—}z) 


+f dyy"Y-4, (5.11) 
—2 


26? " 
n= f dyY~-* sin V3 
0 


+e J dy(Y-—e-ty-2), (5.12) 
29-2 


and Y is given by (C.15). The brackets in (5.1) to 
(5.10) indicate parts that cancel out. Since J; cancels 
everywhere, the integrals in (5.11) need not be evalu- 
ated. The second integral in (5.12) is immediately 
found to be —}7@—'log[4+(6+1)]. The first one is 
conveniently done by the substitution y=6@-?(z+1) 
and subsequent application of the operator 


9 f “40(0/00)8, 


whereupon its value is found to be 76 log(1+é@'). 
Hence 
I,.= 370“ log[ 46-1 (1+6-) J. (5.13) 


The sum of (5.1) to (5.10) yields, according to 
(2.21a), the low-energy limit of the radiative correction 
[in the notation of (2.16) ]: For B<1, 


52= — (8a/3m) tan?}e (1+ csc}d) { (121/120) 
+log[$v2 sin3d(1+sin3?)B-*]}. (5.14) 


In this low-energy approximation the form factors S; 
and S2 are, of course, unity. 

Equation (5.14) in conjunction with (2.18) and 
Schwinger’s result!® yield the following at low energies 
(where & is the Rutherford cross section) : 


8a /19 m 
(do/dQ)/R=1-8? snt(30) i-— Hos) 


3x \3 2AE 


wZa 


+7 cso —1 
B 


8a /121 sin3d(1+sin38) 
-=(—+og I} (5.15) 
3m \120 v26? 
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This equation shows that not only is |6282|>>]6:| in 
the nonrelativistic region, but also |652B2|>>|6:| by a 
factor of log@. It is well known that at low energies the 
Born series becomes unreliable, because it is essentially 
an expansion in Za/8 rather than Za alone. By that 
reasoning one could, however, under the condition that 
ZaKBK1, expect the low-energy limit of the second 
BA to be a small correction. Equation (5.14) shows 
that that is not so, but that," instead, the necessary 
assumption is that 


ZoaB— logB<«1 and #<1. (5.16) 


Equation (5.15) for slow electrons, with the assump- 
tion (5.16) is in conflict with the conclusion of Mittle- 
man,”°> who performed a nonrelativistic calculation of 
the radiative correction to all orders of Za (and first 
order in the number of photons) and obtained a 
multiple of the uncorrected cross section. The ratio of 
the two cross sections in his work contains, however, a 
dependence on an unknown parameter needed for an 
ultraviolet cutoff. There follows the statement that 
this parameter is to be fixed by comparison with the 
first BA and it is concluded that the relative radiative 
correction for slow electrons is the same to all orders 
in Za; which contradicts (5.15). 

The conflict is resolved by the realization that the 
ultraviolet cutoff parameter needed in the nonrelativ- 
istic calculation is a function of Za and 6”; comparison 
with the first BA yields only its zero-approximation in 
Za. The conclusion that the relative radiative correction 
to the over-all cross section equals that to the first BA 
is therefore incorrect. Furthermore, the fact that (5.14) 
contains a log8 means that the low velocity limit of 
the relative radiative correction (even if Za/8 is kept 
constant in that process) does not exist, although that 
of the cutoff parameter does; not a very surprising 
result in view of the logarithmic dependence of one 
upon the other. 


6. HIGH-ENERGY LIMIT 


In order to simplify things to any appreciable extent, 
the extreme relativistic limit has to be combined with 
the assumption of not too small a scattering angle, so 
that A>>1 (just as in the case of reference 19). The 
second sentence of Sec. 5 is even more applicable in the 
present case and the extraction of the limit as A 
under the double integrals is rather lengthy and tedious. 
We shall list only the results obtained after the Coulomb 


28M. H. Mittleman, Phys. Rev. 93, 453 (1954). 

® This is equivalent to saying the following about details of 
reference 28: The integral in go? ought really to be extended to 
co, and this is done with impunity if the full relativistic theory 
is used. In the work of reference 28 the full J(&) is replaced by its 
nonrelativistic approximation and a cutoff replaces the taking of 
the nonrelativistic limit after the integration is carried out. The 
size of this equivalent cutoff will depend on the order (in Za) 
where it is performed, since the integrals involved differ from 
order to order. Moreover, only if at a given order the low-energy 
limit of the cutoff exists and is not zero can one replace it by that 
limit alone. 
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divergencies (4.25) to (4.27) have been subtracted from 
their respective terms. The leading terms at high 
energies tend to infinity as (log2A)*. Therefore both the 
factors of (log2A)? and (log2A) were kept. The constant 
terms contain a large number of integrals and their 
evaluation would involve an amount of work dispro- 
portionate to their expected importance.” In that sense, 
then, here are the asymptotic values in the pure 
Coulomb case: 


T'.~ 416— (log2d) { (@— 1) (120-*+- 60-*— 106-! — 5 — 26) 
+2(3—0— 100-24 66-) log[ 3 (6+ 1) ]}+-2(6—1) 
<[1+2(6-+1) (202-36) ] log2}, (6.1) 
T a~ 48m (6—6-") (log2d)? 
+16 (6-!— 1) (log2)[ (6+ 1) (36-*— 2) log (6+-1) 
+4(0+1) log2—2(2@—1) (@—1)— loge 
— (7/2) (6+1) — (5/2)6-!+ (3/2)6*+ 36], 


T.~—32r(6—6-*) log2n, 

T'.~ —16m(6—8-) (log2d)?— 32m6— logé log2a, 
T'y~ —32r(0—8-")[ (log2d)?+-2 log3@ log2y J, 
T',~ 8 (log2d)[2 log2— (1-8) log (@+1) ], 


I',~const, 


(6.2) 
(6.3) 
(6.4) 
(6.5) 
(6.6) 

) 


T.~const, (6.7 


PotTstl yt tls 
~ —4n(1—6-)[(log2d)?+-3 (log2A) 
+4(2 log2A—1) log(AE/E)], (6.8) 


T'y~—16m(1—@7) log2a. (6.9) 


The sum of (6.1) to (6.9) and the use of (2.21a) 
yields the following correction to the second BA in the 
case of pure Coulomb scattering and (p0/m) sind?/2>1: 


52~ — (a/m){ {logl2(po/m) sinzd }}*—2[ csc}d—3 
—sec?43(1+sin}?) log} (1+csc}?) 
+3(1+csc}?) (1+3 cos?) (3—cos#) log (1+ csc3?) 
—2 log(AE/E) } log[2(po/m) sinz3 ]+ f()}, (6.10) 


where f(#) is not known and is assumed to be relatively 
small. 

At an energy of 100 Mev and for right angle scat- 
tering, the size of the correction is 6, ~0.27 if the energy 
resolution is AE/E=0.01; and 6.~+0.14 if AE/E=0.1 
(f@) was neglected). It depends thus rather strongly 
on the allowed energy loss. It is remarkable that at 
this energy and angle the contribution of the logarithmic 
term is about 6 times as large (for AE/E=0.01, about 
3 times for AE/E=0.1) as that of the (log)? term, and 
with the opposite sign. The values for 52 given above 
are to be judged in conjunction with those of the 
second BA, B.~0.5X10-XZ for this energy and 
angle, and the value } for the relativistic correction 
(1—6? sin?}0). 


® The author is in possession of these integrals and will gladly 
furnish them to anyone who considers it worth his while to 
evaluate them. 
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As the energy increases, the value of the correction 
decreases and becomes negative for very large energies. 
The relative importance of the energy resolution 
decreases with increasing impact energy. Furthermore, 
at extremely high energies, 52/5: becomes arbitrarily 
large. Hence the Born series of one-photon radiative 
corrections becomes increasingly wumreliable at very 
high energies. It is, of course, a moot question whether 
the mth term in the series contains [log(po/m) ]" as a 
leading term. Since parts*! of the first term in the series 
(the Schwinger correction) also contain [log(po/m) F, 
which however happen to cancel out, the increase in 
the power of the logarithm may be accidental. To the 
author, this seems unlikely. If the mth term in the 
series does have an asymptotic value proportional to 
[log (po/m) |", then not only are the first terms quite 
insufficient as an approximation at very high energies, 
but the series can be’ expected to diverge beyond a 
certain value of the energy® (as well as below a certain 
small energy). 

The entire discussion in the last paragraph of the 
behavior at high energies is, of course, restricted to 
pure Coulomb scattering, and therefore somewhat 
academic. In reality, the nucleus is not a point and no 
matter how small a non-point-charge distribution is, it 
leads to the form factors indicated in (2.16), (2.19) 
and (2.21). The nature of these modifications is such 
that in each term of the Born series of one-photon 
radiative corrections as the energy increases, the form 
factor tends to zero relative to that of the previous 
term and at least linearly with (m/o). Any possible 
factor [log(po/%) ]" is therefore more than compensated 
and the series will, if it ever converges, tend to its first 
term at extremely high energies. 

A general modification of the result (6.10) for an 
arbitrary extended source has not been accomplished. 
The following can, however, be stated. The terms 
proportional to (log2A)? in (6.2), (6.4), and (6.5) cancel 
and the entire contribution to 52 in (log2\)? comes from 
(6.8), where it stems from I, and I’, only. Both I'm 
and I’, have precisely the same k-dependence as does 
By, (B.5). Their shape dependence is therefore the 
same as that of the second BA, i.e., Se, (B.7). At 
extremely high energies Eq. (2.6) therefore reads 


(do/dQ).= RSLS; cos? (1 — 61) + BoS2 (1 —_ 5s’) |, (6.1 1) 
where now 
52’ = — (a/m){log| 2 (p/m) sinzd ]}?. 


Equations (6.11) and (6.12) hold for arbitrary charge 
distributions when log[2(po/m) sin? ]>>1. 


(6.12) 


31 The function G(A), in the notation of reference 19. 

® Unless it is such that it converges for arbitrarily large Za. 
Hardly anyone would be likely to argue for that. 

3 Possibly more than linearly due to the increasing number of 
factors of the kind sin(&AK) and their rapid oscillation. 
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An important question, of course, is whether at the 
energies experimentally used today, the radiative cor- 
rection will be substantially altered by the form factor. 
The value of the relevant parameter K, defined by 
(2.20), is approximately 4X10-*X A! (where A is the 
number of nucleons in the scattering nucleus); at 100 
Mev and right angle scattering this leads to a value of 
K\=$A! (1.5 for Al, ~2 for Cu, ~3 for Au). Since 
there is no evidence that the charge distribution in the 
nucleus is extremely peaked at the center, the factor 
sin(vAKk;)/(vAK;) will in effect be appreciably smaller 
than unity for k:>4A~!. It is hard to estimate the 
effect of this upon the value of the shape integrals, 
especially to compare the effects on S; and S», or those 
in 62. Presumably, when the first BA leads to a real 
zero of the cross section (a situation where comparison 
with a phase-shift analysis shows that the first BA is 
very misleading”—"*) the form factors of the second BA 
and its radiative correction do not vanish; and hence 
(2.16) shows that the second BA (with correction) will 
predominate over the first (with correction). However, 
(2.16) also shows that both still have one factor S; in 
common and hence all of (do/dQ). still vanishes when 
the first BA does. It is not until parts of the third BA 
(and its radiative correction) that the shape factor S, 
will disappear altogether. (See Appendix E for an 
elaboration of this matter.) The present calculation 
can therefore not contribute to the “filling in” of the 
fictitious dips of the first Born approximation. 
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APPENDIX A. TRACES 


The following equation, which is used for the evalu- 
ation of the traces in (2.10), is easily derived: 


4 tr(m—q)ya(m—~p) (1,7u,7u») 
= 2m (ap, ma,+aprQ,, 


m(dyA,—G,Ay)—Syap), (A.1) 


[where po=qo, and the notation (2.6) and (2.27) was 
used, with an obvious extention to the zero-component ; 
a is an arbitrary four-vector ]. The substitutions indi- 
cated in (2.5), the notations (2.12), (2.26), and the 
convention 


kk=k,- ko =1—-12 (A.2) 


then yield from (A.1) the following traces. The arrow 


4 Appendix D will give a brief discussion of the nature of the 
integrals involved in S2 and S3. 
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stands for 


—} tryo(m—yp)- +: (m—~q)/pomAo(mdk;) Ao(mdkz). 
FF->—4m\Rk, 
F(m+7p)F-2m'Q-k, 
yFFy——4m\kk, 
F (m—yp)Fy—>—m™ (4ykk+ (Q-k)?), 
F (m—yp)*Fy—2m'™ (2n—4y— (Q-k)”), 
oFoF—>—8mWRk, 
oF (m+yp)oF—16m'M'[4Q -k+7 ]nt+ 16m (y+1), 
yFkoF—-—2im*kkQ-k, 
oF kFy—2imMkkQ -k, 
yFk(m—yp)oF>— 4im*Mkkk?, 
oF (m—yp)kFy—4im NM RRR, 
yJoF>2m'MQ -kk-’, 
oF yJ—2m™Q -kk?, 
J (m—yp)oF 4m kek?, 
oF (m—yp)yJ 4m MR eR?, 
JFy—im™Q - kk, 
yFIJ-im™Q - kk, 
J (m—p)Fy—— 2im®Mnk?’, 
yF (m—-yp)J—— 2im*Mnk??, 
J (m—yp)*kFy—>— im kk (Ek+4y) kx, 
yFk(m—yp)*yJ—>2im kk (kk-+-4y) ke, 
J (m—vyp)kFy—im'\*kk(Q-k—4y)ky, 
yFk(m—-yp)yJ—— im kk (Q-k—4y)k:?, 
J (m—yp)yJm 6 (Q-k—4y)krk?, 
J (m—vp)*yJ—— 2m (kk+4y) kek. 


APPENDIX B. SECOND BORN APPROXIMATION 


Equations (1.1) and (2.2) yield for the ordinary 
second BA 


(do/dQ)2= 4+ Re tr(m—~p)(p|yAGuyA | q) 
X (m—-yq)(q| yA |p). 


Equations (2.8), the equivalent of (2.5) for the simple 
present case, and the substitutions indicated between 
(2.5) and (2.6), yield for this [with the notation of 
(2.7), (2.12), and (2.26) ] 


(B.1) 


(do/d0).= = 


em? 


1 
XA o(mdk1)A 0(mdks) itr (m—vyp) 


X (ykA—4yopo/m)(m—q)v0, (B.2) 
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where convention (2.11) is used again for the Fourier 
transforms. The trace is easily found to be 


i tr---=2mpor(Q-k—4)), (B.3) 


in the notation of (2.27), and (2.40). Equations (2.14), 
(2.15), and (2.17), and the notations (2.20) and (2.22) 
then yield [with the same notation as in (2.16) ]: 


1 1 
BoS2=43ZoB8 sinjo [ dv,v;"p cm) f dvqv2%p (v2) 
0 0 


sinv;KAki\ /sinveKAks\ 4y—-Q-k 
x f rana( )( ) | 
0,KAki voKXke 7] 








(B.4) 


For pure Coulomb scattering, K=0 and thus by (2.14): 
B= 4208 sin}d { [ak \(4y—O-W/n. (BS) 


Finally, Eqs. (2.26), (4.16), (4.17), and (C.10) allow 


us to carry out the integral, and we obtain 
B.=7Zo8 sin3d (1—sin}v), (B.6) 


in agreement with McKinley and Feshbach.® 
We may now also write down the form factor of the 
second Born approximation: 


1 1 
So= 4a secthe)(1-4+sinv) f doyv:tp(v1) f ientelnd 
0 0 


sinvjAKki\ /sinvaAKk2\ 4y—-Q-k 
x fra )( ) : . (B.7) 
vAKky vaArAK ke n 





APPENDIX C. k-INTEGRATIONS 


The principal integral occurring in the k-integration 
of T is of the following type: 


$=} f (db)*k; 2k 2O-'= f [dk], 


(C.1) 
k,= n+3k, k,=n— +k, 


9=A+B-k+Cn-k+4DF, 


where n is a unit vector and B-n=0. The split of the 
part of the denominator linear in k is, of course, no 
restriction and can always be made. It is particularly 
convenient here since Q-n=0, in the notation (2.6) 
and (2.27). 

A sufficient condition for convergence of J is 


AD> B+C?, (C.2) 


which we assume to be satisfied. Whenever (C.2) is 
not satisfied, 9 will be evaluated by analytic continu- 
ation from the case where it is. 

The evaluation of g proceeds by means of the 
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familiar identity 


(abe)-1= f da f 448 (1—8) {a(1-+8) 


+[3b(1—a)+ic(1+a)(1—)}-*. (C.3) 


Then the k-integration is carried out and the auxiliary 
integrations can be accomplished, first over 6 and then 
over a. The result is 


§=2[(A—D)°+4B°} 
(A—D)?+4B? 
xeos-| 1 2} (C.4) 
(A+D)?—4C? 


Since for B=C=D=0, 9 must have the sign of A and 
the result never vanishes so long as (C.2) stays satisfied, 
it follows that the sign of J must remain that of A if 
the convergence domain is never left. 

Other integrals may be obtained from (C.4) by 
means of differentiation as, for example, 


A 
f [dk RO= f dA(a/aD)s. 
It is thus found that 


1 f [dk](1+3)97=[(D+C)P+B}4 


(D+C)?+ B 
+ (C>—-C). 
D(A+D-+2C) 


xeos-*( 1-2 (C.5) 


Similarly, 


f [dk] G2=—95/0A, (C6) 


f [ak] (th) = —09/aD, (c.7) 


f [dk]B-kG-=—2B09/aB. (C8) 


Another, somewhat more complicated integral is 
evaluated in the same manner as J: 


[taeegtee eee 


=4F— sin“ [2FP-*R-1(g+2)-*],  g>0, 
F°=[A—gC—D(1+g) P+B?(2+8)’, 
P=A+D+2, 
R=A+D—2C+2Dg+2[2g(AD—B*—C?)]}. 


(C.9) 


_ We now apply the general results to the most 
important cases needed in the body of the work. 
Equation (C.4) yields as a special case, A=1, 


B=C=D= 0, a result easily obtained directly: 


f [dk]=2n. 


In case =n, as in most other cases in the paper it 
proves convenient to make the change of variables 


U=u(1—4) v4. (C.11) 


(C.10) 


Every integral then falls into two distinct parts, 
separated by Uo, which is determined simply as the 
value of U for which the argument of the antitrigono- 
metric function involved become unity. For U>U) 
the formulas (C.4) to (C.9) are directly applicable, 
since (C.2) is fulfilled. For U<Upo one must exercise 
some care in analytically continuing the value of the 
integral. When the value at U=O is needed, it is 
important to realize the universal presence of —ie in 
the Green’s function (m+ ?—ie)“ from which all 
denominators 7; originate. With this in mind, one 
easily obtains the following equations: 


J ” f [dk In 


yo dy 
0 yL+ 2v 





YL? 4 
“a sin 
(L-++2I+) (L+2I-) 


bo ) 


(C.12) 


dy 
+2nn f Y-3, 
vo YL+20 


L=x+ (1—2)?(1—w*), 
=v(1—v)(1+w), 


(C.13) 
(C.14) 
(C.15) 


and y=2U-'L-1, while @ is defined by (4.21). Similarly, 
because of the symmetry in the w-integration, 


f i f [dk kien = J i f [dk Jn (14+-3%2) 


-) dy 
=8)-? Re f y,- 
0 v+ylt 


xin a 
(L-+21*)(+y-+0(1—0)) 





} 
. (€.16) 


The corresponding integrals involving nm; are ob- 
tained from the above by applying the operator 
—d“*(1+071U-') (0/0) to (C.12) and (C.16). For 
w=1 these results immediately yield the integrals in 
which 7; is replaced by 73. 

Further integrals of 73; needed are the following, 
where the e of the Green’s function has been kept and 
can be allowed to vanish only after Coulomb diver- 
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gencies are cancelled: 


q fee eed Nak? 
U 
f 1+2ak:? ns 13 


sot pre dup _U(+4Na) 
“a, tuk a 
at 
2at(B—U—U?a)* 








+tan- 


—2 tan“ 





Uat 
B+ (B—U-—U?a)* 


86a 


= sin“[ BU (1+2Ua) 
1+4)7a 


+2(U2a+U-—B)'a}-}, (C.17) 
where 


B=NP=P(1—6?)". (C.18) 


A similar, but more complicated result, is obtained 
when the left hand side of (C.17) contains (1+}%?) as 
a factor. We shall not bother filling space with it here. 

The following results are needed frequently in the 
course of the approximation: 


f [dk [n—ie t+ UP? 
= } sin¥3, 
2yY-* tan(U/e), 


U>@ 


(C.19 
U<@, 


where y=2U-— and Y is defined by (C.15). 


| flaaaHeb-ietvp 
i sin 6U-3, U># 


= C.20 
407 (4r+tan7(U/e)), U<@. ( 


APPENDIX D. FORM FACTOR INTEGRAL 
This appendix will briefly deal with a transformation 
of the integral in So. 
In the integral in (B.7) we introduce the new variables 
22:=h;, 2ze=ke, ~=k-Qk0-. (D.1) 
Then 


- dz 


+1 ds 


freer (ki,k2)n *= 4a Re f Rethng 


|l—z1| 22 





‘ 2(z:°-+-22”)—1 ] 
x 
Ko rererencececre 


x f(221,222)q7, (D.2) 
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and 7 becomes 
1—Qé[2(2?+2:7)—1]!. — (D.3) 


The é integral is readily carried out and one obtains 


9n= 2+ 22 — 


Im f [ak fbi) fe L+RE), 1] 


C-) dz, 1+21 dee 
=4r Ref — = 
|l—z1| 22 
f (221) f(222)(2 (2:?+2:"), 1] sgn(z1?+-22?— 1) 


[(21°-+22?— 1)?-+-0?( (21?—29?)?+- 1—2(2:?-+-22")) }! 
(D.4) 





The transformation u=2;?+-297, v=2;’— 22" changes this 
to 


dudv 
r=2r f f 
w—it 


[2u, 1] sgn(u— 1) f((2u+-20)8) f((2u—20)8) 
[(u— 1)*—0"(2u—1—2)} 


where the integral extends above the parabola 
u=}(1+0), with the exception of the ellipse (w—@)’ 
+ (#—1)’=#(#—1), which osculates the former at 
u=1, v=-+1. The entire part above the ellipse can be 
transferred into that below by the substitution 1 
=u! (2u’—1)-, v=0' (2u’—1)—. This yields 





? 


dudv 
1=2n f f [tw (#1) Qu 1-4 


(EWES) aS) 


—[utYiut29))(2u—20)9}, (D6) 


where the integral extends over the crescent between 
u=%4(1+2*) and u=@— (P—1)!(#—2")!, whose vortices 
are at u=1, v=-+1, and which cuts the w-axis at u=} 
and u=@—6(#—1)!. The function f(x) in (D.6) refers 
to Soldvv%p(v) (sinvtA Kx) / (AK). 

The transformations indicated above may serve to 
facilitate the evaluation, numerically or otherwise, of 
S2 and the form factor of the third BA. 


APPENDIX E. THIRD BORN APPROXIMATION AT 
THE ZEROS OF THE FIRST 


The zeros of the first Born approximation to the 
scattering of high-energy electrons by nuclei of finite 


size are due to the vanishing of the matrix element 


3 For \=0, f=1, and (D.6) verifies (4.16) and (4.17). 





RADIATIVE CORRECTIONS TO ELECTRON SCATTERING 


(p|V|q) of the potential between initial and final 
momenta. Every term of the second Born approxi- 
mation, as well as its radiative correction, still contains 
such a matrix element as a factor. The first term 
without it occurs in the third Born approximation, so 
that at the position of these zeros of the first Born 
approximation the leading term in the scattering cross 
section is*® 


(do/dQ) = 2nte! tr(m—~p)(p| yAGoyA | q) 
X (m—-q)(q|yAGoyA | p). 


A consequence of this simple observation is that in 
the region where the Born series may be expected to 
be useful, i.e., for Z not too large, the cross section 
ought to vary as Z‘ at the position of the minima (in 
contrast to Z*® variation elsewhere). In other words, 
the relative depth of the minima ought to vary as Z~”. 
Since the Born approximation for the lighter elements 
such as Al and, say, even Cu is computationally very 
much simpler and also admits of easier insight into the 
relation between charge distribution and scattering 
cross section than the otherwise much more accurate 
method of phase shifts," it may be worth while to use 
it appropriately corrected at the zeros by (E.1).*” 

The matrix elements and trace in (E.1) are straight- 
forward to evaluate. The result is the following at high 
energies [ (po/m) sind/2>>1]: 


do/dQ= &(3Za)*[sin30 52+ F:"), 


5% See I, Sec. ITI. 

7 At higher energies than the ones experimentally used at the 
present such zeros will, of course, appear for any assumed charge 
distribution, not only for the uniform one, as in reference 14. 


(E.1) 


(E.2) 
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where the first Born approximation vanishes. Here ® 
is the Rutherford cross section, 


1 1 
F,=h0? f dvyv;"p(v1) f dvqv2?p(v2) 
0 0 





f (dk)* (=) (<=) 
x 
kyPk? Kk Kkov2 n 


= f (dk)*f(k)(mXn-k), (E.3) 


Fox f (dk)*f(k) (4 ctn}d8—m-k), (E.4)% 


n is defined by (2.26), k: and ke by (2.12), 


Q=mctn}0, (E.5) 


(E.6) 
(E.7) 


and r is the nuclear radius; p is the nuclear charge 
distribution normalized by (2.14). The integrals F; and 
$2 would have to be carried out numerically. The 
k-integrations can be reduced to two dimensions by 
the introduction of |ki|, |ke|, and |k|-'m-k as new 
variables. The latter integral can then be carried out. 
It may be advisable to use w= }(k?+2”), v= 3(R2— Re?) 
as new variables and proceed as in Appendix D. 


n-m=0, n’=m’=1, 


K= (rpo/he) sin3d, 


38 The form factor of the second Born approximation can be 
expressed in terms of F2: So=4$a sect43(1-+sin$0)S:52, where 
Si? is the form factor of the first Born approximation (all normal- 
ized to tend to unity at low energies). 
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Energy Levels in Liquid He*} 


O. K. Rice 
Department of Chemistry, University of North Carolina, 
Chapel Hill, North Carolina 
(Received December 30, 1954) 


ECENTLY, Price! and the author? have considered 

the interpretation of the nuclear magnetic sus- 
ceptibility® of He* in terms of an approximation in 
which it is assumed that V atoms of He® can be divided 
into N/2 pairs which rotate. The lowest rotational 
state of a pair has no magnetic moment, since the 
spins are paired, but the next rotational level does 
have a moment (triplet state in the spins), and the 
susceptibility appears in terms of the probability of 
excitation of the second rotational state. 

If the pair-rotator is conceived of as freely rotating 
in space, the space degeneracy of the first excited rota- 
tional state is three; also the spin degeneracy is three, 
so the total degeneracy is nine. If the rotator is thought 
of as a plane rotator, however, the degeneracy of this 
state is lowered to six, arising from the two possible 
directions of rotation and the triple spin degeneracy. 
If the idea of a plane rotator has any semblance of 
reality for He*, it is because of the confining action of 
neighboring atoms on the pair-rotator. As a matter of 
fact, it is difficult to conceive of a hole in the liquid 
sufficiently large and symmetrical to allow the setting- 
up of the wave functions for a spatially symmetric 
rotator. The author expects the plane of rotation to be 
randomly determined by the neighbors, but, if the 
degeneracy is really reduced, it must be “zero-point 
randomness,” not contributing to the entropy. In a 
private communication, Price has suggested a some- 
what different picture in which the axes of rotation of 
neighboring pairs are correlated. 

In reference 2, one step further was taken and it was 
assumed that the rotation was hindered. If we have a 
plane rotator with potential-energy barriers at angles 
of 0° and 180°, the rotational degeneracy in the first 
excited state is completely removed, since the rotation 
becomes a torsional oscillation, and the two directions 
of rotation no longer correspond to distinct quantum 
states. The total degeneracy is thus reduced to three. 

An analysis by Temperley* shows that a pair-rotator 
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model can account for the observed magnetic suscepti- 
bility, entropy, and specific heat of liquid He® only if 
it is assumed that the degeneracy of the first excited 
state is not more than three. It is seen that this is in 
accord with the idea of hindered rotation of the N/2 
rotators. A hindered rotator is undoubtedly closer to 
the true physical situation than a free rotator, and 
there are reasons (see reference 2, including the note 
added in proof) for believing that it may give a better 
representation of the experimental results. The model 
is certainly a highly idealized one, but the coincidence 
of the observed degeneracy with the theoretical de- 
generacy for hindered rotation of a particular type is 
quite striking. 

I wish to thank Dr. H. N. V. Temperley for allowing 
me to see his results before publication, and, without 
necessarily committing them to my view, to express my 
appreciation to him and Dr. P. J. Price for corre- 
spondence on this subject. 

+ Work supported by the Office of Naval Research. 

1P, J. Price, Phys. Rev. 97, 259 (1955). 

20. K. Rice, Phys. Rev. 97, 263 (1955). 


3 Fairbank, Ard, and Walters, Phys. Rev. 95, 566 (1954). 
4H. N. V. Temperley, Phys. Rev. 97, 835 (1955). 


Bulk Formation of Helium-II in Capillaries 


K. W. TAconts 
Kamerlingh Onnes Laboratory, University of Leyden, 
Leyden, Holland 
(Received December 28, 1954) 


AS observed by Dyba, Lane, and Blakewood,! liquid 
helium-II is formed in a capillary, up to the equi- 
librium capillary rise, hm, if there is film flow contact 
between the helium bath and the inner wall of the 
capillary even when the lower end of the capillary is 
above the liquid helium-II bath level. 

It seems to us that a simple reasoning gives an 
explanation for a kind of critical radius, r, for the 
capillary as a function of the height /; of the capillary 
above the liquid bath. Because of the curvature of the 
tube the film will have a tendency to increase its thick- 
ness, since the surface area per cm capillary length and 
thus also the surface energy is decreased in this way. 
By a decrease, Ar, of the radius of the liquid surface, 
the surface energy per cm height will change by 
2rArH, where H is the surface tension. However, this 
surface decrease will take place only when the potential 
energy required to effectuate the thicker helium layer 
(which means that a certain quantity of helium has to 
be lifted from the bath to the height, /) is smaller than 
the mentioned decrease in the surface energy. The mass 
of liquid required per cm capillary length in 2mrArp; 
the potential energy 2mrArpgh, where p is the liquid 
density and g the acceleration due to gravity. The 
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condition for the formation of liquid in the capillary is 
therefore given by 


2mrArpghi<2rArH, or r<H/pghy. (1) 


A capillary placed 2 mm above the bath level for in- 
stance, will show according to formula (1) a critical 
diameter of 0.2 mm. 

Finally the statement can be made that h; should be 
smaller than 3h, in order to open the possibility for the 
capillary to fill itself with liquid helium-II. 


1 Dyba, Lane, and Blakewood, Phys. Rev. 95, 1365 (1954). 


Neutron Diffraction by Metallic Erbium 


W. C. KorHLer AND E. O. WoLitan 


Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received December 29, 1954) 


S a part of a neutron diffraction study of rare earth 

metals we report here some results which have 
been obtained on metallic erbium. The data obtained 
may be grouped into three temperature regions for 
convenience of discussion: room temperature to 80°K, 
80°K to 35°K, and 35°K to 4.2°K. At room temperature 
the neutron pattern is characteristic of a paramagnetic 
material. The magnitude and angular variation of the 
paramagnetic diffuse scattering agree within experi- 
mental error with the previously reported results! for 
the trivalent erbium ion in Er,O; and thus indicate 
essentially the full Z and S contribution from the eleven 
4f electrons. The coherent nuclear reflections can be 
interpreted in terms of a simple hexagonal close-packed 
structure. 

At temperatures below about 80°K some additional 
coherent reflections are observed which are believed 
to be of magnetic origin for the following reasons: 
(1) A characteristic diminution of the background 
scattering is observed; (2) The magnitudes of the 
integrated intensities are too large to be’ accounted for 
by nuclear scattering alone; and (3) x-ray diffraction 
measurements show the h.c.p. structure to persist to 
43°K.2 The temperature dependence of a number of 
these reflections is shown in Fig. 1 (the nuclear con- 
tribution has been subtracted off so that these refer to 
magnetic intensities only), in which are plotted values 
of j|F|?/atom expressed on an absolute scale in units 
of 10-4 cm?. 

["Two lines, which are denoted by I and II, occur at 
angular positions forbidden to the simple h.c.p. struc- 
ture; the indices given refer to this structure. No change 
of intensity is noted above about 35°K for the (101) and 
(102) reflections but below this temperature the experi- 
mental points lie on a line which shows little tendency 
to curve toward the temperature axis. On the contrary, 
the (100) and (110) reflections, and the extra reflections 
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I and II exhibit a measurable growth in intensity at 
77°K. It is also to be noted that the intensities of the 
extra lines begin to decrease at about 35°K although 
there is still a measurable contribution to the pattern 
from these lines at the lowest temperature studied. For 
the (100) and (110) lines the intensities continue to 
increase with decreasing temperature but the intensity- 
temperature curves tend to bend toward the tempera- 
ture axis. A possible explanation of these data is that 
a magnetic transition, the detailed nature of which is 
still unknown, sets in at about 80°K and this phase 
contributes intensity to the (100) and (110) positions 
as well as to the lines denoted I and IT. At about 35°K 
a second magnetic transition occurs from which in- 
tensity is contributed to the (101) and (102) reflections 
as well as to the (100) and (110). The shapes of the 
latter two curves would then be attributed to competi- 
tion between the two phases. 

At the lowest temperature studied, 4.2°K, the mag- 
netic reflections, disregarding a small contribution from 
the high-temperature phase, are those characteristic of 
a ferromagnetic substance with the simple hexagonal 
close-packed structure and for which the moments are 
directed parallel to the hexagonal axis. The /| F |? values 
for the (101) and (102) reflections which are presumably 
uncontaminated by the high-temperature phase may be 
used to calculate the ferromagnetic contributions to the 
(100) and (110) reflections and these are indicated by 
dashed straight lines. The dashed curved line may then 
be taken to represent the fall-off with temperature of 
the high-temperature phase contributions to these re- 
flections. The ferromagnetic moment derived directly 
from the (101) magnetic intensity at 4.2°K is 7.2 Bohr 
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Fic. 1. Temperature dependence of the magnetic coherent 
scattering by metallic erbium. The low-temperature ferromagnetic 
transition is shown by the (101) and (102) reflections. The dashed 
lines indicate how the (100) and (110) reflections may be resolved 
into high- and low-temperature phase contributions. 
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magnetons. This value is undoubtedly too low both 
because of the presence of the high-temperature phase 
and because the temperature is too high for complete 
saturation, but it does demonstrate a sizeable orbital 
contribution to the magnetic moment of metallic 
erbium. 

The presence of superlattice reflections in the high- 
temperature magnetic phase is suggestive of an anti- 
ferromagnetic or ferromagnetic structure. An antiferro- 
magnetic structure is suggested by the anomalous 
behavior of the initial susceptibility in the neighborhood 
of 80°K,? which is similar to that found in dysprosium*- 
at 176°K but not as well developed. The magnetic re- 
flections in the high-temperature region can indeed be 
indexed on a unit cell which is three times the h.c.p. 
unit, but a consideration of absent reflections suggests 
that the true unit may even be larger. We have, how- 
ever, not yet found a structure which will satisfactorily 
account for the higher temperature magnetic scattering 
data. 

Further experiments are being planned in which the 
specimen will be carried to temperatures below 4.2°K, 
and where a magnetic field will be applied to the 
scattering specimen. One can, in principle, control ferro- 
magnetic scattering by the application of an external 
field and it is hoped such measurements can establish 
the nature, and structure, of the high-temperature 
phase by removing the contribution from the ferro- 
magnetic low-temperature phase. 

It is a pleasure to acknowledge the continuing interest 
which Dr. F. H. Spedding has shown in this problem 
and his cooperation in providing the specimen of erbium 
metal. 

1W. C. Koehler and E. O. Wollan, Phys. Rev. 92, 1380 (1953). 

2 Banister, Legvold, and Spedding, Phys. Rev. 94, 1140 (1954). 


3 Elliot, Legvold, and Spedding, Phys. Rev. 94, 1143 (1954). 
4F. Trombe, Compt. rend. 236, 591 (1953). 


Excitation of the Sodium D Lines 
in the Nightglow* 


D. M. HuntTEN 


University of Saskatchewan, Saskatoon, Canada 
(Received May 14, 1954) 


N a recent letter,! Foderaro and Donahue have sug- 
gested that the sodium radiation observed in the 
nightglow is transmitted around from the sunlit side 
of, the earth. This requires several diffuse reflections 
from the surface and several resonant scatterings from 
the layer of free sodium in the upper atmosphere. It is 
therefore to be expected that the intensity ratio Do/D, 
would be very large, since Dz is scattered more strongly 
than D, (twice as strongly by a thin layer). However, 
the measurements of Berthier? show the ratio to be 
1.98+0.05. 
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Another argument against the suggested mechanism 
depends on the thickness of the sodium layer. Appar- 
ently a thickness of 10" atoms/cm? column is required, 
and the final intensity would be expected to vary as a 
rather high power of the thickness. But the thickness 
deduced by Bates and Massey’ is only 10° atoms/cm’, 
and recent unpublished measurements on twilight by 
G. G. Shepherd and the writer give 2.8X 10° atoms/cm’, 

It thus appears that resonant scattering cannot be 
important in the excitation of the nightglow emission; 
however, it may still play a part in the twilight. 

* Supported by the Geophysics Research Division of the U. S. 
Air Force Cambridge Research Center. 

1 A. Foderaro and T. M. Donahue, Phys. Rev. 91, 1561 (1953). 

2 P. Berthier, Compt. rend. 234, 233 (1952). 


3D. R. Bates and H. S. W. Massey, Proc. Roy. Soc. (London) 
A187, 261 (1946). 


Energy Distributions of Photoelectrons from 
Au and Ge in the Far Ultraviolet* 


Writttram C. WALKER AND G. L. WEISSLER 
Department of Physics, University of Southern California, 
Los Angeles 7, California 
(Received December 13, 1954) 


LECTRON energy distributions for the external 
photoelectric effect have been extensively investi- 
gated only for photon energies within a few electron 
volts of the photoelectric threshold ; for incident photon 
energies comparable with the width of the Fermi band 
of the photoelectric sample little work has been done.'” 
The present note concerns preliminary measurements 
of the electron energy distributions of Au and Ge photo- 
cathodes for incident photon energies of 10.2, 14.9, and 
17.6 electron volts corresponding to wavelengths of 
1216 A, 833 A, and 704 A respectively. 

In this work retarding potential techniques with a 
spherically symmetric photocell were used to obtain 
current-voltage saturation curves, from which the de- 
sired energy distributions were obtained by graphical 
differentiation. The monochromator, light source, and 
current-recording equipment used have been described 
elsewhere.? 

Figure 1 shows the energy distributions obtained for 
an Au photocathode which had been cleaned by heating 
in a vacuum at a temperature near the melting point. 
In this figure the ordinate is one hundred times the 
ratio of the number of emitted electrons per incident 
photon with energies between E and E+dE to the 
photoelectric yield, (A), in electrons per photon, that 
is, the quantity plotted is [N(E)/y(A)]X100 (ev)". 
The electron energy in electron volts is plotted along 
the abscissa. A striking feature of these curves is the 
large proportion of low-energy electrons emitted for 
photon energies several volts larger than the width of 
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N(E@)/7T(a) x 100 ev" 
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ELECTRON ENERGY IN ev 

Fic. 1. Energy distributions of photoelectrons from Au. For 
this photocathode the photoelectric current saturated at a re- 
tarding potential of zero volts, so that no correction for contact 
potential was necessary. An estimate of the maximum electron 
energies from the current-voltage saturation curves for the 833 A 
and 704 A radiation indicated a work function of approximately 
four ev for this sample. 


the Fermi band. The vertical arrows on the 833 A and 
704 A curves indicate the lowest electron energy which 
would be expected from the surface photoelectric effect 
on the basis of a simple free electron model. 

Figure 2 presents electron energy distributions for an 
“untreated” Ge photocathode. Units similar to those 


of Fig. 1 were used in Fig. 2. As in the case of Au, an 
abundance of low-energy electrons was observed. For 
Ge the maximum in the 1216A curve at 2.3 ev was 
particularly sharp compared to that for Au. 

The essential difference between the distributions 
observed at photon energies near the photoelectric 
threshold‘ and those at higher photon energies is the 
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Fic. 2. Energy distributions of photoelectrons from Ge. The 
photoelectric current saturated at a retarding potential of +2 
volts indicating the presence of a contact potential between the 
photocathode and the spherical collector. A correction has been 
made for this in determining the electron energies. An estimate of 
the maximum electron energies from the current saturation curves 
gave a work function in this case of the order of 2 to 3 ev. This 
low value of the work function indicated that the Ge surface was 
Contaminated, probably with absorbed gases. 
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extremely small number of photoelectrons emitted witb 
energies near the maximum energy in the latter case. 
A possible interpretation of this effect is that for large 
photon energies the electrons are released within the 
volume of the material,? undergo multiple electron 
scattering and thus emerge with greatly reduced 
energies. 

* The aid of the U. S. Office of Ordnance Research is gratefully 
acknowledged. 

1J. Dickey, Phys. Rev. 81, 612 (1951). 

2H. Hinteregger, Phys. Rev. 96, 538 (1954). 

3 Wainfan, Walker, and Weissler, J. Appl. Phys. 24, 1318 (1953). 


4A. L. Hughes and L. A. DuBridge, Photoelectric Phenomena 
(McGraw-Hill Book Company, Inc., New York, 1932), Chap. IV. 


X-Ray and Neutron Diffraction Study 
of Ferroelectric PbTiO;{ 


GEN SHIRANE AND Ray PeEpinsky, Department of Physics, The 
Pennsylvania State University, State College, Pennsylvania 


AND 
B. C. Frazer, Department of Physics, Brookhaven National 
Laboratory, Upton, New York 
(Received December 24, 1954) 


ESPITE the considerable experimental and theo- 

retical work accomplished on ferroelectric BaTiOs, 
the crystal structure of the tetragonal phase remains 
unsolved. The atomic positions in the tetragonal 
pseudo-perovskite cell are: Ba at (0,0,0); Ti at 
(3, 2; 3+ 6273) ; O; at (2, 2, 5201) ; On at (3, 0, 3+6z0m) 
and (0,3,43+ézom). An x-ray study, by Kaenzig,! 
assumed 6z011=0, and gave éz7i=+0.014 and ézox 
=—0.032. In a subsequent detailed analysis, Evans? 
concluded that the interaction between coordinate and 
thermal oscillation parameters precluded a unique struc- 
ture determination by x-rays. He gave the most reason- 
able parameters as 6z7i=+0.012, 5201= —0.026, and 
6z011=0; but he stated that a model with 6z7;=+0.015, 
6z01= — 0.024 and dzon= —0.020 also gave good agree- 
ment except for quite unreasonable temperature cor- 
rections. In both of his models, O; was shifted in a 
direction opposite to the shift in Ti; and in the second 
model the two Oy; atoms moved almost the same 
distance, and in the same direction, as O;, but again 
opposite to the Ti shift. In this second model, one could 
consider the cubic oxygen network to be only slightly 
distorted, and thus to be more or less fixed in the 
tetragonal lattice with respect to the nonferroelectric 
cubic structure,* and regard the Ti and Ba ions as 
shifting in the same direction, but with Ti moving 
farther than Ba. 

That PbTiO; is isomorphous with BaTiO; has been 
shown by a phase-diagram study of (Ba, Pb)TiO3.4 
Whereas the tetragonal distortion in BaTiO; is small, 
with c/a=1.01 (and a=3.986 A), the distortion in 
PbTiO; is much larger since its c/a=1.063 (with 
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a=3.904 A). This larger distortion in PbTiO; permits 
resolution of 1,0,0 and 0,0,1 reflections even in a 
neutron powder diffraction pattern; and it suggests 
larger ion shifts, which might facilitate a structure 
determination by x-rays. We have consequently under- 
taken x-ray and neutron diffraction analyses of PbTiOs, 
both in order to solve the tetragonal PbTiO; structure 
itself, and if possible to shed some light on the tetragonal 
BaTiO; structure. , 

Single crystals of PbTiO; were grown by the method 
of Rogers.’ A single-domain crystal 0.04X0.04 mm? in 
cross section was used for x-ray intensity measurements. 
(h01) intensity data were collected using the multiple 
film technique, and with Mo Ka radiation filtered 
through Zr foil. Structure factors showed best agree- 
ment with éz7i= + 0.041, 6zor=+0.11, dzo1nn=+0.11, 
and with a temperature parameter B=0.57 A?. The 
possible + or — signs of both 6zo; and ézorr result 
in four models for which the discrepancy factors 
R=2|(|Fo|—|F-|)|/2|Fo| all lay between 0.053 and 
0.057. (R for all 6z=0 was 0.16.) It was not possible, 
consequently, to decide between the four models on 
the basis of the available x-ray intensities. 

It should be pointed out here that a decision between 
models with 6zo01 and ézo11 positive and/or negative has 
never been made in the case of the previously published 
BaTiO; x-ray studies. Models with 6zo; negative and 
ézo1 either zero or negative have been examined, but 
no analysis of a model with 6z0’s positive has been 
published. 

At this point in the study, neutron powder diffraction 
data were collected at the Brookhaven reactor, on 
material prepared at The Pennsylvania State Uni- 
versity. Ceramic pellets were fired at 1000°C, and were 
then finely powdered. A specimen 1.25 cm thick was 
irradiated by a beam 5 cm high and 2.3 cm wide, with 
a wavelength of 1.08 A. As can be seen in Table I, 
a comparison of observed neutron intensities with cal- 
culated neutron intensities for the four models shows 
clearly that the only satisfactory model is that with 
6zo1= + 0.11, 6zou=+0.11, and bz7i= +0.041. Ob- 
served neutron intensities are compared with calcu- 
lated intensities for nine peaks, involving eleven sets of 
lattice planes. Calculations are also shown for a model 
with all 52 values=0. 

Since the calculated (1,0, 0) and (2, 0, 0) reflections 
must be the same for all five models, [J (1,00)! 
+I 0, oy ca!) ] was scaled to (Ta, 0, 0) 9+ To, 0, 9 8) ] for 
all the models. Values of Inx‘>*)— Tnx" are given in 
parentheses. The agreement with the model with all 6z 
values positive is striking; and the other models are 
clearly less satisfactory. It is not possible to account 
for either the x-ray or neutron scattering under the 
assumption that 6zon=0. 

The equivalent 6z values for O; and On’s suggest 
that the oxygens in PbTiO; be considered as “fixed” in 
the lattice, the cubic oxygen octahedra above the Curie 
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TABLE I. Observed and calculated powder diffraction intensites 
for PbTiO; for five models, in integrated counts per 0.1 minute; 
figures in parentheses = Iy41!) — Iy42"). 








Thxi (calc) 
+ + 
= = hs 


6z,,: + 
batt: + 
S82 + 


+ 
4 


Txt (obs) 





207 252 568 455 147 


217 
(10) (45) (361) (248) (—60) 


257 257 257 257 257 
(33) (33) (33) (33) (33) 


111 45 111 45 
(1) (—65) (1) (—65) 


2652 2492 2245 2291 
(27) (—133) (-—380) (—334) 


202 281 
(8) (87) 


224 


0 
(—110) 


2938 
(313) 


337 
(143) 


591 591 
(-33)  — (—33) 
379 111 
(89) (—179) 


419 
(203) 


94 65 
(—100) (—129) 
591 591 591 
(-33)  (—33) — (—33) 
298 379 298 

(8) (89) (8) 
252 277 
(36) (61) 
199 91 
ay) <9) 


497 206 
(281) (-10) 
457 
(275) 


607 0 
(425)  (—182) 








point suffering a symmetric elongation along c to 
tetragonal packing in the ferroelectric phase. Pb ions 
then move along the c-axis by 0.11c=0.46 A; and Ti 
ions move in the same direction by (0.11—0.04)c 
=0.29 A. 

Our results on PbTiO; are closest to Evans’ second 
model for BaTiO3, in which 6z9r=—0.024 and ézon 
= —0.020. This second model, while not differing sig- 
nificantly from the first model in its value of R, does 
show a lower quadratic mean error but is ruled out 
by unreasonable temperature factors. Considering the 
O-network to be essentially at rest as the structure 
passes through the Curie point, the second BaTiO; 
model would then indicate a shift of Ba by ~0.09 A 
along c, and a greater shift of Ti in the same direction 
by ~0.15 A. 

It would be unwise to draw conclusions about the 
tetragonal BaTiO; structure on the basis of the above 
results—even though one is tempted to do so. A single- 
domain-crystal neutron study of BaTiO; is in progress 
at the Brookhaven reactor, and results of this will be 
presented shortly. A final refinement of the PbTiO; 
structure is also in progress. 

We are grateful to Professor F. Jona and Dr. P. F. 
Eiland for illuminating discussions, and to Mr. J. 
McLaughlin for assistance in calculations. 

t Development supported by contracts with the U. S. Atomic 
Energy Commission and with the Signal Corps Engineering 
Laboratories. 

1W. Kaenzig, Helv. Phys. Acta 24, 175 (1951). 

2H. T. Evans, Technical Report No. 58, Laboratory for 
Insulation Research, Massachusetts Institute of Technology, 1953 
(unpublished). 

3H. D. Megaw, Acta Cryst. 5, 739 (1952). 

4G. Shirane and K. Suzuki, J. Phys. Soc. Japan 6, 274 (1951). 

5H. H. Rogers, Technical Report No. 56, Laboratory for Insu- 


lation Research, Massachusetts Institute of Technology, 1952 
(unpublished). 
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Scintillations and Luminescence in 
Unactivated NaI} 


W. VAN ScIvER AND R. HoOFsTADTER 
Department of Physics and High-Energy Physics Laboratory, 
Stanford University, Stanford, California 


(Received September 27, 1954; revised manuscript 
received December 27, 1954) 


| Sai decay scintillations have been observed 
at low temperatures in unactivated NaI by 
Muehlhause, der Mateosian and McKeown.! Eby and 
Jentschke? have also reported rapid decay scintillations 
(r=1.2 10-8 sec, where J/Jo=e~“’’) in NaI with small 
concentrations of thallium at room temperature using 
23-Mev alpha particles and 11.5-Mev deuterons for 
excitation. 

The writers have observed what are apparently the 
same rapid scintillations éxcited by Co® gamma rays 
and Cm alpha particles in the temperature range 
from 20°C to 80°K. We find that at 80°K the lumines- 
cent efficiency (pulse height divided by particle energy) 
can be approximately as high as that of commercial 
Nal(Tl) at room temperature. 

In these studies NaI crystals were grown from 
Mallinckrodt NaI analytical reagent without the addi- 
tion of an activator. The Nal was dried, evacuated, and 
sealed in a quartz tube which functioned as a crucible 
in a small Stockbarger-Bridgman furnace. Particular 
care was taken to avoid any possible contamination 
with thallium. 

Using an RCA c-7140a photomultiplier and a Tek- 
tronix 517 synchroscope, the observed decay time 
for alpha particle and for gamma-ray excited pulses 
varied between r= (1.0+-0.2)10-* sec at 20°C and 
t= (3.00.3) X 10-8 sec at 105°K. (Thalliated NaI has 
a decay time of approximately 25 X 10-$ sec at 20°C.?.*) 

At 20°C the pulse height was approximately 0.05 
times the pulse height of commercial NaI(T1). However, 
at 80°K the pulse height of the “pure” crystal was 
found to be at least 0.5 times, and possibly equal to 
the pulse height of NaI(Tl) at room temperature. An 
indirect method of comparison was necessary at the 
lowest temperatures because of the failure of end- 
window photomultipliers to operate satisfactorily at 
temperatures below 100°K. 

The luminescent efficiency of the rapid scintillations 
in the “pure” crystal is approximately the same for 
alpha-particle excitation and for gamma-ray excitation. 
However, the presence in the crystal of a trace of 
thallium severely attenuates the rapid scintillations 
particularly when the primary excitation is by particles 
producing a low density of ionization. For example, in 
another crystal containing on the order of 10-* mole 
fraction of Tl, the rapid scintillations were attenuated 
to 0.1 of their magnitude in the “pure” crystal under 
gamma-ray excitation. The corresponding figure was 
only 0.5 for alpha-particle excitation. 
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This severe attenuation of the rapid scintillations by 
only a trace amount of Tl may explain the failure of 
Bonanomi and Rossel‘ to observe them in their studies 
of unactivated and Tl-activated alkali iodides. 

The emitted light from the rapid scintillations was 
observed to lie in an ultraviolet band centered at 310 
millimicrons at room temperature and at 303 my at 
80°K. The full width at half-maximum is 60 my at 
20°C and 35 my at 80°K. 

The 303-my band was excited in the “pure” crystal 
at 80°K by ultraviolet light in the fundamental absorp- 
tion band of NaI (220 my to 210 mu, the shortest wave- 
length available with our apparatus). It was not possible 
to excite the band with measurable intensity with 
radiation of wavelength greater than 225 my. The 
writers suggest that this may be the previously un- 
observed characteristic luminescence associated with 
absorption in the fundamental band.® 

The high density and high luminous efficiency, 
coupled with a relatively rapid decay time, should 
make pure NaI a valuable research tool, provided that 
techniques can be developed for maintaining large 
crystals at the temperature of liquid nitrogen and at 
the same time maintaining the photomultiplier at a 
temperature exceeding 100°K. The problem of growing 
large pure Nal crystals is conceivably somewhat simpler 
than growing thalliated NaI crystals, and the ad- 
vantages of the pure material must be balanced against 
the inconveniences of cooling the crystal. 

{ The research reported here was partially supported by the 
joint program of the U. S. Navy (Office of Naval Research) and 
the U. S. Atomic Energy Commission, and by the U. S. Navy 
(Bureau of Ships). 

1 Muehlhause, der Mateosian, and McKeown, Phys. Rev. 95, 
598(A) (1954). 

2 F, S. Eby and W. K. Jentschke, Phys. Rev. 96, 911 (1954). 

3R. Hofstadter, Phys. Rev. 79, 796 (1949). 


4 J. Bonanomi and J. Rossel, Helv. Phys. Acta 25, 725 (1952). 
5 See F. Seitz, Revs. Modern Phys. 26, 7 (1954), p. 29. 


Kinetic Theory of Liquid Helium 


P. G. KLEMENS 


Division of Physics, National Standards Laboratory, Common- 
wealth Scientific and Industrial Research 
Organization, Sydney, Australia 


(Received December 27, 1954) 


Y considering the properties of a perfect Bose- 
Einstein gas London! was able to justify the use 
of a two-fluid model to explain the equilibrium proper- 
ties of helium II. An examination of the dynamical 
behavior of a Bose-Einstein gas shows that the use of 
the two-fluid model is justified also for nonequilibrium 
phenomena and that the relaxation time for the ex- 
change of momentum between the two fluids is long. 
An explanation is thus provided for some of the trans- 
port phenomena of liquid helium. 
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If a gas moves with a bulk velocity v, then in equi- 
librium the condensed state is the state of momentum 
mv, m being the particle mass. If the gas flows past a 
wall, it will exchange tangential momentum with the 
wall by the interaction of particles and phonons, and 
be brought to rest. Considerations of conservation of 
energy and momentum indicate that only particles in 
high-energy states can interact this way. Particles in 
low-energy states can transfer momentum only to the 
high-energy states, and if the relaxation time for this 
interaction is long, the motion of the low-energy states 
will tend to persist, leading to superfluid behavior if 
the gas is condensed. 

If one considers a gas which has just changed the 
bulk velocity of its high states, so that the condensed 
state is not the ground state, and treats the interactions 
between particles as binary collisions, then one can 
show by considering the various processes by which 
the particles in the condensed state can move to the 
ground state, that the only processes of importance are 
those in which a low-energy and a high-energy particle 
combine to form another low-energy and another high- 
energy particle, in this way transferring momentum 
from the low to the high states. The relaxation time 7 
of such processes can be expressed in terms of the re- 
laxation time for processes in which two high-energy 
particles collide, and since the magnitude of the latter 
time may be derived from the viscosity of the gas, 
a value for 7 can be obtained. 

It is also found that the low-energy states interact 
strongly among themselves, as do the high-energy 
states. It is thus possible to divide the fluid into two 
components, each with its own velocity. The dividing 
line between the two fluids is not sharp, but since only 
the condensed state contributes appreciably to the 
properties of the superfluid, so that in particular the 
superfluid has very little entropy, this is not important. 

The relaxation time for the interchange of momentum 
between the fluids is 


(1) 


where v is expressed in cm/sec, and 7 depends only 
weakly on temperature. This momentum transfer be- 
tween the normal and the superfluid is similar to the 
mutual friction postulated by Gorter and Mellink,? but 
their relaxation time was of the form 


t~3(|v.—Van|)~? sec, 


(2) 


The experimental results on the flow of liquid helium II 
through wide channels appear to conform with (1) 
somewhat better than with (2). 

The present theory explains the failure to detect ab- 
normal behavior in the dynamical properties of liquid 
helium II in steady rotation, as in the experiments of 
Osborne*® and Andronikashvili.t The experiments of 
Hollis-Hallett® on torsional oscillations are also in 
agreement with this theory. 


ites (SOpn)™ (| ./ ae Vn| i SEC. 
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The theory breaks down in narrow channels where all 
friction disappears below a critical velocity, a function 
of the channel dimensions. This is presumably because 
the distribution of states in momentum states has been 
here treated as continuous. A fuller treatment will be 
given elsewhere. 

Blatt and Butler® have recently discussed a long life. 
time of a metastable state for helium II, and the writer 
desires to acknowledge the benefit of discussions with 
these two authors. Helpful discussion and criticism by 
Mr. A. F. A. Harper, Dr. P. G. Harper, and Mr. J. E. 
Moyal are also gratefully acknowledged. 

1F, London, Nature 141, 643 (1938); Phys. Rev. 54, 947 
OCT. Gorter and J. H. Mellink, Physica 15, 285 (1949). 

3D. V. Osborne, Proc. Phys. Soc. (London) A63, 909 (1950). 

‘E. L. Andronikashvili, J. Exptl. Theoret. Phys. U.S.S.R. 22, 
62 (1952). 

5A. C. Hollis-Hallett, Proc. Roy. Soc. (London) A210, 404 


(1952). 
6 J. M. Blatt and S. T. Butler, Phys. Rev. 96, 1149 (1954). 


Absence of Bifurcation in the E-Layer 


J. C. SEppon aAnp J. E. JAcKsoNn 


Naval Research Laboratory, Washington, D. C. 
(Received July 29, 1954) 


CTUAL electron density measurements have been 
made in the ionosphere using high altitude 
rockets.'~? Three different rocket flights at the White 
Sands Proving Grounds, New Mexico have given elec- 
tron density data up to respectively 152, 174, and 219 
km with an estimated accuracy of better than 5 percent 
whenever the rocket was not within 15 km of its peak 
altitude. The electron distributions obtained are re- 
markably similar for the three flights and in complete 
disagreement with the distributions given by Lien, 
Linsford et al.,8 who state that bifurcation exists in the 
daytime E-region. The authors are submitting as sup- 
porting evidence the electron densities for the regions 
most accurately measured in each of the three experi- 
ments. Considerable confidence in the validity of the 
results is based upon the fact that in all cases ordinary 
and extraordinary indices of refraction were separately 
measured and found to yield the same electron density 
at a given altitude. Additional verification was pro- 
vided by the excellent agreement between data obtained 
at two different receiving stations, and in the one flight’ 
which gave data for the entire trajectory, measurements 
on the way down duplicate those on the way up. 
Densities obtained were also consistent with the Bureau 
of Standards P’—/f records. 

The experiments performed show no evidence 0 
bifurcation. The remarkable consistency between the 
results, some of which were obtained almost five years 
apart, lends considerable support to the opinion that 
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the typical daytime E-layer exhibits a rapid density 
increase in the 90 to 110 km region, followed by addi- 
tional but less rapid increases above 110 km. 

Basically, the experiments consisted in phase velocity 
measurements accomplished by transmitting two con- 
tinuous-wave signals from a moving rocket to receiving 
and recording stations on the ground. A suitable low 
frequency fz was selected to obtain the data, with its 
sixth harmonic used as a reference. The ordinary and 
extraordinary components of fz, were separated by a 
suitable receiving antenna system and after frequency 
multiplication by a factor of 6 were compared with the 
high frequency. Two beat notes are thus obtained: 


ordinary beat= (6f10/c)(1—m.), 
extraordinary beat= (6f10/c)(1—m.), 


where v is the radial velocity of the rocket with respect 
to the receiving station, c’is the velocity of light in 
vacuo, % and m, are the ordinary and extraordinary 
indices of refraction. 

The indices obtained from the recorded beat notes are 
converted to electron densities by the usual Appleton- 
Hartree formula, including the earth’s magnetic field, 
omitting the Lorentz term?:® and ignoring collisions 
whenever permissible. 

Densities obtained for the three flights are shown as 
curves 1, 2 and 3 of Fig. 1. Experimental points are too 
numerous to be shown since each curve is based upon 
at least 100 experimental points. It may be stated that 
the great majority of the points are well within 5 per- 
cent of the curve drawn. The experimental points for 
curves 1 and 2 have already been published.?> A com- 
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Fic. 1. Electron densities at 10 a.m. from rocket 
measurements over half a solar cycle. 
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plete report discussing the data of the most recent flight 
(curve 3) is being prepared’ and will include the experi- 
mental points. This last flight is the one which gave 
agreement between upward and downward data, al- 
though there was over 10 km separation in horizontal 
distance for measurements at the altitudes shown. 
There was no evidence on any of the flights of the small- 
scale sporadic E-effects which Lien, Linsford, et al.* 
considered in their data-smoothing process. It is un- 
fortunate that Lien, Linsford, e¢ al. were not more 
specific about the scatter in their observational data, 
or the magnitude of their smoothing process. 

It is hardly necessary to point out the importance of 
determining the presence or absence of bifurcation 
because of the effect this information has on theories 
pertaining to the formation of the ionosphere. 

The authors wish to thank G. H. Spaid, A. D. Pickar, 
J. E. Masterson, and W. L. Joosten for their invaluable 
help in the experimental work. 

1H. E. Newell, Jr., High Altitude Rocket Research (Academic 
Press, Inc., New York, 1953). 

2 J. C. Seddon, J. Geophys. Research 58, 323 (1953). 

3J. C. Seddon, Upper Atmosphere Research Report No. 22, 
U. S. Naval Research Laboratory Report NRL-4304, 1954 
(unpublished). 

4J. E. Jackson, Upper Atmosphere Research Report No. 13, 
U. S. Naval Research Laboratory Report NRL-3909, 1952 
(unpublished). 

5 J. E. Jackson, Paper presented at International Scientific 
Radio Union (URSI) meeting, May 5, 1954, Washington, D. C. 

6 J. C. Seddon, Paper presented at International Scientific 
Radio Union (URSI) meeting, May 5, 1954, Washington, D. C. 

7 Seddon, Jackson, and Pickar (to be published). 


8 Lien, Marcou, Ulwick, McMorrow, Linford, and Haycock, 
Phys. Rev. 92, 508 (1953). 


Further Remarks on Bifurcation in 
the E-Layer 


W. PrisTEr, J. C. ULwicx, AND R. J. Marcou 


Cambridge Air Force Research Center, Cambridge, Massachusetts 
(Received November 10, 1954) 


WE. agree that it is important to clarify the question 
of bifurcation in the E-layer and we have been 
working on this problem for some time. The facts are: 
The curves obtained by Seddon eé al. are principally 
different from the curves obtained from our experiment 
but both sets of curves are consistent within them- 
selves. The bifurcation is certainly not a result of any 
smoothing process. There is no discrepancy with the 
h'—f records since the lower maximum of electron 
density is below the range and sensitivity of the 
ionospheric recorder. Seddon’s experiment gives the 
change in phase delay while ours gives the group delay, 
but this should not make one experiment more reliable 
than the other. Of course, both types of experiment 
have their advantages and disadvantages and should 
complement each other. 

We are inclined to believe that the different results 
are a consequence of an inadequate analysis of the 
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group or phase delay data respectively. The first 
analysis of the group delay data was done by neglecting 
the effects of the earth’s magnetic field (Lien, ef al.1). 
An improvement in the analysis was tried by using 
the Appleton-Hartree formula and taking a constant 
angle of the direction of propagation against the mag- 
netic field. This corresponds about to the analysis used 
by Seddon in the phase velocity experiment. This, 
however, did not change the character of the bifur- 
cation. 

With the deviation from vertical transmission as 
encountered in both types of experiment, we feel that 
it is necessary to do a much more accurate analysis. 
This means finding the ray paths for each point on the 
trajectory and integrating along these paths to obtain 
the measured values of group or phase delay. This 
procedure, of course, is very laborious and complex. 

The analysis we did so far along this line shows that 
the magnetic field properly taken into account has a 
definite effect on the resulting electron distribution. 
Therefore, the original analysis was inadequate. Never- 
theless, it is doubtful that the bifurcation is due only to 
this. On the other hand we have to look at the results 
of the phase delay experiment with the same criticism. 
The approximation used in the analysis of the experi- 
mental data might well cause the high value of ion den- 
sity obtained by Seddon,’ which is in disagreement with 
the theory of Bates and Massey.’* 

If the magnetic field has an important effect on the 
course of the ray paths, it is obvious that the geometry 
of the experimental set-up with respect to the magnetic 
field will influence the results of an inadequate analysis. 
Now all the group delay data so far analyzed have been 
obtained from ray paths to the south of the rocket 
trajectory with aspect angles deviating about 17-19 
degrees from the vertical. In the phase delay experi- 
ment, the corresponding angles are 14 degrees or less 
and the ray paths are in a northerly direction so far as 
available data from the height range below 100 km are 
concerned. This might account for the consistency of the 
curve within themselves of the two experiments, while 
compared to each other, the sets of curves are prin- 
cipally different. In view of the angles of aspect in- 
volved, the phase delay experiment should be less 
subject to error. However, an accuracy of better than 
5 percent in the electron density data as claimed by 
Seddon and Jackson does not seem justified for heights 
of 100 km or lower. 

A more detailed report of the instrumentation of the 
experiment, the quality of the obtained data, and the 
analysis with respect to electron density will be pub- 
lished in due time. 

1Lien, Marcou, Ulwick, McMorrow, Linford, and Haycock, 
Phys. Rev. 92, 508 (1953). 

2J. C. Seddon, Upper Atmosphere Research Report No. 22, 
U. S. Naval Research Laboratory Report NRL-4304, 1954 
(unpublished). 


( . ~ R. Bates and H. S. W. Massey, J. Atmos. Terr. Phys. 2, 1 
1951). 
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Evidence for an Independent Particle State 
of C” at High Excitation*t 


A. K. MANN AND W. E. STEPHENS, University of Pennsylvania, 
Philadelphia, Pennsylvania 
AND 
D. H. Wirxinson,{ Brookhaven National Laboratory, 
Upton, New York 
(Received December 29, 1954) 


E wish in this note to show that the present 
evidence concerning the reaction C!(y,p)B" 
indicates rather forcibly that the “giant resonance” 
state at about 22-Mev excitation! is of an independent- 
particle character and is simply related by its shell 
model description to the ground state of C” and to the 
low-lying levels of B". 

Since the ground state of C” is 0+, the giant reso- 
nance state formed by electric dipole absorption is 1-. 
If this state were a compound nucleus state (in the 
sense that its mode of decay is determined only by 
statistical factors, energy, total angular momentum, 
parity, and isotopic spin) it would decay to the ground 
state of B", which is 3— and to the first excited state 
at 2.14 Mev, which is presumed to be }—, chiefly by 
s-wave emission,” because the barrier for d-wave protons 
is so formidable. (The penetrabilities for s-wave protons 
are roughly 5 times those for d-waves.) Hence the 
angular distribution of photoprotons relative to the 
incident y-ray beam would be expected to be almost 
isotropic. The experimental angular distribution’ is 
1+1.5 sin?@, which indicates a very considerable emis- 
sion of protons of nonzero angular momentum. 

The possibility that nuclear photodisintegration in 
the “giant resonance” region might proceed through 
independent-particle states has been explored by several 
authors.*-* In general, such an assumption leads to an 
angular distribution of the form a+b sin’@. For d-wave 
proton emission, those models which involve only the 
transitions /—/-+-1 require® that the initial state of the 
proton be a #-state such as is available in C”, and this 
leads to the predicted angular distributions 1+sin’ 
(in jj coupling) and 1+ sin’@ (in LS coupling). It is 
interesting to note that LS coupling is in better agree- 
ment with experiment since it appears that this extreme 
coupling is a more realistic approximation for light 
nuclei than is the 77 coupling extreme.’ 

Further, in jj coupling, transitions would take place 
only to the (1p;)— ground state of B" since, in that 
scheme, this state is the unique parent” of the ground 
state of C”; in LS coupling, the ground state of C” has 
as parents the *P doublet consisting of the two lowest 
states of B", but the theoretical reduced width for 
emission to the ground state is twice that for emission 
to the first excited state, and the phase-space and 
penetrability factors further combine to give a final 
theoretical favoring of the ground state by a factor of 
about 5. This value is consistent with the measured 
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photoproton energy distribution which shows the 
ground state to be favored by a factor of 4 or more.” 

We conclude that the experimental evidence on 
C"(y,p)B" supports an independent-particle descrip- 
tion of the giant resonance and suggests LS coupling 
as the more valid approximation. 


* Research performed in part under the auspices of the U. S. 
Atomic Energy Commission. 

t Supported in part by the Air Research and Development 
Command. 

tOn leave from the Cavendish Laboratory, Cambridge, 
England. 

1 We do not imply that only one excited state is involved. It is, 
however, convenient to discuss one resonance state corresponding 
to the gross resonance in the cross section around 22 Mev; in 
practice this gross state may well appear shared between several 
“fine structure” states of largely common parentage. 

*At the giant resonance the respective proton energies are 
5.5 Mev and 3.4 Mev. We may ignore transitions to other states 
of B4; they are eliminated by the Coulomb barrier and also 
effectively by experimental considerations such as the target 
thickness. 

3J. Halpern and A. K. Mann, Phys. Rev. 83, 370 (1951). 

4E. D. Courant, Phys. Rev. 82, 703 (1951). 

5J. L. Burkhardt, Phys. Rev. 91, 420 (1953). 

6 A. Reifman, Z. Naturforsch. 8a, 505 (1953). 

7J. S. Levinger and D. C. Kent, Phys. Rev. 95, 418 (1954). 

8D. H. Wilkinson, Proceedings of University of Pennsylvania 
Photonuclear Conference, 1954 (unpublished) ; Proceedings of the 
University of Glasgow Nuclear Physics Conference, 1954 (to be 
published) ; Phil. Mag. (to be published). 

°R. F. Christy, Phys. Rev. 89, 839 (1953). 

0 A. M. Lane and D. H. Wilkinson, Phys. Rev. (to be published). 

4'W. E. Stephens and A. K. Mann, Bull. Am. Phys. Soc. 29, 
No. 7, 26 (1954). 

2 Tt is only a limit that may be given from these experiments 
because identification of protons in the low-energy “tail” of the 
observed spectrum with a particular transition cannot be made 
with certainty. The assumptions involved in identification of the 
“tail” protons which resulted in the factor 4 were such as to make 
that value a lower limit. 


(y,p) and (y,n) Yield Ratios from 
Self-Conjugate Nuclei 


H. Mortnaca* 


Purdue University, Lafayette, Indiana 
(Received December 13, 1954) 


T has been pointed out that the observed (7y,m) cross 
sections for light nuclei do not attain the sum rule 
limit. Various interpretations have been given,!? but 
in only a few cases are both (7,p) and (7,7) cross sec- 
tions data available for comparison with the sum rule 
limit. In the cases of self-conjugate nuclei like Mg” or 
Ca, however, calculation of the proton-to-neutron 
yield ratio on the basis of compound nucleus formation, 
can be made relatively safely since product nuclei from 
(y,p) and (y,) reactions are mirrors of each other 
whose level structures are identical. 

Calculation was made on the following basis: (1) The 
level density for the 4n+3 residual nuclei was taken as 
«(Z)=C exp(aE), where a=d logw/dE is taken to be 
4 constant over the range of the residual energies 
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involved. This assumption fits well with (p,p’) data’ on 
Al from 3- to 10-Mev excitation; it can be extrapolated 
to zero in good agreement with the density of known 
levels in Al’’, Values of a for different nuclear mass 
numbers A were obtained from the known levels of B", 
Na?, and Al?’ and also from (p,p’) data on Al, Ni, 
and Ag. A smooth curve was drawn through these 
points and values of @ interpolated for arbitrary A. 
(2) For the barrier penetration factor, a formula 
(1—kB/E,) was used. Here E, is the energy of the 
outgoing protons, B is the classical barrier height for 
ro=1.5X10-, and & is adjusted so that the penetration 
factor makes the best fit to the quantum-mechanically 
calculated value.* Then, 


exp{a(E.—b,)}—1 
” exp{a(E,—b,)} —1 





—iexp{a(b.—b,)} 
when £, is large. 


Here rp, is proton-neutron yield ratio, E, is the excita- 
tion energy of the compound nucleus, b, is the neutron 
binding energy and 8, is the proton binding energy 
plus kB. The asymptotic values of rp, are given in 
Table I. If we estimate the sum of integrated (y,p) and 


TABLE I. Asymptotic value of rp, and the sum of (y,p) and (y,) 
integrated cross sections for certain self-conjugate nuclei. 








Dipole sum 

rule limit by 
vinger 
and Bethe 


Cz Ol Mg Si $3 Ca z=0 z=1 


Tpn 16 19 36 44 56 9.7 


— {o(y,p) +o(y,n)}dE 0.046 0.054 0.047 0.049 0.074 0.078 0.060 0.108 
© giant resonance 











(y,m)® cross sections we obtain the results in Table I. 
Here the dipole sum rule is resumed except for very 
light nuclei. 

Preliminary measurements of (7,p) yields on Mg”, 
Si*8, S, and Ca were made by Johansson® and the results 
show good qualitative agreement, but with rather 
lower yields. The difference may be due to over- 
simplification in the above arguments or to contribu- 
tions from direct photoelectric processes. Measure- 
ments of 7p, using alpha particles are now under way 
here which might shed more light on this problem. 

The author is indebted very much to Dr. D. C. 
Peaslee for many discussions, and also to Dr. Sven A. 
E. Johansson for correspondence. 

* On leave from the University of Tokyo, Tokyo, Japan. 
1Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 

1953). 

?R, Nathans and J. Halpern, Phys. Rev. 93, 437 (1954). 

3P. C. Gugelot, Phys. Rev. 93, 425 (1954). 

4J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), pp. 352. 

5 Taken from Summers-Gill, Haslam, and Katz, Can. J. Phys. 
31, 70 (1953). 

6S. A. E. Johansson (private communication); see following 
Letter [Phys. Rev. 97, 1186 (1955) ]. 
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Yield of Photoprotons from Some 
Light Elements 


Sven A. E. JOHANSSON 
University of Lund, Lund, Sweden 
(Received December 27, 1954) 


T is well known that the cross sections for the (y,”) 
reactions in heavy elements agree well with the 
predictions of the sum rule. For light elements the cross 
sections are considerably lower than the sum rule limit. 
In the latter case a contribution from (y,p) reactions is 
expected. Recent calculations by Morinaga! on the 
proton-to-neutron yield ratios indicate that the emission 
of protons is the predominant mode of decay for nuclei 
of the type A=4n. However, little is known about the 
cross sections for (7,p) reactions. In order to get more 
experimental data, the proton yields for Mg, Si, S, 
and Ca were determined. The measurements were 
made relative to Al, the yield of which is known. 

Thin foils (30 mg/cm?) of the elements in question 
were exposed to the collimated beam from the Uni- 
versity of Lund synchrotron. The maximum brems- 
strahlung energy was 28 Mev. The foils were mounted 
in an evacuated nuclear plate camera and given the 
same dose of radiation. The number of proton tracks 
in a certain part of the plates was determined for the 
five elements. The number of background tracks was 
determined and subtracted. No attempt was made to 
distinguish protons from deuterons. However, the 
numer of deuterons must be small, since most of them 
are absorbed in the target. The protons from the 
(y,mp) reaction are of fairly low energy and are also 
absorbed in the target to a great extent. Hence the 
photoproton yields determined are essentially due to 
the (y,p) reaction. 

With certain simplifying assumptions the integrated 
cross sections can be calculated from the yield values. 
Let us assume that the shape and position of the cross- 
section curves of the elements investigated are similar. 
By using the value reported by Halpern and Mann? for 
the integrated cross section of Al, the cross sections of 
the other elements were calculated. It is true that the 
range of error of this procedure is fairly wide but since 
the maximum bremsstrahlung energy is well above the 
resonances, the error will probably have no appreciable 
influence on the validity of the conclusions drawn. 
Table I shows the values calculated in this way. For 


TABLE I. Integrated cross sections. 








Integrated ¢ (Mev-barns) 
Sum rule limit 


Element (ym) z= 





Me* 0.057 
Sit8 0.070 
S 0.069 
Ca 0.065 


0.36 
0.42 
0.48 
0.60 
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Mg and Si the contributions by the less abundant 
isotopes was subtracted, using the values reported by 
Katz et al.* Table I also contains the (y,m) integrated 
cross sections‘ and the sum rule limit with x=0. 

It is clear from the table that proton emission is the 
predominant mode of decay. A comparison with the 
theoretical values of Morinaga shows a good agree- 
ment, the experimental values being about 20 percent 
lower than the theoretical. Considering the experimental 
errors and the simplifications in the theoretical calcu- 
lations, this agreement must be considered satisfactory, 
Since the calculations are based on the compound 
nucleus model, this agreement is an indication of the 
validity of this model. The sum of the proton and neu- 
tron cross sections gives a value for the photonuclear 
dipole absorption coming close to the sum rule limit. 
Addition of the (7,2n), (v,d), (y,mp), (y,a), and (7,7) 
cross sections will increase the absorption cross section 
still more, probably above the sum rule limit for x=0. 
This experiment thus suggests the conclusion that the 
sum rule is valid also for the lighter elements. 

The author is greatly indebted to Mr. H. Morinaga 
for making his calculations available prior to publica- 
tion. The assistance of Mr. B. Forkman is gratefully 
acknowledged. 

1H. Morinaga (private communication) ; see preceding Letter 
[Phys. Rev. 97, 1185 (1955) ]. 

2 J. Halpern and A. K. Mann, Phys. Rev. 83, 370 (1951). 

9 oO Haslam, Goldemberg, and Taylor, Can. J. Phys. 32, 580 


4Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953). 


Elastic p-p Angular Distribution 
440-1000 Mev* 


L. W. Smita, A. W. McREyNoLps, AND G. SNow 


Brookhaven National Laboratory, Upton, New York 
(Received December 31, 1954) 


RELIMINARY measurements of the angular dis- 
tribution of elastic p-p scattering have been made 

at incident proton energies of 440, 590, 800, and 1000 
Mev. The circulating beam of the Cosmotron struck 
a } in.X} in.X0.514 in. CHe target placed inside a 
straight section. The two recoil protons passed through 
thin aluminum walls of the vacuum chamber and were 
detected in two scintillation counter telescopes as indi- 
cated schematically in Fig. 1. Elastic p-p events were 
selected by requiring coincidence of the two telescopes 
when set at proper kinematic angles and with appropt'- 
ate time delay. A typical plot of coincidence counting 
rate vs telescope angle is shown in Fig. 1. The scattering 
angle was defined to +}° by a }-in. square counter at 
57-in. distance in the small-angle telescope, with 4 
3 in.X4 in. counter in the large-angle telescope. The 
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Fic. 1. p-p scattering at 440 Mev, showing peak at the proper 
kinematic angles for elastic events. Arrangement of scintillation 
counters and target in Cosmotron straight section is shown 
schematically. 


measured accidental counting rate with the CH: target 
varied from 3 percent to 9 percent. Substitution of a 
carbon target of equal stopping power to the CH, 
target showed that the true coincidences from the 
carbon in the CHe target contributed less than 4 
percent of the p-p counting rate. The energy was con- 
trolled by the time of turning off the accelerating 
voltage. The spread in energy was ~=t5 percent and 
the uncertainty in the mean energy is taken to be half 
that. The beam was monitored at each energy by two 
auxiliary counter telescopes, directed, respectively, at 
the target and at a thick copper stop in the next 
straight section. To compare beam intensities at differ- 
ent energies, a circulating beam current monitor! was 
used. This provided a crude absolute beam calibration 
(~+20 percent). An absolute cross-section determina- 
tion, as well as comparison cross sections at different 
energies, requires a knowledge of the number of tra- 
versals through the target. The target was designed so 
that one traversal would remove a proton from the 
circulating beam. Furthermore, doubling the thickness 
of target increased the target monitor counts in the 
ratio 2.01+0.03 at 440 Mev, thus confirming our 
assumption that the protons make, on the average, one 
traversal. The energy variation of the p-p cross section 
at 90° in the center-of-mass system found by this 
method is shown in Fig. 2. We have normalized all our 
points to the more accurate absolute cross section of 
Sutton ef al.2 at 437 Mev. Our absolute value of the 
cross section at 440 Mev as determined by the circu- 
lating beam monitor with the assumption of one 
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Fic. 2. Energy dependence of elastic p-p differential scattering 
cross section at 90° in the center-of-mass system. The absolute 
values of the cross sections have been normalized to 3.49+0.17 
mb/sterad as measured by Sutton et al. (reference 2) at 437 Mev. 
(Errors are counting statistics only.) 


traversal was lower than the value of Sutton et al. by 
about 15 percent, with an uncertainty of +20 percent 
due to the uncertainty in the absolute calibration of 
the circulating beam monitor. 

The angular dependence at each energy could be 
determined with greater precision and the results are 
shown in Fig. 3. Again, the curves are all normalized 
to the value of [do (90°)/d2]..m. at 437 Mev as measured 
by Sutton ef al. The lines are smooth curves passing 
through the experimental points. With increasing 
energy, the scattering becomes increasingly peaked in 
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Fic. 3. Angular distributions of elastic p-p scattering in the 
center-of-mass system for incident proton energies of 440, 590, 
800, and 1000 Mev. The errors shown are relative errors at each 
energy not including the error in the absolute cross section at each 
energy as given in Fig. 2. The curves are all normalized to the 
value of [da (90°) /an}, m, at 437 Mev as measured by Sutton et al. 
using the data shown in Fig. 2. 
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the forward direction; e.g., [(36.5°)/o(90°) ]e.m.=9.1 
at 1 Bev. The smallest angles measured correspond to 
an angle of 12° in the laboratory system. Smaller-angle 
measurements are planned with counters placed inside 
the straight section. Although a significant part of the 
total elastic cross section lies in the small-angle region 
for the higher energies, a simple straight line extrapola- 
tion of o¢.m.(@) plotted against (1—cos@) yields a fairly 
reliable integrated differential cross section. These 
integrated elastic cross sections are listed in Table I 


TABLE I. p-p integrated elastic, total, and inelastic cross sections 
(in millibarns) from 440 to 1000 Mev. 








E (Mev) 


440 
590 
800 
1000 


Total® 


2722 
3643 
4742 
48+2 


Inelastic 


343 
11+3.5 
2643 
2943.5 


Elastic 


24+2 
2542 
2142 
19+3 











* See reference 3. 


together with the total p-p cross sections as measured 
by Shapiro ef al.* and the differences, which represent 
meson production. The elastic p-p cross section falls 
only slightly in the region from 440 to 1 Bev. The facts 
that the ratio ototai/Gelastic is Close to two and that the 
angular distributions at 800 and 1000 Mev are strongly 
peaked forward, suggest that the elastic p-p scattering 
is primarily a shadow-scattering associated with the 
strong “absorption” of the incident proton wave via 
meson production. : 

We wish to thank F. F. Chen, C. P. Leavitt, and 
A. M. Shapiro for making their data available before 
publication. 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1C. Swartz, Rev. Sci. Instr. 24, 851 (1953). 

2 Sutton, Fields, Fox, Kane, Mott, and Stallwood, Phys. Rev. 
97, 783 (1955). 

3 Shapiro, Leavitt, and Chen, Phys. Rev. 95, 663 (1954) and 


private communication. The points given in Table I are slight 
interpolations of their data to conform to our proton energies. 


Magnetic Moment of the 247-kev Excited 
State of the Cd'™ Nucleus* 


R. M. STEFFEN AND W. ZoBELt 


Department of Physics, Purdue University, Lafayette, Indiana 
(Received December 28, 1954) 


HE first excited state of Cd! of 247-kev energy 

has a spin of J=5/2 and a lifetime of ty=1/A 

=121 millimicroseconds, which makes it possible to 

measure the magnetic and electric moments of this 
state by angular correlation methods. 

The magnetic moment sso was first measured by the 
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Swiss group.! Using sources of In"! embedded in the 
cubic lattice of polycrystalline Ag foils, us5/2 was de. 
termined from the attenuation of the gamma-gamma 
angular correlation by an external magnetic field. 
Owing to the interaction of the nuclear quadrupole 
moment with electrostatic gradients, which do not 
vanish completely in sources of this type, the value of 
Ms2 Obtained in this way must be corrected accord- 
ingly.? Thus, for an accurate determination of yu, the 
quadrupole interaction, which is present in practically 
all In" sources, must be well known. The same is true 
if liquid sources are used. Then, precise information as 
to the time-dependent quadrupole interaction in the 
liquid,’ is required. This type of interaction is charac- 
terized by a parameter )o.” 

The present investigation of the magnetic moment of 
the excited Cd"! state made use of the relationship 
between the magnetic moment y, the magnitude of an 
external magnetic field H, and the azimuthal shift of the 
correlation pattern about H. The unperturbed direc- 
tional correlation of the Cd!! gamma cascade is given 
by W(6)=1+A>sP2(cos#), with Ao=—0.175.4 With a 
magnetic field H, perpendicular to the propagation 
direction of the two gamma rays, the delayed direc- 
tional correlation (time delay 7) is then given by 
W (0,H)=1+A2P2[ cos(@—wT) |. w is the Larmor fre- 
quency 


w=pH/Th. (1) 


In order to obtain the highest accuracy possible with 
present experimental techniques, the following method 
of measurement was used. The source (dilute aqueous 
solutions of InCl;) was viewed by three NalI(T!) 
scintillation detectors A, B, and C, which are in the 
xy plane with the source S (Fig. 1). Coincidence 
analyzers (resolving time to>=100 musec) registered 
coincidences between the detector pairs A— B and A—C 
with a constant delay T (250 musec or 375 mysec) in the 
channel of detector A. 

The (constant) angle subtended at the source by 
the axes of each detector pair was 135°. The ratio 
R=Ci35°(+H)/Ci35°(—H) of the coincidence counting 
rates Ci35°(+H) and Ci;35°(—H) was determined as a 
function of the magnitude of the magnetic field with 
its direction upwards (+H) and downwards (—Z#), 
respectively. In the case of the presence of a time- 
dependent quadrupole interaction in the source, this 
ratio is given by: 


(2) 





{ 1 te 24 2P [cos (34-+wt) ]}e dt 
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Fic. 1. Schematic diagram of experimental arrangement. 


The ratio R(w), corrected for the finite resolution of the 
equipment, is plotted in Fig. 2 for \27v=0.20 (solid 
curve) and \2ty=0 (dotted curve) with T=375 musec. 
It is noted that the values of w; and w2 for which R(w) 
becomes unity are practically independent of the 
quadrupole interaction parameter A». The determination 
of H, and Hs», for which R=1, gives at once uw from 
Eq. (1). The experiment yielded H = (3030+60) 
oersteds and H2=(6210-+100) oersteds, respectively, 
and the magnetic moment se of the 247-kev Cd!!! 
state becomes 


Ms/2= — (0.783-0.028) nuclear magnetons. 


This new value indicates that the magnetic moment of 
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Fic. 2. The ratio R(w) = W (32, +w)/W (327, —w) as a function 
of the Larmor frequency w (theory) and as a function of the mag- 
hetic field strength H (experimental points). 
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the first excited state of Cd!" is nearer to the Schmitt 
line than that of the ground state. 

It is interesting to note that the experimental points 
satisfactorily fit the curve R(w) for A2=—0.175 and for 
a time-dependent quadrupole interaction of \277=0.20. 
The latter is of the same order of magnitude as the 
value extracted from the viscosity dependence of the 
angular correlation in liquid sources.’ 

From delay experiments, the Swiss group® concluded 
that the time-dependent quadrupole interaction is 
negligible in sources of aqueous solutions of InCl;. The 
results presented here cannot be reconciled with this 
conclusion. 

* Work supported by the U. S. Atomic Energy Commission. 

t Now at the Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 

1 Aeppli, Albers-Schénberg, Frauenfelder, and Scherrer, Helv. 
Phys. Acta 25, 339 (1952). 

2 A, Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953). 

3 P. B. Hemmig and R. M. Steffen, Phys. Rev. 92, 832 (1953). 

4 See forthcoming review article by one of the authors (RMS). 

5H. Albers-Schénberg ef al. reported at the International 
Nuclear Physics Conference in Glasgow, July 13-17, 1954 (to be 
published). 


K-Mesonic Decay of a Slow Secondary 
Particle* 


W. F. Fry, J. SCHNEPs, AND M. S. Swami 
Department of Physics, University of Wisconsin, 
Madison, Wisconsin 
(Received December 27, 1954) 


N the course of a systematic search in cosmic-ray 
plates for excited nuclear fragments, an event was 
found where a K-meson was ejected from a small 
secondary star. The primary star is of the type 
(21+9N). The secondary star is connected to the 
primary star by a short saturated track. A projection 
drawing of the event is shown in Fig. 1. The secondary 
star has three prongs: a recoil track (1), a track (2) 
produced by a proton, a deuteron, or a triton, and a 
track (3) which was found to be due to a K-meson. 
Track 3 was followed through four pellicles and came 
to rest in the fifth pellicle. Its total range is 1.22 cm. 
The mass of the particle was determined by several 
different methods in each plate as well as from the 
entire track. A summary of the mass data is given in 
Table I. Following the K-meson track through the 


TABLE I. Summary of mass measurements (in units of m,). 








Mass from 
constant 
sagitta 


Mass from 
grain density 
vs scatt. 


1040+155 
1330+ 182 
9054163 


Mass from 
scatt. 
range 


920+276 
924+ 290 
533+ 180 


Mass from 
grain density 
range 


1010+174 
1480+255 
3 1134+195 
4 790+ 136 
5 (ends) ee 


Plate 
1 (star) 
2 





1170+200 
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y = H/ 


Fic. 1. A projection drawing of the K-mesonic decay of a slow 
particle is shown above. Track 1 is.a short recoil. Track 2 was 
produced by a particle of Z=1. Track 3 was produced by a nega- 
tive K-meson. A few tracks of particles from the primary star 
which are in the same direction as the connecting track, but at 
a different depth, were omitted from the drawing for the sake of 
clarity. 


pellicle stack was quite easy because there were no 
other similar tracks in its vicinity. The fact that the 
track could be followed from plate to plate indicates 
that the event occurred during the balloon flight in 
which the plates were exposed, since the pellicles were 
stacked shortly before the flight. Furthermore, the 
consistency of the mass values in all of the plates is a 
further confirmation that the track following is correct. 
It should also be pointed out that the data in the plate 
containing the star show that the particle is a K-meson. 
There are no associated tracks at the end of the K-meson 
track,! and therefore we assume that the K-meson was 
negative. 

The connecting track is only 9 microns long. There 
are no gaps or 6 rays along the track. There is some 
evidence for scattering, although it is difficult to decide 
whether the observed scattering is real. The connecting 
track exhibits all of the characteristics of the last few 
microns of a stopped nuclear particle. We conclude 
that the particle stopped or was of very low velocity. 

Track 2 stopped in the adjacent pellicle with a total 
range of 583 microns. The number of 6 rays shows that 
the track was produced by a particle of Z=1. The 
recoil track is too short to be identified. The residual 
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momentum of the three charged particles is about 200 
Mev/c if one assumes that the recoil particle is an 
alpha particle and track 2 is a proton track. If the 
recoil particle is assumed to be heavier, the residual 
momentum is not appreciably changed. A single neutron 
of this momentum will have an energy of approximately 
20 Mev. The minimum kinetic energy from the second- 
ary star is 43.8+-10=54 Mev; therefore the minimum 
total energy, including the rest mass of the K-meson, 
is 54+496=550 Mev (we assume that the rest mass 
of the K-meson is equal to that of the 7 meson). 

The presence of nuclear particles from the secondary 
star suggests four possible explanations for the event: 
the secondary star may have been produced by (1) the 
nuclear absorption of a stopped negative hyperon; 
(2) the absorption of a negative “heavy”? K-meson; 
(3) the disintegration of a nuclear fragment which 
contained a bound hyperon; or (4) the disintegration 
of a fragment which contained a bound “heavy” 
K-meson. If assumption (1) or (3) is correct, the mass of 
the hyperon must have been greater than (938+-550)/ 
0.511=2910m,. If assumption (2) or (4) is correct, the 
mass of the “heavy” K-meson is greater than (550)/ 
0.511=1075m,. 

There is no indication that the connecting track 
extends beyond either the primary or the secondary 
star; therefore the probability is extremely small 
(~10-°) that the two stars are unrelated. 

The decay in flight of a hyperon into a K-meson was 
reported recently by Eisenberg.” If we assume that the 
secondary star was caused by a hyperon of the same 
type, the free decay must involve more than two 
particles since the Q value for the two-particle decay 
(~5 Mev) is significantly lower than the energy release 
in the disintegration described in this paper (E>54 
Mev). It is possible that the previously reported 
energetic disintegration of a fragment® may be of the 
same general nature. 

The authors wish to thank Major David G. Simons 
for exposing the plates in a “skyhook” balloon flight. 







































* Supported in part by the Graduate School from funds supplied 
by the Wisconsin Alumni Research Foundation. 

1Jn plates exposed in a negative channel of the Brookhaven 
Cosmotron, we have found a similar K-meson where there were 
no associated charged particles at the end of its range. 

2 Y. Eisenberg, Phys. Rev. 96, 541 (1954). 

3 W. F. Fry and M. S. Swami, Phys. Rev. 96, 809 (1954). 
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